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Recall: Cartesian Planes over Ordered Fields
 We work in the Cartesian Plane ΠF over an ordered field (F , <).
 Recall:
 Definition of ΠF :
 • Points: ordered pairs (u, v)(
 or[
 uv
 ])with u, v ∈ F .• Lines: {(x , y) : ax + by + c = 0}
 (a, b, c ∈ F , a, b not both 0).• The betweenness relation on ΠF is defined
 as follows: for arbitrary pointsA = (a1, a2), B = (b1, b2), and C = (c1, c2),
 (†) A ∗ B ∗ C ⇔ A,B,C are distinct points on a line ` such that
 (i) a1 < b1 < c1 or a1 > b1 > c1, if ` is nonvertical, and(ii) a2 < b2 < c2 or a2 > b2 > c2, if ` is vertical.
 (u, v)
 (x , y)
 ax + by + c = 0
 y = mx + b(slope: m ∈ F )
 x = c(slope:∞ /∈ F )
 C
 BA
 Theorems.• ΠF satisfies axioms (I1)–(I3) and (B1)–(B4).• ΠF satisfies the following stonger form of Playfair’s axiom:
 (P)′ For each point A and each line `, there is exactly one line containing A that isparallel to `.
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Congruence for Line Segments in ΠF
 Is it possible to define congruence for segments and angles in ΠF sothat axioms (C1)–(C6) are satisfied?
 Definition. For arbitrary points A = (a1,a2) and B = (b1,b2) of ΠF , let
 dist2(A,B) = (a1 − b1)2 + (a2 − b2)2 ( ∈ F ).
 We define two line segments AB, CD in ΠF to be congruent ifdist2(A,B) = dist2(C,D).
 Theorem 1. With this notion of congruence for line segments,ΠF satisfies axiom (C1) if and only if F has the following property:
 (∗) For any a ∈ F , the element 1 + a2 has a square root in F .
 A field F satisfying (∗) is called Pythagorean.
 Examples: R is Pythagorean, Q is not.
 Definition. Let the absolute value of a ∈ F be |a| = a if a ≥ 0, and |a| = −a if a < 0.
 Hilbert Planes: MATH 3210: Euclidean and Non-Euclidean Geometry
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Proof of Thm 1: (C1)⇔ F PythagoreanProof of Thm 1. (C1) holds in ΠF ⇒ F Pythagorean:
 Let O = (0, 0), E = (1, 0), A = (1, a).• Apply (C1) to OA and
 −→OE to get a point
 C = (c, 0) ∈−→OE such that c > 0 and
 c2 = dist2(O,C) = dist2(O,A) = 1 + a2.• Thus, c ∈ F is a square root of 1 + a2.
 F Pythagorean⇒ (C1) holds in ΠF :
 Let CD be a line segment, ` a line, and A = (a1, a2) a point on `.Want to show: There is a unique point B = (b1, b2) on each
 side of A on ` such that AB ∼= CD.• dist2(A,B) = h2 + (mh)2 = h2(1 + m2) =
 (|h|√
 1 + m2)2
 (†)with h = b1 − a1 if ` is nonvertical with slope m;
 dist2(A,B) = h2 = |h|2 with h = b2 − a2 if ` is vertical. (‡)
 • AB ∼= CD ⇔ dist2(A,B) = dist2(C,D), which determines |h| ∈ F , and h = ±|h|.• Thus, b1 = a1 ± |h| if ` is nonvertical, and b2 = a2 ± |h| if ` is vertical.• The two solutions for b1 (resp., b2) yield two points on `, one on each side of A.
 A
 D
 C
 `h
 B
 (0, 0) = O E = (1, 0)
 A = (1, a)
 C = (c, 0)
 Remark. (†) and (‡), show that if F is Pythagorean, then for any two points A,B in ΠF ,
 � dist(A,B)def=√
 dist2(A,B) =
 {|h|√
 1 + m2
 |h′|∈ F . (
 √is nonneg. square root.)
 Hilbert Planes: MATH 3210: Euclidean and Non-Euclidean Geometry
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 � dist(A,B)def=√
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Axioms (C2) and (C3) hold in ΠF
 Theorem 2. ΠF satisfies axioms (C2) and (C3).
 Proof. (C2) clearly follows from the def of ∼=.
 (C3): We prove (C3) only when F is Pythagorean.
 Claim. If F is Pythagorean and A ∗ B ∗ C in ΠF , then(∗∗) dist(A,C) = dist(A,B) + dist(B,C).Proof. Let A = (a1, a2), B = (b1, b2), C = (c1, c2).If ` = AB is nonvertical with slope m, andh = b1 − a1, k = c1 − b1, then• dist(A,B) = |h|
 √1 + m2, dist(B,C) = |k |
 √1 + m2,
 dist(A,C) = |h + k |√
 1 + m2.• A ∗ B ∗ C ⇒ h, k have the same sign, so |h + k | = |h|+ |k |.• Hence (∗∗) follows.
 If ` = AB a similar (easier) argument proves (∗∗).
 B
 A′
 C′
 `′B′
 hk
 `A
 C
 To prove (C3), assume A ∗ B ∗ C, A′ ∗ B′ ∗ C′, and
 (1) AB ∼= A′B′, (2) BC ∼= B′C′.
 Then,dist(A,C)
 Claim= dist(A,B) + dist(B,C)
 (1),(2)= dist(A′,B′) + dist(B′,C′) Claim
 = dist(A′,C′),
 which implies that AC ∼= A′C′.
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 (1),(2)= dist(A′,B′) + dist(B′,C′) Claim
 = dist(A′,C′),
 which implies that AC ∼= A′C′.
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Congruence of Angles in Cartesian Planes
 We work in the Cartesian Plane ΠF over an ordered field (F , <).
 To define congruence of angles, we will use the slopes of the lines forming an angle αto assign a quantity to α, which is analogous to the tangent of an angle in ΠR.
 • Recall: The slope of a line ` is an element m ∈ F if ` is nonvertical, andthe symbol∞ if ` is vertical.• Notation: −∞ =∞, |∞| =∞.
 A
 B′
 B
 slopem
 slopem′
 αE
 Definition. Let α = ∠B′AB be an angle in ΠF , and let m and m′ denote the slopes oflines AB and AB′ (m 6= m′ since A,B,B′ are noncollinear). We define tanα as follows:
 (1) tanα =∞ if either m,m′ ∈ F with mm′ = −1, or {m,m′} = {0,∞};
 (2) otherwise, let−→AE be the (unique!) ray on the same side of line AB as
 −−→AB′ such
 that tan(∠EAB) =∞ by part (1), and define
 tanα =
 ±∣∣∣ m′−m
 1+mm′
 ∣∣∣ if m,m′ ∈ F and mm′ 6= −1,
 ±∣∣∣ 1
 m′
 ∣∣∣ if m =∞ and m′ ∈ F , m′ 6= 0,
 ±∣∣∣ 1
 m
 ∣∣∣ if m′ =∞ and m ∈ F , m 6= 0,
 where the sign of tanα is taken to be(i) +, if
 −−→AB′ is in the interior of ∠EAB, and
 (ii) −, otherwise.
 Hilbert Planes: MATH 3210: Euclidean and Non-Euclidean Geometry

Page 47
                        

Congruence of Angles in Cartesian Planes
 We work in the Cartesian Plane ΠF over an ordered field (F , <).
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 We work in the Cartesian Plane ΠF over an ordered field (F , <).
 To define congruence of angles, we will use the slopes of the lines forming an angle αto assign a quantity to α, which is analogous to the tangent of an angle in ΠR.
 • Recall: The slope of a line ` is an element m ∈ F if ` is nonvertical, andthe symbol∞ if ` is vertical.
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 (ii) −, otherwise.
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Congruence of Angles in Cartesian Planes
 We work in the Cartesian Plane ΠF over an ordered field (F , <).
 To define congruence of angles, we will use the slopes of the lines forming an angle αto assign a quantity to α, which is analogous to the tangent of an angle in ΠR.
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Congruence of Angles in Cartesian Planes
 We work in the Cartesian Plane ΠF over an ordered field (F , <).
 To define congruence of angles, we will use the slopes of the lines forming an angle αto assign a quantity to α, which is analogous to the tangent of an angle in ΠR.
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Congruence of Angles in Cartesian Planes
 We work in the Cartesian Plane ΠF over an ordered field (F , <).
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 We work in the Cartesian Plane ΠF over an ordered field (F , <).
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Congruence of Angles in Cartesian Planes
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Congruence of Angles in Cartesian Planes
 We work in the Cartesian Plane ΠF over an ordered field (F , <).
 To define congruence of angles, we will use the slopes of the lines forming an angle αto assign a quantity to α, which is analogous to the tangent of an angle in ΠR.
 • Recall: The slope of a line ` is an element m ∈ F if ` is nonvertical, andthe symbol∞ if ` is vertical.• Notation: −∞ =∞, |∞| =∞.
 A
 B′
 B
 slopem
 slopem′
 αE
 Definition. Let α = ∠B′AB be an angle in ΠF , and let m and m′ denote the slopes oflines AB and AB′ (m 6= m′ since A,B,B′ are noncollinear). We define tanα as follows:
 (1) tanα =∞ if either m,m′ ∈ F with mm′ = −1, or {m,m′} = {0,∞};
 (2) otherwise, let−→AE be the (unique!) ray on the same side of line AB as
 −−→AB′ such
 that tan(∠EAB) =∞ by part (1), and define
 tanα =
 ±∣∣∣ m′−m
 1+mm′
 ∣∣∣ if m,m′ ∈ F and mm′ 6= −1,
 ±∣∣∣ 1
 m′
 ∣∣∣ if m =∞ and m′ ∈ F , m′ 6= 0,
 ±∣∣∣ 1
 m
 ∣∣∣ if m′ =∞ and m ∈ F , m 6= 0,
 where the sign of tanα is taken to be(i) +, if
 −−→AB′ is in the interior of ∠EAB, and
 (ii) −, otherwise.
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Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
 A
 B′
 B
 slopem
 slopem′
 αE
 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.Pf. α is a right angle def⇔ α ∼= α
 def⇔ tanα = tan α(2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .Pf. By (3) and by the definition of the sign of tanα.
 Hilbert Planes: MATH 3210: Euclidean and Non-Euclidean Geometry

Page 56
                        

Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
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 B′
 B
 slopem
 slopem′
 αE
 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.Pf. α is a right angle def⇔ α ∼= α
 def⇔ tanα = tan α(2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .Pf. By (3) and by the definition of the sign of tanα.
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Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
 A
 B′
 B
 slopem
 slopem′
 αE
 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.
 Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.Pf. α is a right angle def⇔ α ∼= α
 def⇔ tanα = tan α(2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .Pf. By (3) and by the definition of the sign of tanα.
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Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
 A
 B′
 B
 slopem
 slopem′
 αE
 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.Pf. α is a right angle def⇔ α ∼= α
 def⇔ tanα = tan α(2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .Pf. By (3) and by the definition of the sign of tanα.
 Hilbert Planes: MATH 3210: Euclidean and Non-Euclidean Geometry

Page 59
                        

Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
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 B′
 B
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 slopem′
 αE
 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.
 Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.Pf. α is a right angle def⇔ α ∼= α
 def⇔ tanα = tan α(2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .Pf. By (3) and by the definition of the sign of tanα.
 Hilbert Planes: MATH 3210: Euclidean and Non-Euclidean Geometry

Page 60
                        

Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
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 B′
 B
 slopem
 slopem′
 αE
 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.Pf. α is a right angle def⇔ α ∼= α
 def⇔ tanα = tan α(2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .Pf. By (3) and by the definition of the sign of tanα.
 Hilbert Planes: MATH 3210: Euclidean and Non-Euclidean Geometry

Page 61
                        

Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
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 B′
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 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.
 Pf. α is a right angle def⇔ α ∼= αdef⇔ tanα = tan α
 (2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .Pf. By (3) and by the definition of the sign of tanα.
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Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
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 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.Pf. α is a right angle def⇔ α ∼= α
 def⇔ tanα = tan α(2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .Pf. By (3) and by the definition of the sign of tanα.
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Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
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 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.Pf. α is a right angle def⇔ α ∼= α
 def⇔ tanα = tan α(2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .Pf. By (3) and by the definition of the sign of tanα.
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Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
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 B′
 B
 slopem
 slopem′
 αE
 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.Pf. α is a right angle def⇔ α ∼= α
 def⇔ tanα = tan α(2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .
 Pf. By (3) and by the definition of the sign of tanα.
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Congruence of Angles in Cartesian Planes
 Definition. We define two angles α, β in ΠF to becongruent if tanα = tanβ.
 A
 B′
 B
 slopem
 slopem′
 αE
 Some Easy Consequences of the Definitions:
 (1) For every angle α, tanα ∈ F ∪ {∞} and tanα 6= 0.Pf. By the definition of |tanα| and m 6= m′.
 (2) If α and α are supplementary angles, then tanα = − tan α.Pf. By the definition of the sign of tanα.
 (3) α is a right angle if and only if tanα =∞.Pf. α is a right angle def⇔ α ∼= α
 def⇔ tanα = tan α(2)⇔ tanα = − tanα
 ⇔ tanα =∞ (by (1), because a 6= −a for all a ∈ F , a 6= 0).
 (4) α is less than a right angle⇔ tanα is a positive element of F .Pf. By (3) and by the definition of the sign of tanα.
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