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10 Advanced Euclidean Geometry
 10.1 A Euclidean egg
 Figure 10.1: How the Euclidean egg should look.
 Problem 10.1. Use several circular arcs to compose a continuously differentiable curveof the shape of an egg. On each arc, the two endpoints and the midpoint should be easyto construct.
 Construction 10.1 (A Euclidean egg). Take a segment AB and draw the two circlesC1 and C2 with center A through point B, and with center B through point A. Draw thecommon chord c of the two circles, and let O be its intersection point with segment AB.Draw a circle C3 around O with diameter AB and let point C be one of its intersection
 points with the common chord c. Let point D be the intersection of ray−→AC with the first
 circle around A. Draw a circle C4 around C through point D.Claim: Arcs from the four circles can be used to compose the egg.
 Problem 10.2. Prove that an angular bisectors for triangle �ABC intersects both theleg of this triangle and the common chord c on the smallest circle C4.
 Let the rays−→AI and
 −→BI be angular bisectors for triangle �ABC, and point I be the
 center of the in circle. Let G be the intersection point of the side BC with the oppositebisector. One can use Apollonius’ Lemma 1.2 about the angular bisector.
 532
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Lemma 10.1. The angular bisector of any triangle cuts the opposite side in the ratioof the lengths of the two adjacent sides.
 Figure 10.2: A Euclidean egg—how it is done.
 Answer. Apollonius’ Lemma and Pythagoras’ Theorem for triangle �ACO imply
 |IC||IO| =
 |AC||AO| =
 √2
 With segment length |AB| = 1,
 |IC||IO| =
 |IC|12− |IC| =
 √2
 implies
 |IC| =
 √2
 2(1 +√
 2)=
 √2(√
 2− 1)
 2
 On the other hand, the smallest circle C4 has the radius 1 −√22
 = 2−√22
 , which is thesame. Hence in circle center I lies on the circle C4.
 One can use a similar argument, this time for triangle �ABC. Apollonius’ Lemmaand Pythagoras’ Theorem yield
 |GB||GC| =
 |AB||AC| =
 √2
 533
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With segment length |AB| = 1,
 |GB||GC| =
 √22− |GC||GC| =
 √2
 implies again
 |GC| =
 √2
 2(1 +√
 2)=
 √2(√
 2− 1)
 2
 which is again the radius of the circle C4. Hence point G lies on that circle, too.
 Problem 10.3. Construct the midpoints of the four arcs of the egg.
 Answer. Two of the midpoints lie on the common chord c. To get the other two mid-points, let I be the intersection point of the common chord with the smallest circle,lying inside triangle �ABC.
 The ray−→BI intersects the first circle around B in the midpoint of the arc on that
 circle. Similarly, the ray−→AI intersects the second circle around A in the midpoint of the
 other symmetric arc on the second circle.
 10.2 The egg built from inside
 Figure 10.3: This is a beginning.
 Problem 10.4. Find the angles marked in the figure on page 534.
 534
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Answer. Because circumference angles for the arcFC are congruent, we get ∠FBC ∼=∠FAC = γ. The angle sum in the right triangle �ACD yields ∠ADB = 90◦ − γ.Congruence of the base angles of the isosceles triangle �ACD implies 90◦−γ = 45◦+γHence γ = 22.5◦, and one gets ∠FBC = 22.5◦,∠ADB = 67.5◦.
 Problem 10.5. Find the angles marked in the figures 10.2 and 10.2 in terms of α.
 Answer. Because triangle �ABC is both right and isosceles, one gets β = 45◦−α fromangle subtraction. Because of congruence of the base angles of the isosceles triangle�ABI, one gets ∠ABI = α. Because the exterior angle of triangle �AIE ′ is the sumof two nonadjacent interior angles, one gets ∠AIE ′ = 2α. Next ∠E ′IC = 90◦ − α,because it is the vertical angle to the congruent angle in the right triangle �OIB.
 Figure 10.4: Too small.
 Now we can draw the egg with the triangle �ABC, and its angular bisectors inside.
 Problem 10.6. Set α := 22.5◦ in a figure similar to the figures ”too small” or ”toolarge” on pages 535 or 536.
 Prove that the angular bisectors for the right triangle �ABC produce three or morelines intersecting at points I, E, F,G—surprising coincidences!
 Answer. Because of the assumption α := 22.5◦, the triangle �ICE ′ gets congruent baseangles. Hence it is isosceles and C = G is the center of the circle through the three
 535
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Figure 10.5: Too large.
 points I, E and E ′. The line AF is both angular bisector and altitude of the isoscelestriangle �AD′B. By the converse Thales theorem, the foot point F lies on the circlewith diameter AB.
 10.3 A triangle construction using the sum of two sides
 Problem 10.7 (Using a sum of two sides). Construct a triangle with side AB =c = 6, ∠BCA = γ = 60◦ and the sum of the other two sides a + b = 10. Show that thetwo solutions �ABC and �A′BC ′ obtained are symmetric to each other.
 Construction 10.2. At first, one constructs a triangle �ABD with sides AB = 6 andDB = 10 and angle ∠BDA = 30◦.
 (a) To construct this triangle, begin by drawing any segment BD of length 10 and a rayDE forming the ∠BDE = 30◦. Then one draws a circle of radius 6 around pointB. It intersects the ray DE in two points, say A and A′.
 (b) We need still to get vertex C. One uses the isosceles triangle �ACD. Point C isthe intersection of segment BD with the perpendicular bisector of DA. Measuringyields a = 6.9, b = 3.1, approximately.
 536
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Figure 10.6: The egg built from inside—just right.
 (c) Step (b) has to repeated with point A′ in place of A. Measuring yields a′ = 3.1, b′ =6.9, approximately.
 Proof of congruence of the two solutions. The two isosceles �CAD and �C ′A′D bothhave two base angles of 30◦. The two base angles φ of the isosceles�A′BA are congruent,too. Hence angle addition at vertex A′ yields
 φ + α′ + 30◦ = 180◦
 The angle sum of �ABD yields
 φ + β + 30◦ = 180◦
 Comparing the two formulas yields α′ = β.Since both triangles �ABC and �A′B′C ′ have congruent angles γ = 30◦ at vertices
 C and C ′, and the angle sums of the two triangles �ABC and �A′B′C ′ are both 180◦,we conclude β′ = α. We see that the vertices of the two triangle �ABC and �BA′C ′
 correspond in this order. They are congruent, as one checks with the ASA-congruencetheorem.
 Remark. It turns out that problem (10.7) is solvable for given values of c, a + b and γ,if and only if there exists a right triangle with hypothenuse a + b and leg c, and theangle δ
 2across that leg is δ
 2≥ γ
 2. For the side lengths a + b = 10, c = 6 given above, the
 537
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Figure 10.7: Triangle construction from given side, sum of the two other sides, and theangle across.
 borderline case occurs for a = b = 5, c = 6 and δ2
 = 36.84◦. The problem is solvable ifand only if γ ≤ 73.68◦.
 Open Problem. Consider the same triangle construction is hyperbolic geometry. Howmany solutions does one get?
 Remark. I can answer that question via hyperbolic trigonometry: It turns out that theproblem is solvable if and only if there exists a right triangle with hypothenuse a+b
 2and
 leg c2, and the angle δ
 2across that leg is δ
 2≥ γ
 2. Again, the solution turns out to be
 unique, up to interchange of a, b and α, β.
 Open Problem. The Euclidean construction given above does not work in hyperbolicgeometry, because the angle sum of triangle is less than two right. Find a constructionwhich works in the hyperbolic case!
 538
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Figure 10.8: In Euclidean geometry, an isosceles solution exists for a + b = 10, c = 6 andγ2 ≤ 36.84◦
 10.4 Archimedes’ Theorem of the broken chord
 Theorem 10.1 (Archimedes’ Theorem of the broken chord). Let two segmentsAC and CB make up a broken chord in a circle. Let M be the midpoint of that one ofthe two circular arcs AB, which contains point C. Drop the perpendicular from M ontothe longer one of chords AC and CB, and let F be the foot point.
 We claim that F is the midpoint of the broken chord AC∪CB. In the case AC < CBas drawn in figure on page 540, one gets AC + CF ∼= FB and
 (A)|AC|+ |CB|
 2= |FB|
 Proof. Point M is the intersection of the perpendicular bisector of AB with the circlearc AB which contains point C.
 We extend segment CB beyond point C to the ray−−→BC, and let D be the point on
 that ray such that MA ∼= MD.Next, Euclid III.21 implies ∠MBD = ∠MBC ∼= ∠MAC, 44 since these are circum-
 ference angles of the same arc MC. Together with congruence of the base angles of the
 44∠MBD = ∠MBC, because points C and D, and hence all three points M,C and D always lie onthe same side of AB.
 539
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Figure 10.9: Archimedes’ broken chord
 isosceles triangle �DBM , transitivity implies congruence of three angles, all denotedby α in the figure on page 540.
 (1) ∠MDC = ∠MDB ∼= ∠MBD = ∠MBC ∼= ∠MAC
 By construction
 (2) DM ∼= BM ∼= AM
 The goal is to prove the congruence of �ACM and �DCM with SSS congruence. Tothis end, we need to compare the two segments AC and DC.
 The triangle �ADM is isosceles by construction, and hence has congruent baseangles ∠ADM ∼= ∠DAM . Above we have shown that ∠MDC ∼= ∠MAC. Hence eitherangle addition or substraction implies ∠ADC ∼= ∠DAC. Finally, the converse isoscelestriangle proposition (Euclid I.6) implies AC ∼= DC.
 Since obviously AM ∼= DM and CM ∼= CM , we have now matched three pairs ofsides, and the SSS-congruence implies the triangle congruence �ACM ∼= �DCM .
 The hypothenuse-leg theorem yields the triangle congruence �MBF ∼= �MDF ,and hence BF ∼= FD. In other words, the altitude of an isosceles triangle bisects itsbase side. Hence |BF | = |FD| = |FC|+ |CD| = |FC|+ |CA| as to be shown.
 Remark. Indeed �ACM ∼= �DCM , but the triangles �BCM and �DCM are notcongruent. For both pairs, we can match SSA, because of (1)(2), and the side CM is
 540
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common of the two triangles, and congruent to itself. The difficulty is that matchingSSA do not immediately imply congruence.
 The triangles�BCM and�DCM are not congruent, because their angles at vertexC are supplementary, and not congruent.
 In this situation, it is just as easy to check that the angles ∠ACM ∼= ∠DCM arecongruent (I call this the SSAA congruence).
 Question. Show that angles ∠ACM ∼= ∠DCM are indeed congruent.
 Answer. Since point C lies on the arc AM , the angle ∠ACM is supplementary to thecircumference angle of arc AM , which is congruent to arc MB. Hence angle ∠ACM iscongruent to the supplement of angle ∠BCM , which is again the supplement of angle∠DCM .
 Question. What happen if one drops the perpendicular from M onto the shorter one ofchords AC and CB.
 Question. What happens if points C and M are chosen to lie on different sides of lineAB?
 Proof using trigonometry. Let P be any point on the circle, not on the arc ACB. Letα = ∠APC and γ = ∠CPB be the circumference angles of the arcs AC and CB,respectively. We assume that the circle has radius 1. The corresponding chords havelengths and average
 |AC| = 2 sinα , |CB| = 2 sin γ
 |AC|+ |CB|2
 = sinα + sin γ(10.1)
 The chords to the midpoint M have circumference angle α+γ2
 and length
 |AM | = |MB| = 2 sinα + γ
 2
 The arc CM has the circumference angle ∠CBM = γ−α2
 . Hence using the definition ofthe cosin function in the right �FBM yields
 (10.2) |FB| = |MB| cosγ − α
 2= 2 sin
 α + γ
 2cos
 γ − α
 2
 Because of (10.1) and (10.2), Archimedes’ assertion that
 (A)|AC|+ |CB|
 2= |FB|
 is equivalent to the trigonometric formula
 sinα + sin γ = 2 sinα + γ
 2cos
 γ − α
 2
 which is less well known, but correct.
 541
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Problem 10.8 (Archimedes meets Thales for a triangle construction). In thetriangle �ACB, the following pieces are given:
 side AB = c, opposite angle ∠ACB = γ, and sum of its adjacent sides AC + CB.
 Construct the triangle using Archimedes’ broken chord. Is there more than one solution?
 Construction 10.3. We use Archimedes theorem of the broken chord. One constructssegment AB, and a circle Arch with center O, through its endpoints such that thecircumference angle of arc AB is γ.
 The hard part is now to locate vertex C on the circle. Again look at the drawing fromArchimedes broken chord. We can readily get point M , but still need to get foot pointF . Here is how to get two coordinates of F .
 Clearly, point F lies on a circle around B of given radius |BF | = |AC+CB|2
 . We drawthis circle, named Circ. What else can be done to find F? Apply the tangents from pointM to circle Circ. Thales needs to draw his circle T h, with diameter MB! Because ofthe right angle ∠MFB, the point F is a intersection of Thales circle T h with circleCirc. Finally point C is the intersection of line BF with circle Arch.
 Figure 10.10: Triangle construction (10.8)
 Question. Explain how one gets the circle Arch.
 542
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Figure 10.11: The second symmetric solution for construction (10.8)
 Answer. The center O lies on the perpendicular bisector of segment AB. The isoscelestriangle �ABO has two congruent base angles 90◦ − γ.
 Or, we can use the fact that segment AB and the tangent to circle Arch at point Aform the angle γ. Next we get the radius of circle Arch, since it is perpendicular to thetangent. Now the center lies where this radius intersects the perpendicular bisector ofAB.
 Question (a). Compare with the solution with the one we have found earlier in anotherway. Use Archimedes theorem of the broken chord and Thales’ circle to construct a�ACB with given side AB = 6, opposite angle γ = 60◦ and sum of adjacent sidesAC +CB = 10. Measure angle α, and compare with the other construction from above.
 Question (b). Use Archimedes theorem of the broken chord and Thales’ circle to con-struct a triangle �ACB with side AB = 6, opposite angle γ = 30◦ and sum of adjacentsides AC + CB = 14.
 Construction 10.4 (Still another variant for the triangle construction (10.7)).One constructs segment AB of the given length, its perpendicular bisector, and the pointO on the bisector such that angle ABO = 90◦− γ. Let Arch be the circle with center Othrough A and B. On this circle, the circumference angle of arc AB is γ.
 543
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Figure 10.12: The two symmetric solutions of (b)
 Let M be the intersection of the perpendicular bisector of segment AB with circleArch lying on the same side of AB as center O. Let Half be the circle with center M ,through A and B. On this circle, the arc AB has the circumference angle γ
 2.
 Let D be the intersection point of circle Half with the circle around B of radiusa + b. Finally point C is the intersection of line BD with circle Arch.
 544
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Figure 10.13: Still another variant of triangle construction (10.8)
 545
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10.5 The Theorem of Collignon
 Theorem 10.2 (The Theorem of Collignon). On the outside of the four sides of anarbitrary quadrilateral are erected isosceles right triangles. The two pairs of additionalvertices of the triangles erected on opposite sides of the quadrilateral are connected. Thenthe two connecting segments are congruent and perpendicular.
 Figure 10.14: The Theorem of Collignon yields two congruent segments PR and QS or-thogonal to each other.
 Problem 10.9. To prove the Theorem of Collignon, it is helpful to use vectors, repre-sented by complex numbers. Any directed segment is given by the difference of endpointminus start point, e.g. the segment PS is given by s− p.
 Let a, b, c, d ∈ CC be the complex numbers representing the vertices of the quadrilateral—as one follows its sides in counterclockwise order. Let p, q, r, s be the extra vertices at thefour right angles of the isosceles right triangles �APB,�BQC,�CRD and �DSA.
 (i) Find the complex numbers corresponding to the vertices P,Q,R, S.
 (ii) Find the complex numbers for the segments PR and QS.
 (iii) Prove the claim.
 (iv) Formulate the theorem for a self intersecting quadrilateral.
 546
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(v) Is there an easy relation between the diagonals of the original quadrilateral �ABCDand the segment PR?
 Solution. (i) Let M be the midpoint of segment AB. The difference AM = m − a =b−a2
 . The difference MP is obtained by rotating AM by 90◦ clockwise, henceMP = −iAM and
 P = M + MP =a + b
 2− i
 b− a
 2=
 1 + i
 2a +
 1− i
 2b
 Together with the other three cases, we get
 P =1 + i
 2a +
 1− i
 2b
 Q =1 + i
 2b +
 1− i
 2c
 R =1 + i
 2c +
 1− i
 2d
 S =1 + i
 2d +
 1− i
 2a
 (ii)
 PR = r − p =−1− i
 2a +
 −1 + i
 2b +
 1 + i
 2c +
 1− i
 2d
 and QS is calculated similarly.
 QS =−1− i
 2b +
 −1 + i
 2c +
 1 + i
 2d +
 1− i
 2a
 (iii) Comparison of the two results yields
 PR =−1− i
 2[a− ib− c + id]
 QS =1− i
 2[a− ib− c + id] = i PR
 The equation QS = i PR means that QS is obtained by rotating PR by an angleof 90◦ counterclockwise. This implies the claim.
 (iv) The theorem remains valid for a self intersecting quadrilateral, if one erects thetriangles always on the same side—say at right hand—as one cycles through itssides.
 Problem 10.10. Draw the figure for the Theorem of Collignon with a generic parallel-ogram, and for a self intersecting parallelogram. Explain what is remarkable.
 547
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Proof. In case of a parallelogram, the two congruent orthogonal segments PR and QSbisect each other at its midpoint. The case of a self intersecting ”quasi-parallelogram”,looks surprising. The two congruent orthogonal segments PR and QS need not evenintersect.
 Figure 10.15: In case of a parallelogram, the two congruent orthogonal segments PR andQS bisect each other at its midpoint.
 10.6 Vectors and special quadrilaterals
 Problem 10.11. Check: any four points A,B,C,D on a line satisfy
 (10.3) AB · CD + BC · AD = AC · BD
 as an identity for the directed segments.Conclude that for any quadrilateral �ABCD, the corresponding vector equation with
 dot products is valid:
 (10.4)−→AB · −−→CD +
 −−→BC · −−→AD =
 −→AC · −−→BD
 You can put
 a :=−→AB , b :=
 −−→BC , c :=
 −−→CD(10.5)
 and get
 −→AC = a + b ,
 −−→BD = b + c ,
 −−→AD = a + b + c(10.6)
 Answer. This exercise is left to the reader.
 548
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Problem 10.12. Only for a part out of the 24 possible arrangements of the four differentpoints A,B,C,D on a line does one get an equation
 (10.7) |AB| · |CD|+ |BC| · |DA| = |AC| · |BD|
 for the absolute values. Find all the possible orders of the four points for which thisequation holds.
 Answer. Any permutation of A,B,C,D brings one of the four letters to the first place.Equation (10.7) holds iff its terms are either all three equal to the terms of the equa-tion (10.4) for the directed segments, or all three terms are the negatives of those inequation (10.4). This requirement leads to two possible orders of the remaining threeletters.
 For example, in case B is the first letter, the order B ∗C ∗D ∗A leads to the termsof equations (10.7) and (10.4) being the same, whereas order B ∗A ∗D ∗C leads to theterms of equations (10.7) and (10.4) being all three negative to each other.
 Thus one ends up with the eight possible arrangements. Equation (10.7) holdsexactly for the following orders:
 A ∗B ∗ C ∗D , B ∗ C ∗D ∗ A , C ∗D ∗ A ∗B , D ∗ A ∗B ∗ C and(10.8)
 D ∗ C ∗B ∗ A , C ∗B ∗ A ∗D , B ∗ A ∗D ∗ C , A ∗D ∗ C ∗B(10.9)
 In other words, the four letters can be permuted cyclically and reversed in order. Stillanother formulation: the letters A,C are alternating with the letters B,D. 45
 10.7 The Theorem of Ptolemy
 A simple closed polygon is a polygon the sides of which do not intersect, except for theendpoints of adjacent sides. A polygon with four vertices is called a quadrilateral. Letthe vertices A,B,C,D of a simple quadrilateral occur in alphabetic order, as one movesaround its boundary. The segments AC and BD are called diagonals. The segmentsAB and CD are one pair of opposite sides. The segments BC and AD are the secondpair of opposite sides.
 Proposition 10.1 (Ptolemy’s Theorem). A quadrilateral has a circum circle, if andonly if the product of its diagonals equals the sum of the products of the two pairs ofopposite sides.
 Corollary 50. For any four vertices A,B,C,D
 (10.10) |AC| · |BD| ≤ |AB| · |CD|+ |BC| · |DA|
 The equation
 (10.11) |AC| · |BD| = |AB| · |CD|+ |BC| · |DA|45The permutations obtained in this way are not a subgroup of S4.
 549
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holds if and only either the four point lie on a circle, and are ordered clockwise orcounterclockwise—or they lie on a line, in a way to be obtained by orthogonal projectionfrom the above points on a circle.
 Especially, for any four vertices A,B,C,D lying neither on a a circle, nor a line thestrict inequality holds in (10.10).
 Remark. If all four vertices lie on a line, the equation
 (10.12) AC · BD = AB · CD + BC ·DA
 does hold for the directed segments.
 Figure 10.16: Two pairs of similar triangles: �DBC ∼ �ABE and �ABD ∼ �EBC.
 Proof of the Corollary. It is left to the reader to consider the case of four points lyingon a line. Let the quadrilateral be �ABCD, and assume that the three points B,Cand D do not lie on a line.
 On the segment AB, we construct a triangle �ABE ∼ �DBC, by transferring theangle of �DBC at it vertices D and B. We put point E and C on the same side of lineDB.
 550
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By Euclid VI.4, the sides of equiangular triangles are proportional. Hence
 |BA||AE| =
 |BD||DC| and(10.13)
 |BA||BD| =
 |BE||BC|(10.14)
 (i) If E = C then A = D. If E = A then A = B.
 (ii) The rays−→AE =
 −→AC are equal if and only if the the four points A,B,C,D lie on a
 circle and points A and D lie on the same side of BC.
 Reason for (ii). Assume the rays−→AE =
 −→AC are equal. Then the angles ∠BAC ∼=
 ∠BAE are congruent. But ∠BDC ∼= ∠BAE because of the similar triangles �DBC ∼�ABE. Hence ∠BAC ∼= ∠BDC. Now Euclid III.21 implies that the four pointsA,B,C,D lie on a circle, and points A and D lie on the same side of BC. The converseis as easy to check.
 The latter proportion (10.14), and the congruent angles ∠ABD ∼= ∠EBC show thatthe two triangles �ABD and �EBC have their angles at vertex B congruent, and thesides containing that angle proportional. Hence, by Euclid VI.6, they are similar, too:�ABD ∼ �EBC and hence
 |BD||AD| =
 |BC||EC|(10.15)
 The proportions (10.13) and (10.15) imply
 |BD| · |AE| = |AB| · |CD|(10.16)
 |BD| · |EC| = |BC| · |AD|(10.17)
 |BD| · (|AE|+ |EC|) = |AB| · |CD| + |BC| · |DA|(10.18)
 The triangle inequality |AC| ≤ |AE| + |EC| and equation (8.2) immediately yield thefirst assertion (10.10).
 Now we show that the points A,B,C,D lie on a circle if and only if
 |AC| · |BD| = ±|AB| · |CD| ± |BC| · |DA|
 (iii) If |AC| · |BD| = |AB| · |CD| + |BC| · |DA|, then point E lies between A and C.The four points A,B,C,D lie on a circle and point A lies on the arc BD oppositeto C.
 (iv) If |AC| · |BD| = |AB| · |CD|− |BC| · |DA|, then point A lies between E ad C. Thefour points A,B,C,D lie on a circle and point A lies on the arc BC opposite toD.
 551
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Figure 10.17: If E lies between A and C, the point A lies on the arc BD opposite to C.
 (v) If |AC| · |BD| = −|AB| · |CD| + |BC| · |DA|, then point C lies between A ad E.The four points A,B,C,D lie on a circle and point A lies on the arc CD oppositeto B.
 Reason for (iii). The equations (8.2) and (10.11) imply |AE| + |EC| = |AC|. Hence
 E lies between A and C and the rays−→AE =
 −→AC are equal. As explained in item (ii),
 this implies that the four points A,B,C,D lie on a circle and points A and D lie on thesame side of BC.
 The same argument with B and D interchanged, yields that points A and B lie onthe same side of DC. Hence point A lies on the arc BD opposite to C.
 Reason for (iv). Interchanging B and C bring one back to case (iii).
 Reason for (v). Interchanging B and D bring one back to case (iv).
 We can attack to get the converse of item (iii): Assume that the four points A,B,C,Dlie on a circle and point A lies on the arc BD opposite to C.
 Clearly, the points A and D lie on the same side of BC. Hence we can use item (ii),
 and conclude that the rays−→AE =
 −→AC are equal. Hence either E lies between A and
 C— or C lies between A and E. To rule out the second case, note that it would imply|AC| · |BD| = |AB| · |CD| − |BC| · |DA|, and hence, by item (iv), point A would lie onthe arc CD opposite to B–contrary to the assumption. We are left with the first case,which implies equation (10.11), as expected. Similarly, we get
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Figure 10.18: If point A lies between E and C, the point A lies on the same arc BD aspoint C.
 (iii*) The equation (10.11) holds if and only if point E lies between A and C. whichhappens if and only if the four points A,B,C,D lie on a circle, and point A lieson the arc BD opposite to C.
 (iv*) The equation |AC| · |BD| = |AB| · |CD| − |BC| · |DA| holds if and only if pointA lies between E and C, which happens if and only if the four points A,B,C,Dlie on a circle, and point A lies on the arc BC opposite to D.
 (v*) The equation |AC| · |BD| = −|AB| · |CD|+ |BC| · |DA| holds if and only if pointC lies between A and E, which happens if and only if the four points A,B,C,Dlie on a circle, and point A lies on the arc CD opposite to B.
 Item (iii*) yields the proof—except the case of four points lying on a line, which I leaveto the reader.
 10.8 The quadrilateral of Hjelmslev
 Definition 10.1. A quadrilateral with two right angles at opposite vertices is called aHjelmslev quadrilateral.
 Recall that a quadrilateral with two right angles at opposite vertices is called aHjelmslev quadrilateral. In a Hjelmslev quadrilateral quadrilateral, we draw the diagonal
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Figure 10.19: If C lies between A and E, the point A lies on the arc CD opposite to B.
 between the two right angles and drop the perpendiculars from the two other vertices.Their occur some remarkable congruences.
 Proposition 10.2 (Hjelmslev’s Theorem). In a Hjelmslev quadrilateral,
 (a) at each of the two vertices with arbitrary angle, there is a pair of congruent anglesbetween the adjacent sides, and the second diagonal and the perpendicular droppedonto the first diagonal, respectively;
 (b) there is a pair of congruent segments on the diagonal between the right vertices,measured between these vertices and the foot points of the perpendiculars.
 Problem 10.13. Prove Hjelmslev’s conjecture about angles in Euclidean geometry.
 Proof of the angle congruence in Euclidean geometry. Let �ABCD be the Hjelmslevquadrilateral, with right angles at the opposite vertices A and C. The midpoint ofthe segment BD is the center of the circum-circle of the quadrilateral �ABCD, asfollows from the converse Thales’ Theorem, Corollary 32.
 At vertex B, we have to check congruence of the angles β := ∠ABD and β′ = ∠GBC.Since the triangle �ABD has a right angle at vertex A, the angle α := ∠ADB iscomplementary to β. Since the triangle �GBC has a right angle at vertex G, the angle
 554
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Figure 10.20: The Theorem of Hjelmslev.
 α′ := ∠GCB is complementary to β′. The angles α and α′ are circumference anglesof the same arc AB and hence congruent by Euclid III.21. Hence their complementaryangles β ∼= β′ are congruent, too.
 Lemma 10.2. If two chords in a circle have congruent or supplementary circumferenceangles, the two chords are congruent.
 Proof. The proof can be left as an exercise.
 Proof of the segment congruence in Euclidean geometry. We extend the perpendicularDH and let F be the intersection point of the extension with the circum circle. Weclaim the triangle congruence
 �CBG ∼= �AFH
 from which the claimed congruence CG ∼= AH follows immediately.The triangle congruence is now shown by the SAA congruence theorem. Besides the
 right angles at vertices G and H, a further pair of congruent angles exists at vertices Band F . Indeed
 ∠CBG = β′ ∼= β = ∠DBA ∼= ∠DFA = ∠HFA
 The congruence of the hypothenuses is shown with the converse of Euclid III.21, givenin lemma 10.2 above. The circumference angles of the segments CB and AF at the
 555
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Figure 10.21: Euclidean proof of the angle congruence of Hjelmslev.
 vertex D are∠CDB = γ′ ∼= γ2 = ∠ADF
 Their congruence was shown in the first part of Hjelmslev’s Theorem. Hence the triangleand segment congruences stated above are proved.
 Problem 10.14. Convince yourself that the theorem holds for a self-intersecting (notsimple) quadrilateral, too. Give a drawing for that case.
 Check how the proof has to be modified for the case of a self-intersecting quadrilateral,and provide a drawing for that case. For the case of intersecting sides AB and CD, thesegments CG and AH shown to be congruent will not overlap.
 Indication of proof . I choose a quadrilateral were the sides AB and CD intersect. Inthat case, the segments and angles, congruence of which is stated, do not overlap, ifthey did not overlap for convex quadrilateral neither. Some details are different. Forexample
 ∠CBG = β′ ∼= β = ∠DBA ∼= 2R− ∠DFA = ∠HFA
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Figure 10.22: Euclidean proof of the segment congruence of Hjelmslev.
 Figure 10.23: The theorem of Hjelmslev for a self-intersecting quadrilateral.
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Figure 10.24: The proof of Hjelmslev’s theorem for an overlapping quadrilateral.
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