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1 . I n t r o d u c t i o n

f o r a v e r s i o n o f t h e E u c l i d e a n a l g o r i t
h m . P u t t i n gt h i n g s t o g e t h e r w e o b t a i n a r
e c u r s i v e a l g o r i t h m f o rt h e c o m p u t a t i o n
o f V ~ e r c . T h e d u a l c o n c e p t o fr e d u c t i o n b
y o u t p u t i n j e c t i o n i s i n t r o d u c e d a n da c t
u a l l y m o s t r e s u l t s a r e o b t a i n e d i n t h i s s
e t t i n gw h i c h i s t e c h n i c a l l y s i m p l e r . A r
e c u r s i v e c h a r -a c t e r i z a t i o n o f V , ( ~ ) i s
a l so d e r i v ed . T h e s e c h a r -a c t e r i z a t i o n s
a r e r e l a t e d t h r o u g h d u a l d i r e c t s u md e c o
m p o s i t i o n s .

" I ' m ,x i s d i re c t l y r e l a te d t o t h e E u c l i d
e a n a l g o -r i t h m " , K a l m a n [ 1 4 1 .

T h e a i m o f th i s p a p e r i s to t r y a n d g i v e ar i
g o r o u s f o u n d a t i o n t o t h e i n s i g h t c a r r i e
d i n t h i sr e m a r k o f K a l m a n . I n t h e p re v i o u s
ly q u o t e d p a p e ro f K a l m a n , a s w e l l a s i n t h e
s t r o n g l y r e l a t e d p a p e ro f G r a g g a n d L i n d
q u i s t [1 2], t h e E u c l i d e a n a l g o -r i t h m i s t a
k e n a s v e h i c l e f o r p r o d u c i n g a n e s t e ds e q
u e n c e o f p a r t i a l r e a l i z a t i o n s a s w e l l a s
f o r o b -t a i n i n g a c o n t i n u e d f r a c t i o n r e p
r e s e n t a t i o n o f as t r i c t l y p r o p e r U : a n s f
e r f u n c t i o n . A s a b y - p r o d u c tK a l m a n o b t a
i n s a c h a r a c t e r i z a ti o n o f th e m a x i m a l( A ,
B ) - i n v a r i a n t s u b s p a c e i n K e r C f o r a m i n i
m a lr e a l i z a t i o n ( A , B , C ) t h a t i s a s s o c i a
t e d w i t h t h ec o n t i n u e d f r a c t io n e x p a n si o
n . W h i l e b o t h K a l m a na n d G r a g g a n d L i n d q u
i s t h a v e a s t r o n g f e e l i n gt h a t t h e s e r e s u
l t s s h o u l d g e n e r a l i z e t o t h e m a t r i xc a s e
, t h i s s e e m s t o e l u d e t h e m , m a i n l y I g u e s s
, d u et o t h e f a c t t h a t t h e r e d o e s n o t s e e m t
o e x i s t aS u i t a b l e g e n e r a l i z a t i o n o f t h e
E u c l i d e a n a l g o r i t h mt o t h e m a t r i x c a s e .
R e s u l t s s u c h a s i n G a n t m a c h e r[ 1 1 ] o r M a c
D u f f e e [ 1 6 ] a r e n o t w h a t i s n e e d e d f o rh a n
d l i n g t hi s p r o b l e m .

I n t h is p a p e r t h e l i n e o f re a s o n i n g i s re v
e r se d .R a t h e r t h e n s t a r t w i t h t h e E u c l i d e
a n a l g o r i t h m w es t a r t w i t h a v e r y s i m p l e i
d e a d e r i v e d f r o m t h eM o r s e - W o n h a m g e o m e
t r ic c o n t ro l th e o ry , n a m e l yt h e k n o w l e d g e
t h a t V * e r c i s r e l a t e d t o m a x i m a lM c M i l l a
n d e g r e e r e d u c t i o n b y s t a t e f e e d b a c k . I n
-d e e d a m i n i m a l s y s t e m i s f e e d b a c k i r r e d
u c i b l e i f fl ~K e r c= ( 0 } . T h u s f e e d b a c k i r r
e d u c i b l e s y s t e m sp r o v i d e t h e a t o m s n e e d
e d f o r t h e c o n s t r u c t i o n o f ac o n t i n u e d f r
a c t i o n r e p r e s e n t a t i o n , o r a l te r n a t i v e
l y

2 . A m a t r i x E u c l i d e a n a l g o r i t h mI n p a p e
r s b y K a l m a n [1 4] a n d G r a g g a n d L i n d -

q u i s t [ 1 2 ] t h e E u c l i d e a n a l g o r i t h m a n
d a g e n e r a l i -z a t i o n o f i t i n t r o d u c e d b y M
a g n u s [ 17 ,1 8 ] h a v eb e e n t a k e n a s t h e s t a r t
i n g p o i n t o f t h e a n a l y s i s o fc o n t i n u e d f r
a c t i o n r e p r e s e n t a t i o n s f o r r a t i o n a lf u
n c t i o n s , o r e v e n m o r e g e n e r a l l y , f o r m a l
p o w e rs e r i e s . A s a c o r o l l a r y K a l m a n o b t a
i n e d a c h a r -a c t e r i z a t i o n o f V ~ e r C . L e t u
s a n a l y z e w h a t i s i n -v o l v e d .

A s s u m e g i s a s c a l a r s t r i c t l y p r o p e r t r
a n s f e rf u n c t i o n a n d l et g = p / q w i t h p , q c o p
r i m e . W r i te ,f o l l o w i n g G r a g g a n d L i n d q u i
s t , t h e E u c l i d e a n a l-g o r i t h m i n t h e f o l l o
w i n g f o r m :

S u p p o s e s i _ 1, s i a r e g i v e n p o l y n o m i a l s
w i t hd e g s i < d e g s i_ 1 ,t h e n b y t h e d i v i s i o
n ru l e o f p o l y n o m i a l s t h e r e e x i stu n i q u e p
o l y n o m i a l s a ~ + 1 a n d s ,' +l s u c h t h a tde g s ,
'+ t < de g s ia n ds i _ l = a ~+ l s i - s [ + l .L e t b i b
e t h e i n v e rs e o f t h e h i g h e s t n o n z e r o c o e f
fi -c i e n t o f a ~+ l . M u l t i p l y i n g t h r o u g h b y
b , a n d d e f i-n i n ga i + t = b i a S + t , s i + t = b i s '
+ l

w e c a n w r i t e t h e E u c l i d e a n a l g o r i t h m a
sSi+ l = a i + l S i - - b i s i - t ( 2 . 1 )
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w i t hs _ l = q a n d s 0 = p .H e r e t h e a ~+ ~ a r e m o n
i c p o l y n o m i a l s a n d b i a r en o n z e r o n o r m a l
i z i n g c o n s t a n t s . C l e a r l y , b y t h ed e f i n i
t i o n o f t h e a l g o r i t h m , ( s , } is a s e q u e n c e
o fp o l y n o m i a l s o f d e c r e a s i n g d e g re e s . T h
u s f o r s o m en , s ,,+ ~ = 0 . I n t h i s c a s e s , , b e i
n g t h e g r e a t e s tc o m m o n d i v i s o r o f p a n d q ,
i s a n o n z e r o c o n s t a n t .

K a l m a n c a l l s th e a , t h e a t o m s o f t h e p a i r
p , q o ra l t e r n a t i v e l y o f t h e t r a n s f e r f u n
c t i o n g .

I n (2 . 1 ) th e r e c u r s i o n a n d i n i t i a l c o n d
i t i o n w e r eu s e d t o c o m p u t e t h e a~ a n d b , N o w
w e u s e th e a~a n d b i t o s o l v e t h e r e c u r s i o n r
e l a t i o nx i + 1 = a i + l x , - b , x , _ 1 ( 2 . 2 )w i t h t
w o d i f f e r e n t s e t s o f in i t i a l c o n d i t i o n s
.

S p e c i f i c a l l y l e t p ~ b e t h e s o l u t i o n o f
( 2 . 2 ) w i t ht h e i n i t i a l c o n d i t i o n sx _ ~ = - I
a n d x 0 = 0a n d l e t q i b e t h e s o l u t i o n o f ( 2 .2 )
w i t h t h e i n i t i a lc o n d i t i o n sx _ ~ = O a nd x 0 =
1 .I t h a s b e e n s h o w n i n b o t h p r e v i o u s l y m e
n t i o n e dp a p e r s t h a t p = p , a n d q = q ,, , a n d w e
h a v eg = b o / ( a l - g l ) ,i . e .

a l g - g l g = b o o r g l = ( a a g - b o ) / g .L e t u s c o
n s i d e r t h e e x t r e m e s i t u a t i o n , n a m e l y

t h a t w h e r e t h e E u c l i d e a n a l g o r i t h m t e
r m i n a t e s i nt h e f i r s t s t e p . T h i s m e a n s t h
a t s ~ = O , i . e . t h a ta l s o - - b o s - 1 = 0o r e q u i v
a l e n t ly t h a ta 1p - boq = O.

w i t h d e g ( r ) < d e g ( s ) . T h i s i n d i ca t e s
h o w w e c a no b t a i n t h e f i rs t a t o m o f g . W r i t e
g = p / q a n d l e tp = bos w i t h s m o n i c . L e t a b e a n
y m o n i c p o l y -n o m i a l s u c h t h a td e g ( a ) + d e g
( s ) = d e g ( q ) .T h u s , b y a r e su l t o f H a u t u s a n
d H e y m a n n [1 3] t h et r a n s f e r f u n c t i o n b o s /
a s i s o b t a i n a b l e f r o m p / q b ys t a t e f e e d b a
c k . H e n c e q = a s - r ~ f o r s o m e p o l y -n o m i a l r
1 o f d e g r e e l e s s t h a n t h a t o f q . I f w er e d u c
e r~ m o d u l o s w e c a n w r i t e q = a l s - r a n dt h i s r
e p r e s e n t a t i o n i s u n i q u e . T h u s w e h a v eg =
b o s / ( a , s - r ) = b o / ( a , - ( r / s ) ) . ( 2 . 3 )T h e
m o r a l o f t h i s i s t h a t g i v e n s ( w h i c h i n t h i
s c a s ei s j u s t p n o r m a l i z e d ) t h e r e is a u n i q
u e w a y o fa d d i n g a p o l y n o m i a l r o f d e g r ee le
s s t h a n s t o qs u c h t h a t t h e r e s u l t i n g t r a n
s f e r f u n c t i o n h a s s m a l -l e s t p o s s i b l e M c
M i l l a n d e g r e e, i .e . w e o b t a i n b o / a 1a n d t h
is i s n o t f u r t h e r r e d u c i b l e . T h e i m p l i c a
t i o n sa r e q u i t e c l e ar . F e e d b a c k r e d u c t i o
n i s w e l l d e f i n e di n t h e m u l t i v a r i a b l e s e
t t in g . W e c a n u s e t h i s t oo b t a i n a m u l t i v a r
i a b l e v e r s i o n o f t h e E u c l i d e a na l g o r i t h
m . I t is s o m e w h a t m o r e c o n v e n i e n t t o b e -g i
n n o t w i t h f e e d b a c k r e d u c t i o n b u t r a t h e r
w i t hr e d u c t i o n b y o u t p u t i n j e c ti o n . A s i m
i l a r s i m p l i f i c a -t i o n h a s b e e n o b s e r v e d
i n F u h r m a n n [8 ] w h e r e i tt u r n e d o u t t h a t t h
e a n a l y s i s o f th e o u t p u t i n j e c t i o ng r o u p i
n t e rm s o f p o l y n o m i a l m o d e l s is si g n i fi -c a
n t l y s i m p l e r t h a t t h a t o f t h e f e e d b a c k g r
o u p .

T h u s l e t G b e a p m s t r i c t l y p r o p e r t r a n s
f e rf u n c t i o n a n d a s s u m e G = T ~ U i s a l ef t c o p
r i m ef a c t o r i z a t i o n . S e tT0= r , U o = U .S u p p o
s e w e o b t a i n i n t h e i - t h s t e p T~, U~ l e f tc o p r
i m e s u c h t h a t T , i s n o n s i n g u l a r a n d T ,-1 U~s
t r i c tl y p r o p e r . W e d e s c r i b e t h e n e x t s t e
p .

W e s t a t e n o w t h e m a i n t e ch n i c a l l e m m a n e
e d e df o r o u r v e r s i o n o f t h e E u c l i d e a n a l g
o r i t h m .

T h i s i n t u r n i m p l i e s t h a t g = p / q = b o / a ,
, i . e . t het r a n s f e r f u n c t i o n g h a s n o f i n i
te z e r o s . B e i n g z e r o -l es s i ts M c M i l l a n d e g
r e e 8 ( g ) = d e g a~ is fe e d b a c ki n v a r i a n t , a s w
e ll a s o u t p u t i n j e c t i o n i n v a r i a n t . I nt h e
m o r e g e n e r a l c a s e i fg = b o / ( a l - g l )a n d w r i
t i n g gl = r / s w e h a v eg = b o s / ( a , s - r )

L e m m a 2 .1 . L e t G ~ b e a s t r i c t l y p r o p e r p m
t r a n s -f e r f u n c t i o n a n d l e t

G , = T S ~ U ~b e a l e f t m a t r i x f r a c t i o n r e p r
e s e n t a t i o n o f G i w i t h T~r o w p r o p e r . T h e n t
h e r e e x i s t a n o n s i n g u l a r r o wp r o p e r p o l y
n o m i a l m a t r i x T i+ 1, a n o n s i n g u l a r p o l y -n
o m i a l m a t r i x A , + 1 w i t h p r o p e r i n v e rs e a n
d p o l y -
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+ I A , + 1 - E , ,g = T , + , & ,a n d t h e f o l l o w i n g
c o n d i t io n s a r e s a t i s f ie d :

(i) T,~_]U,+1 i s s t r i c t l y prope r .(ii) A T+ llBi i s ou
tpu t i n j e c t i on i r re duc ib l e .

(iii) A i i s row pro pe r .

a n d

R e m a r k . N o t e t h a t , a s i n t h e s c a l a r c a s
e e x e m -p l i f i e d b y e q u a t i o n ( 2 . 3 ) , t h e i d
e a i s t o o b t a i nm a x i m a l M c M i l l a n d e g re e r e
d u c t i o n b y a d d i n gl o w e r o r d e r t e r m s , i .e .
U~+ ~, t o t h e d e n o m i n a t o r i na l e f t m a t r i x f r
a c t i o n r e p r e s e n t a t i o n . H e r e l o wo r d e r t
e r m s a r e i n t e r p r e t e d i n t h e s e n s e t h a tT ,
-1U, + 1 i s s t r i c t ly p roper . Whi le th i s can bea c h i e
v e d in m a n y w a y s w e o b t a i n u n i q u e n e ss i f w
ea d d th e a d d i t i o n a l r e q u i r e m e n t t h a t ~ i s
s t r ic t l yp r o p e r .

F i n a l l y w e p o i n t o u t t h a t e q u a t i o n s ( 2
. 4 ) a n d( 2 . 5 ) t a k e n t o g e t h e r a r e t h e g e n e
r a l i z a t i o n t o t h em u l t i v a r i a b l e c a s e o f
( 2 . 3 ) .

( 2 . 4 ) U , = ( T , + ~ W ) B , .( 2 . 5 ) O b v i o u s l y T
, -1 U 1 i s s t r i c t ly p r o p e r , w h i c h f o l l o w
s

f r o m t h e f a c t t h a t T , -~ U i s. T h e s i m p l e c
a l c u l a t i o ni s o m i t t e d . T h i s s h o w s t h a t T
, + I i s d e t e r m i n e du n i q u e l y u p t o a ri g h t u n
i m o d u l a r f a c t o r .

F i x i n g T , + I w e r e d u c e U m o d u l o T , I , i . e
. w ew r i t eU,+ t = T, + ,or_ T,+I~U, (2 .8 )w h e r e ~ r _ i s
t h e p r o j e c t i o n m a p t h a t a s s o c i a t e sw i t h
a r a t i o n a l f u n c t i o n i t s s t r i c t l y p r o p e r
p a r t .F o r l a t e r u s e w e d e f i n e or+ = I - ~ r_ .

T h e n f o r s o m e p o l y n o m i a l m a t r i x Aa + 1T i
= T i + l J Z l i + 1 - U l + 1 ( 2 . 9 )

a n d T ,.+ ll U ,.I i s s tr i c t l y p r o p e r b y c o n s
t r u c t i o n .Thus A7+11B , i s o u t p u t i n j e c t i o n i
r r e d u c i b l e s i n c ed e g ( d e t A , + l ) = d e g ( d e
t A ) .

P r o o f . L e t G = A - ~ B b e a n o u t p u t i n j e c t i
o n i r r e -d u c i b l e t r a n s f e r f u n c t i o n t h a t
i s o u t p u t i n j e c t i o ne q u i v a l e n t t o G ~. T h i
s m e a n s , b y T h e o r e m 3 . 21 i n[ 8 ] , t h a t t h e r e
e x i s t p o l y n o m i a l m a t r i c e s U a n d~ + 1 s u c h
t h a t T , - 1U i s s t r ic t l y p r o p e r a n dT = ~ + , A -
U ( 2 .6 )a n d4 = ~ + , E . ( 2.7 )N a t u r a l l y s u c h a d e
c o m p o s i t i o n i s n o t u n i q u e .H o w e v e r T , . 1
is u n i q u e m o d u l o a r i g h t u n i m o d u -l a r f a c t
o r . T o s e e t h i s n o t e t h a t i f A 1 aB~ i s o u t p u
ti n j e c t i o n e q u i v a l e n t t o A - 1B t h e n f o r s o
m e p o l y -n o m i a l m a t r i x Q , f o r w h i c h A a 1 Q i
s s t r ic t l y p r o p e r ,a n d a u n i m o d u l a r p o l y n
o m i a l m a t r i x IV , w e h a v ea = W ( A , + Q )f o r s o m
e p o l y n o m i a l m a t ri x W .

T h e r e f o r e w e h a v e f o r T ,, U , t h e a l t e r n a
t i v er e p r e s e n t a t i o nT , = T , I W ( & + Q ) -
U

= ( T , + , W ) A 1 + ( T , + , W Q - U )= ( T , + , W ) & -
U1

A r e p r e s e n t a t i o n o f t h e f o r m ( 2 . 9 ) i s c
l e a r l y u n i q u e .S i n c e T ,+ 1 i s o n l y d e t e r m i
n e d u p t o a r i g h t

u n i m o d u l a r f a c t o r w e c a n u s e t h i s f r e e
d o m t oe n s u r e t h a t A i + 1 i s r o w p r o p e r .

W e wi l l ca l l the { A i+ 1 , B , } the l e ft a t o m s o f
t h et r a n s f e r f u n c t i o n G . N o t i c e t h a t e v e
n i f w e s t a r tw i t h a r e c t a n g u l a r t r a n s f e r
f u n c t i o n G t h e n a f t e rt h e f i r s t s te p a l l t h
e t r a n s f e r f u n c t i o n s T i ~ U , 1 a r es q u a r e ,
t h o u g h n o t n e c e s s a r i l y n o n s i n g u l a r .

W e a r e r e a d y t o s ta t e t h e f o l lo w i n g m a t r
i xv e r s i o n o f th e E u c l i d e a n a l g o r i th m .

T h e o r e m 2 . 2 . L e t G b e a p m s t r i c tl y p r o p e
rt r a n s f er f u n c t i o n . L e t G = T - 1 U b e a l e f t m
a t r i xf r a c t i o n r e p r e s e n t a t i o n w h i c h w e
d o n o t a s s u m e t o b el e f t c o p r i m e , w i t h T r o
w p r o p e r . D e f i n e r e c u r s i v e l y,u s i n g t h e p
r e v i o u s l e m m a , a s e q u e n c e o f p o l y n o m i a
lm a t r i c e s ( A , + l , B , ) , t h e A i + 1 b e i n g n o n
s i n g u l a ra n d p r o p e r l y i n v e r t i b le . T h e
n

< e ( T , - ' V , ) . ( 2 . 1 0 )L e t n b e t h e f i r s t
i n t eg e r f o r w h i c h d(G, , ) = 0 , i . e . f o rwhic h U ,
= O . The n Tn i s th e g r e a t e s t c o m m o n l e f td i v i
s o r o f T a n d U .
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P r o o f . S i n c e3 ( T , - 1 U , ) = d e g d e t 7 ] , .

--- d e g d e t ( T , + l A , + I - U ~ + I )= d e g d e t ( T /
+ l A i + l )> d e g d e t T ,+ ~ = 3 ( T , 2 ~ U , + l ) ,

t h e d e c r e a s e o f th e M c M i l l a n d e g r e e i s p
r o v e d a n dg u a r a n t e e s t h e t e r m i n a t i o n o f
th e p r o c e s s i n af i n it e n u m b e r o f s te p s , s a y
n . T h u s U , = 0 a n dT . _ 1 = T . A . , U . _ I = T . B . _
1.T h u s T . i s a c o m m o n l e ft d i v i s o r o f T . _ 1 a
n dU . _ 1 . I n f a c t i t i s a g . c . l. d , b y t h e o u t p
u t i n j e c t i o ni r r e d u c i b i l i t y o f A ~ - l B . _
1 . B u tT o _ 2 = T . _ 1 A . _ I - U . _ I ,G _ ~ = T . _ ~ B . _
~ ,a n d s o T . i s a c o m m o n l e ft d i v i s o r o f T . _ 2
a n dU . _ z . a n d w e p r o c e e d b y i n d u c t i o n .

O f c o u r s e t h e t r a n s f e r f u n c t i o n G c a n b
e r e c o n -s t r u c t e d f r o m t h e a t o m s e q u e n c e
{ A , 1, B ,.} . th i si s t h e c o n t e n t o f T h e o r e m 2
.9 .

A s s u m e t h e a l g o r i t h m t e r m i n a t e s i n t h
e n - t hs t e p , i .e . T ,-- 1U ~ i s o u t p u t i n j e c t i
o n i r r e d u c i b l e .

D e f i n e a s e q u e n c e o f t r a n s f e r f u n c t i o
n s F , b yr o = o ( 2 . 1 1 )a n d_P,. = ( A , + a - F , . + I ) -
1 B , ( 2 . 1 2 )w h e r eF , = T T ' U , .. ( 2 . 1 3 )

W e u s e n o w t h e (A i+ 1 , B~)s i v e l y t w o s e q u e n
c e s{ R . I V ,,) b y ( A ,( R , W , ) = ( I 0 ) - I

t o d e f i n e r e c u r -o f p o l y n o m i a l m a t r i c e
s

" , - 1 ) . . . ( A , 0- ' " o ) . 0( 2 . 1 5 )

O b v i o u s l y( R , + , ~ + , ) = ( A , + , B , ) - R , _ , -
W , _ ,

= ( A , + 1 R , - B , R ,_ , A , ,W , - B , ~ _ , ) ,i . e . w e
s o l v e t h e r e c u r s i o n sR i + i = A i+ 1R i - B i R , -
1w i t h i n i t i a l c o n d i t i o n s R i = 0 , R o = I ,W /,+
1 = & + l W / - B i W , -1w i t h i n i ti a l c o n d i t i o
n s W _ 1 - - - I , W 0 = 0 .L e m m a 2 . 4 . As su m e ( A i ) a
re pro per l y i noer tibl ean d A ,+ llBi s tr i c t ly proper .
Then R { IW k i s s t r ic t l yp r o p e r .P r o o f . W e p r o
v e t h is b y i n d u c t i o n . F o r k = 1 th i sf o ll o w s f
r o m o u t a s s u m p t i o n s . A s s u m e t h is h o l d sf o
r a n y k - 1 f a c t o r s. T h e n( R k W ~ ) = [ ( / 0 ) ( A k-I
B k + ~ ) ' " ( - I B~)]0

o 0 )

L e m m a 2 .3 . The sequence o f t rans f er f unc t ions ( F
)so cons t ruc ted sa t i s fi e s3 ( F~ + 1 ) < / ~ ( C ) . ( 2
.1 4 )

P r o o f . I f ~ = A ~ 1 1 B i s i r r e d u c i b l e b y o u
t p u t i n j e c -t i o n t h e n F , + 1 = 0 . O t h e r w i s
e

a n d3 ( F i ) = d e g d e t T = d e g d e t ( ~ + , A , + ~
)

> d e g d e t ( T , + , ) = 8 ( ~ + ~ U ~ + 1 ) = 8 ( /],.+ 1
) .

o rR k = S k + l A 1 - V k+ 1,W k = S ~ + I B o .C l e a r l yR
; 1 = ( S k + l A l - G + 1 ) -1

- 1 - 1= ( A , - S ; 2 , v ~ , ) S k l= ( ~ - a - ' ~ - 12 1,k+,
,~+,) - lAC'S; '+,

( 2 . 1 7 )( 2 . 1 8 )

B y a s s u m p t i o n A f I i s p r o p e r , - 1k+ 1Vk+ 1 i s
s t r i c t lyp r o p e r a n d S f+ ll p r o p e r b y t h e in d
u c t i o n h y p o t h e -
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s i s . S i n c e( I - A - l c - 1 1,51 " " k + l k + l ]i s a b
i c a u s a l i s o m o r p h i s m , p r o p e r n e s s o f R ~ I
f o l-l o w s .

N e x t- 1 - 4 - IR;'W~=(~-A?'S;'+,V~.~) A, S~.~S~+,Bo

( I - A ' ~ -~ V ) -'A . ~ S ok + l k + l

H e n c er k . , . . , r o = ( r ~ . , r ~ ) r k _ , . . , r
o

= ( & + , C - s k ) C _ , . - . r o= A ~ + , G . . - r o - B
~ r ~ _ , . . . G= A k + I E k - BkEk _ 1 = Ek+ 1.

C o r o l l a r y 2 . 7 . Th e ra t iona l m atr ic e s E i are
a l l s tr ic t lyp r o p e r .

a n d t h i s i s c l e a r l y s t r i c t l y p r o p e r .N e
x t w e d e f i n e a s e q u e n c e o f r a t i o n a l f u n c t
i o n s{ E l } b yE,. = RiG - ~ ( 2 . 1 9 )w i t hE _ a = I a n d E
o = G . ( 2 . 2 0 )

T h e o r e m 2 . 5 . Th e E i sa t i s fy the r e c urs ionE i+
l = A i + l E i - W i Ei_ 1. ( 2 . 2 1 )

P r o o f . W e c o m p u t eAi,E,-B,E,_I

= A , + a ( R , G - W ~ ) - B , ( R i _ , G - W ~ _ , )= ( m i l
R i - - B i R i _ I ) G - - ( A / + I W / - - W i W i _ , )= g i +
l G - W i+ l= E i + 1

T h e o r e m 2 . 6 . W i t h F o -- G a n d/3 , = T , ; . ; ~ +
,w e h a v eE k = G ' " to . ( 2 . 2 2 )

P r o o f . F o r k = 0 t h i s h o l d s b y d e f i n i t i o
n . P r o c e e db y i n d u c t io n . W e h a v er , = ( A , + ~
- r , + ~ ) - ~ B ,o r. . t i + l E - B , = F , ~ F ,

P r o o f . F o l l o w s f r o m t h e s t r i c t p r o p e r
n e s s o f t h e F , , . .C o r o l l a r y 2 . 8 . W e ha v e En
= 0 i f f I 'n = O.

T h e o r e m 2 . 9 . A s s u m e G i s s t r i c t l y p r o p
e r a n d r a -t ional . Th en i f F , --- 0 i t fo l lo ws thatG =
R ; ' W . ( 2 . 2 3 )w h e r e R . a n d W . a r e d ef t' n ed t h
r o ug h t h e re c u r si o n s( 2 . 1 7 ) a n d ( 2 . 1 8 )

W e c a n g i v e n o w a p r e c i s e a n s w e r t o t h e q
u e s -t io n o f h o w g o o d a n a p p r o x i m a t i o n R k 1
W k i s toG .T h e o r e m 2 . 1 0 . Le t G be a p m s t r ic t l y
prop e rt r a n s f e r f u n c t i o n a n d l et R k , W k b e s
o lu t io n s o f t h ere c urs ion e qua t ions ( 2 . 1 7 ) a n d
( 2 . 18 ) . T h e nG - R;1Wk--- R ;~Ek= R ; ' G ' ' " Fo. ( 2 . 2
4 )

N o t e t h a t s i n c e a l l t h e F , a r e s t r i c t l y
p r o p e rt h e r e i s a m a t c h i n g o f a t l e a s t t h e
f i r s t k + 1M a r k o v p a r a m e t e r s , b u t t hi s o f c
o u r se is o n l y ar o u g h e s t i m a t e t o t h e m o r e p
r e c i s e e s t i m a t e ( 2 . 2 4 ) .

3 . C o n n e c t i o n s w i t h g e o m e t r i c c o n t r o
l t h e o r yW e p a s s n o w t o th e c o n n e c t io n b e t w
e e n t h e

p r e v i o u s l y o b t a i n e d m a t r ix c o n t i n u e d
f r a ct i o n r ep -r e s e n ta t i o n s a n d s o m e p r o b l
e m s o f g e o m e t r i c co n -t r o l t h e o r y , a s d e v e
l o p e d i n W o n h a m [1 9].

T h e l i n k b e t w e e n t h e t w o t h e o r i e s i s g i
v e n b yt h e t h e o r y o f p o l y n o m i a l m o d e l s d e
v e l o p e d i n as e ri e s o f p a p e r s b y A n t o u l a s
[1 ], F u h r m a n n [ 4 - 8 ],E m r e a n d H a u t u s [3 ], K h
a r g o n e k a r a n d E m r e [1 5]a n d F u h r m a n n a n d W
i l l e m s [9 ,1 0]. T h e l a s t t w o
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f o l l o w i n ga n a l y s i s .

T h e p o w e r o f t h e m e t h o d o f p o l y n o m i a l m
o d e l si s t h e f a c t t h a t w i t h a n y m a t r i x f r a
c t i o n r e p r e s e n -t a t i o n w e h a v e a c l o s e l y
a s s o c i a t e d r e a l i z a t i o n .T h u s a ll s t a t e m
e n t s o n t h e le v el o f p o l y n o m i a l o rr a t i o n a
l m a t r i c e s h a v e a n i m m e d i a t e i n t e r p r e t a
t i o ni n t e r m s o f s t a t e s p a c e m o d e l s . T h a t
t h e s e t ti n g u po f s u c h a c o m p l e t e c o r r e s p o
n d e n c e i s n o t a t r i v i a lm a t t e r b e c o m e s c l
e a r b y a p e r u s a l o f t h e a b o v em e n t i o n e d p a
p e r s .

R e c a l l [ 4 ] t h a t w i t h t h e l e f t m a t r i x f r
a c t i o nr e p r e s e n t a t i o nG = T - 1 Uo f a p m s t r i
c t l y p r o p e r r a t i o n a l f u n c t i o n G t h e r ei s
a s s o c i a t e d a r e a l i z a t i o n i n t h e s t a t e s p
a c e X rg i v e n b y t h e t ri p l e o f m a p s ( A , B , C ) d
e f i n e d b yA = S T ,B u = U u f o r u ~ F m , ( 3 .1 )C / = ( T
- ' f ) _ 1 f o r f ~ X r .T h i s r e a l i z a t io n is a lw a y
s o b s e r v a b l e a n d i s r e a c h a -b l e i f a n d o n l
y i f T a n d U a re l ef t c o p r i m e . F o r t h ed e f i n i
t i o n s o f s p a c e s X r , X r a n d m a p s S T w e r e f ert
o [ 8 ] .

T h e c o n t i n u e d f r a c t io n r e p r e s e n t a t io
n o b t a i n e dp r e v i o u s l y a l l o w s u s t o g i v e a
f i n er d e s c r i p t i o n o ft h i s r e a l i z a t i o n
.

T o t h i s e n d l e t { A , , B~ ) b e t h e a t o m s e q u e
n c eo b t a i n e d f r o m G . D e f i n e t he s e q u e n c e o
f p o l y -n o m i a l m a t r i c e s ( S i, V, } b y

( 3 . 2 )w i t hs o = i , V o = 0 . ( 3 . 3 )A s a s p e c i a l
c a s e w e o b t a i n

( s o v o ) = ( t 0 ) ( A . _ I B . _ 1 0 "/ ) 0

= ( s . _ , v o _ , ) ( A , _ Z B O o )

o rS n = Sn_ IA1 - Vn_ l ( 3 . 4 )a n d i n g e n e r a lS . _ ,
= S . _ , _ ,A , + ~ - v . _ , _ ~ . ( 3 . 5 )

T h e s e f o r m u l a s l e a d t o i n t e r e s t in g d i r
e c t s u mr e p r e s e n t a t i o n s f o r X r . T h e s e l e
a d , i n t h e s c a l a rc a s e, d i r e c t l y t o s o m e c a
n o n i c a l f o r m s a s s o c i a t e dw i t h t h e c o n t i
n u e d f r a c t i o n e x p a n s i o n . S e e i n t h i sc o n
n e c t i o n t h e p a p e r s o f K a l m a n [ 14 ] a n d G r a
g ga n d L i n d q u i s t [1 2]. T h e m u l t i v a r i a b l e a
n a l o g s h a v en o t b e e n c l a r i f i e d s o f a r.

C l e a r l y S , = R , a n d s o if E , = 0 i t f o l l o w s t
h a tG = T - ~ U = S , ; ~ V , = T ~-IU o ( 3 . 6 )w i t h S n e q
u a l t o T u p t o a l e f t u n i m o d u l a r f a c t o r .T h
e o r e m 3 .1 . U n d e r t h e p r e v i o u s a s s u m p t i o
n s w eh a v ex R = x s

= X A ~ S 1 X A _ . . . e S , _ I X A . ( 3 . 7 )P r o o f . B y
i n d u c t i o n . F o r n = 1 w e h a v e T - 1 U =A~-1B0 a n d $
1 = A , a n d h e n c ex ~, = S o X A , = x ~ .S i n c eS . = S o _
~ a l - V o _ ~a n d S ~ j ~ V , _ l i s s t r i c t ly p r o p e r
i t f o l l o w s , a s A~ 1 i sp r o p e r , t h a t A 7 1 S T j l
V _ 1 i s s t r i c t l y p r o p e r . I t f o l -l o w s f r o m
L e m m a 5 . 5 i n [ 1 0 ] t h a t X s . a n d Xs._~A,a r e e q u
a l a s s et s, t h o u g h t h e y c a r r y d i f f e r e n t m o
d -u l e s t r u c t u r e s . B u t t h e f a c t o r i z a t i o
n S , _ 1 A x i m p l i e sa d i r e c t s u m d e c o m p o s i t
i o n , s e e T h e o r e m 2 .1 0 i n[ 1 0 l ,x s = Xs _ , ~ ,= x
s _ , ~ s o - ~ x ~ , .B y i n d u c t i o n ( 3 . 7 ) f o l l o w
s .

T h i s d i r e c t s u m d e c o m p o s i t i o n i s r e l a
t e d t og e o m e t r i c c o n c e p t s .T h e o r e m 3 .2 . L
e t ( A , B , C ) b e t h e r e a l iz a t io n i nX s . a s s o c
i a t e d w i t h G = S ~ -1 V ~ . T h e n t h e m i n i m a l( C ,
A ) - i n v a r i a n t s u b s p a c e c o n t a i n in g l m B
isS n _ l X A , , i . e .v . ( ~ ) = s o _ l x A , . ( 3 . 8 )
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r o o f . T h a t S , _ 1 X A, i s a ( C , A ) - i n v a r i a n t
s u b s p a c ef o l l o w s f r o m t h e c h a r a c t e r i z a
t i o n o f t h e s e s u b -s p a c e s g i v e n b y T h e o r e
m 3 .3 o f [8 ]. A l s o f r o m t h er e c u r s i o n r e l a t i
o n ( 3 . 2 ) i t f o l l o w s t h a t V , = S , _ ~B0,i.e.G = ( S
n _ I A I - V ~ , _ I) - I s n_ I B o .s oB ~ = S . _ , B 0 ~ ~ S
,, _, X ~ ,a s B o ~ X ~ , . T h u s S , _ , X ~ , 3 ~ . T h a t t
h i s i s t h em i n i m a l s u b s p a c e f o l lo w s f r o m T
h e o r e m 3 .8 o f [8 ].

W e p a s s n o w t o t h e a n a l y s i s o f t h e d u a l r
e s u l t s ,n a m e l y t h o s e r e l a t e d t o f e e d b a c
k r e d u c t i o n . I na n a l o g y w i th L e m m a 2 .1 w e c
a n s t a te , w i t h o u tp r o o f , t h e f o l l o w i n g .L
e m m a 3 . 3 . L e t G , b e a p m s t r ic t l y p r o p e r r a
-t i o n a l m a t r i x a n d l e tG , = ~ D , - 1 ( 3 . 9 )b e a
r i g h t m a t r i x f r a c t i o n r e p r e s e n t a t io n w
i t h D ic o l u m n p r o p e r . T h e n t h e r e e x i s t a n
o n s i n g u l a r c o l -u m n p r o p e r m a t r i x D i + l ,
a n o n si n g u la r p r o p e r l yi n v e rt ib l e p o l y n o
m i a l m a t r i x A i + 1 a n d p o l y n o m i a lm a t r i c e
s N i + 1 a n d B ~ s u c h t h a tD , = A , + i O i + - N~ + 1 ( 3
. 1 0 )N ,= B~D,+I (3.11)a n d t h e f o l l o w i n g c o n d i ti
o n s h o l d :

(i) G~ 1 = N,+ 1Di+~ i s s t r i c t l y p r o p e r .(ii) B iA
T +1 1 i s f e e d b a c k i r r e d u c i b l e .

(iii) A i + 1 i s c o l u m n p r o p e r .S t a r t i n g w i t
h G = N D - ~ w e c a n w r i t e

D = A I D ~ - N ~ , N = B a D ~ . ( 3 . 1 2 )B y t r a n s p o s
i t i o n w e o b t a i n/3 =/ )~ .4~ - .,Q~, ~r =/ 3~ j~o ' (3 .13
)w i t h ( / 3 1 , ~ 1 ) - 1 ~ s t r ic t l y p r o p e r . T h i s
i m p h e s , a sw e s a w b e f o r e , t he d i r e c t s u m d e
c o m p o s i t i o nX f i = ) ( 5 , + L ) I X ~ . ( 3 . 1 4 )

W e p r o c e e d t o o b t a i n t h e d u a l d i r e c t s u
m d e -c o m p o s i t i o n o f X o . N o t e t h a t t h e a n n
i h i l a to r o f a( C , A ) - i n v a r i a n t s u b s p a c e i
s a n ( A , B ) - i n v a r i a n ts u b s p a c e . I n p a r t i
c u l a r t h e a n n i h i l a t o r o f /g X A-

w h i c h i s t h e m i n i m a l ( C , A ) - i n v a r i a n t
s u b s p a e ec o n t a i n i n g I m B i s t he m a x i m a l ( A
, E ) - i n v a r i a n ts u b s p a c e c o n t a i n e d i n K e
r C .

N o w e v e r y (A , B ) - in v a r i a n t s u b s p a c e o f
X n i so f t h e f o r m ~r+D~rDL f o r s o m e s u b m o d u l e L
o fz - I F m [ [ z - 1 ] ] , s e e [ 1 0 ] . S i n c ed i m / ) X ~
--- d e g ( d e t A 1t h e d i m e n s i o n o f V~erC h a s t o b
e d e g ( d e t D ~ ) . T h i sl e a d s u s t o c o n j e c t u r
e t h a tX o D V~erC = ~r +D X ' = ~ r + ( A I D 1 - N 1 ) X ' .A c
t u a l l y w e c a n p r o v e m o r e .L e m m a 3 . 4 . L e t G
= N D - 1 b e a s tr ic t ly p r o p e rp x m r a t i o n a l m a t
r i x . T h e n t h e f o l l o w i n g d i r e c t s u md e c o m
p o s i t i o n h o l d s :X o = * r ( A , D 1 - N , ) X ' * X A .
( 3 . 1 5 )M o r e o v e r t h i s d i r e c t s u m d e c o m p o
s i t i o n i s t h e d u a lo f (3 .14) u n d e r t h e p a i r i
n g o f X o a n d X f i d e f i n e d i n[ 8 ] .P r o o f . A s s u
m e f a n d g a r e i n X a , a n d X 3 , r e s p e c -t i v e l y
. T h u sf = A l h w i t h h ~ X A,a n dg = / ) ~ k w i t h k ~ X ~
'.W e c o m p u t e( f , g ) = [ (A m D 1 - N , ) - ' f , g ]

= [ ( A 1 D 1 - N 1 ) - I A l h , D l k ]= [ D , ( A 1 D , - N ,
) - ' A 1 h , k ]- - [ ( , - k ] = 0

b y t h e c a u s a l i t y o f A~-~N1D~ -1 . A l s o f o r h ~
X D 'a n d k ~ X A ' w e h a v e( lr ( A i D x - N ~ ) h , b x , ,
] a k )

= [ ( A 1 D , - N , ) - I ~ r + ( A 1 D 1 - N l ) h . L ) , A l
k ]= [ A , D , ( A , D , - N , ) - ' ( A , D , - N , ) h , k ]= [ A
I D 1 ( A , D 1 - N , I - I ( A , D , - N 1 ) h , k ]=

269
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T h e r e m o v a l o f t h e p r o j e c t i o n w + i s p e r
m i s s i b l e b yt h e c a u s a l i t y o fA ~ D ~ ( A , D , - N
~ ) - 1 .T h i s e n d s t h e p r o o f .

W e n o t e t h a t i n X 5 , w i t h t h e r e a l iz a t i o n
a s s o c i -a t e d w i t h D - ~ f i r w e h a v eV . ( I m B ) =
b ~X A - ( 3 . 1 6 )w h e r e a s i n X D , w i t h t h e r e a l i
z a t io n a s s o c i a t e d w i t hN D - ~ , w e h a v eV~~ = ~
r + D X D , = ~ r + ( A , D , - N I ) X D ' . ( 3 . 1 7 )

T h e p r e c e d i n g r e s u l t c a n b e e a s i l y g e n
e r a l i z e dt o y i e l d t h e f o l l o w i n g .T h e o r e m
3 . 5 . G i v e n G = N D - ~ w i t h t h e r ig h t a t o ms e q u
e n c e { A i + ~, B i } a n d t h e r e l a t i o n sD , = A , + ,
D , + , - N ~ + , ( 3 . 1 8 )a n dN ,. = B , D + + ~ . ( 3 . 1 9 )T
h e n t h e d i re c t s u m d e c o m p o s i t io n sX o = ~ r +
D D ~ b r + D ~ D f ~

. . ~ r + D , _ m D ~ - ' X ~ + . . . fi) X / , ( 3 . 2 0 )a n
dX f i = X z + b , _ ~ X x . _ + . . - + D , X x , ( 3 . 2 1 )a r e
d u a l d i r e c t s u m d e c o m p o s i t i o n s .P r o o f .
B y i n d u c t i o n . F o r k = 1 w e p r o v e d t h er e s u l
t i n t h e p r e v i o u s l e m m a . A s s u m e w e p r o v e
dt h e r e s u l t f o r k . T h e n , s i n c eD k = A k + ~ D k +
~ - N k + ~ ( 3 . 2 2 )a n db ~ , = D k + l + ~ k + , - N k + ~ , (
3 . 2 3 )i t f o l l o w s t h a t) ( 5 , = X f i, + , / ) t , +
~XA' , + , ( 3 . 24 )a n dX o , = ~r + D k D ; ~ + , X o , + , + X
~ , + . ( 3 . 2 5 )

H e n c eX D = ~ r + D D ( -1

. . . . ~ r + D k _ , D : I ( ~ r + D k D [ ) _ , X D , + . + X
A , + ,)+ ~ r + D D ~ -1 . . . 7 r + D k D - I- 2 k l XA, _ , . . .
$ XA, ( 3 . 2 6 )

a n dx ~ = x ~ , + , + b , + , x , , + , + b ~ x ; , + . .. + b
, x ; .

( 3 . 2 7 )S i n c e N , _ 1 D ~ _ ll = B , _ 1 A ~ 1 t h e d i
r e c t s u m d e -

c o m p o s i t i o n f o l l o w s .T o s h o w t h e d u a l i
t y o f t h e t w o d i r e c t s u m

d e c o m p o s i t i o n s i t s u f f i c e s , b y i n d u c
t i o n , t o p r o v et h a t t h e o r t h o g o n a l i t y r e
l a t i o n sX f i , + , _L r r + D D ? 1 . . . ~ r + D I , _ ID [
1 X A , + , ( 3 . 2 8 )a n dJ D k + 1 X z ~ + , _ L ~r + D D ; a .
. . ~r + D k D ~ I + 1 X t > , + , ( 3 . 2 9 )h o l d .

A s s u m e f i r s tf ~ r + D D ~ -1 . . . ~r+ D k _ I D [ I X
A , + , , g ~ X fi ,+ .T h u s t h e r e e x i s t h , k ~ z - l F
' ~ [ [ z - ~ ] ] s u c h t h a tf = r r + D D ~ l . . . r r + D k
_ l D [ l A , + l h , g = D k + l k .H e n c e( f , g )

= [ D - 1 e r + D D ? l . . . ~ r + D k _ l D [ l A k + l h ,b ,
+ , k ]

= [ D k + m D - I ~ r + D D ~ 1 . . . . . ~ r + D k _ l D [ l A
k + l h , k ]

= [ D k + I D - I D D ? 1 . . . r r + D k _ l D k l A , + a h ,
k ]: g: - k ]

- 1 - 1= [ ( I - A t < + , N , + I D , + , ) h , k ]~ 0 .S i
m i l a r l y w e w a n t t o c o m p u t e

[ D - I ~ r + D D ; 1 - ' / ~ , + , d t , + l k ]. . r + D k D ,
+ l D , + a h ,2 7 0
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a t , s i n c eO i = A i + l O i + l - N i+ 1 ,i t f o l l o w s t
h a tD i + l D i I = D i + l ( A i + t D i + ] - N i + l ) - I

- I - I= A,+,= - + t D , ? t A , + ' , ) - t

i s p r o p e r , a n d s o isA , + t D , + , D t l = ( 1 - N ,
+ I D t - + t I A T + t l ) '

A l s o , f o r i > j , A , D ~ D : - 1 i s p r o p e r s i n
c eA , D , D 7 1 = ( A i D i D { - - t , ) ( D i I t D T _ ~ ) " "
( 1 )/+ t D 7 t )a n d t h e p r o d u c t o f p r o p e r m a t r
i c e s i s p r o p e r .U s i n g t h e s e p r o p e r t i e s i
t f o l lo w s t h a t[ D - ' ~ t _ D D ~ - ' . . . ~ + D k D ; l+
D k + l h , l ) k + t A k + , k ]

= [ A k + I D k + I D - t ~ ' _ D D ~ t . . ." ' " ~ r + D k D E
) t D I , + l h , k ]

- ~ 0 .I t fo l lo w s , p r o c e e d i n g i n d u c t i v e l
y , t h a t

[ D - ' w + D D ~ - ' . . . ~ + D k ~ i D k + , h , / ) # + i A
k + , k ]= [ D ~ - 1 ~ r+ D I D ~ ] . . . ~ r + D k D k ~ l D k + l
h ,

. . . . . [ D k ~ , D k + , h , / ) k + t A , + , k ]= [ D k + t
h , A k + t k ] = O .

T h i s c o m p l e t e s t h e p r o o f o f t h e t h e o r e
m .

References[1] A.C. Antoulas , A polynom ial ma tr ix approa ch
to F m od G

inv aria nt subspaces, Do ctora l Dissertation, Dept. ofMath
emat ics , ETH Zu r ich (1 9 79 ).[2] E. Emre, Nonsingular factors
of polynomial matr ices and(A, B)- invar ian t subspaces , S I A M
J . Con t r ol Op t i m . 18(1980) 288-296.[3] E. Emre and M.L.J .
Hautus , A polynomial character iza-t ion of (A, B)- in var ia n t
and teacha bil i ty subspaces, S l A MJ. Control Opt im 18 (1980)
420-436.[4] P.A. Fuhrm ann , Algebraic system theory: An a nalyst '
spoin t of v iew, J . Frankl in Ins t . 301 (1976) 521-540.

[5] P.A. Fuhr ma nn, On s tr ict system equivalence and s
imilar-ity, lnternat, d. Control 25 (1977) 5-10.

[6] P.A. Fuhrmann, Simulation of l inear systems and factor
i-zat ion of matr ix polynomials , lnternat. J. Control 28 (1978)6
8 9 -7 0 5 .

[7] P.A. Fuh rma nn, Line ar feedback v ia polynomial m
odels,Internat. J. Control 30 (1979) 363-377.

[8] P.A. Fuhrmann, Duali ty in polynomial models with
someapplicat ions to geometr ic contro l theory , 1 E E E T r a n s
.Au t oma t . Con t r o l 26 (1981) 284-295.[9] P.A. Fuhrm ann a nd
J .C. Willems, Factor iz at ion indices atinf in i ty for rat ional
matr ix functions , Integral EquationsOperator Theory 2 (1979)
287-301.[10] P.A. Fuh rm ann a nd J .C. W illems, A s tudy of (A,
B)- in-var ian t subspaces v ia polynomial models , Internat. J.
Con-trol 31 (1980) 467 494.

[11] F.R. Gantmacher , The Theory o f Matr ices (Chelsea,
NewYork, 1959).[12] W.B. Gragg and A. Lindquis t , On the par t ial
real izat ionp ro b lem, Li near A l gebra AppL 15 (1983).

[13] M.L.L H autus and M . Heyma nn, Linear feedback -
analgebraic approach , S I A M J . C o n t r o l 16 (1978)
83-105.[14] R.E. K alma n, On par t ial real izat ions , t ransfer
functionsand canonical forms, Ac t a Po l y t ech . Scand 31
(1979)9 - 3 2 .[15] P.P. Khargonekar and E. Emre, Fur ther resu lts
on poly-nom ial character izat ion of (F, G)- inv ar ian t
subspaces , toappear.[16] C.C. MacDuffee, The Theor y o f Ma t r i
ce s (Chelsea, NewYork, 1956).[17] A. M agnus, Cer ta in contin ued
f ract ions associated withthe Pad~ table, Mat h . Z. 78 (1960)
361-374.[18] A. Magnus, Expansion of power ser ies in to P-f ract
ions ,Math. Z . 80 (1960) 209-216 .[19 ] W.M. W o n h am , Line ar
Mul t ioar iable Control , 2rid edn.(Springer, New York, 1979).

27 1




                        

                                                    
LOAD MORE
                                            

                

            

        

                
            
                
                    
                        Related Documents
                        
                            
                        

                    

                    
                                                
                                                                                              
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Euclidean Geometry Notes

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Prioritization Matrix

                                            
                                                
                                                    Category: 
                                                    Health & Medicine
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Matrix Completion

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                 
                                                                                               
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Matrix (Mathematics)

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Matrix - 30sep2010

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Twisted Matrix

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                 
                                                     

                                                
                                                                                              
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Matrix semiotics

                                            
                                                
                                                    Category: 
                                                    Technology
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Think matrix

                                            
                                                
                                                    Category: 
                                                    Business
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Cisco Matrix

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                 
                                                                                               
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Ansoff’s matrix

                                            
                                                
                                                    Category: 
                                                    Education
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Matrix algebra

                                            
                                                
                                                    Category: 
                                                    Education
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Skill Matrix

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                 
                                                     

                                            

                

            

        

            



    
        
            	Powered by Cupdf


            	Cookie Settings
	Privacy Policy
	Term Of Service
	About Us


        

    


    

    
    
    

    
    
    

    
    
    
    
    
    















