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Recall: Axiom (A) and some Consequences
 Archimedes’ Axiom:(A) For any two line segments AB and CD, there exists a positiveinteger n such that nAB > CD.
 (nAB denotes AB + AB + · · ·+ AB, with n summands.)
 A Hilbert plane is called Archimedean if it satisfies (A), andnon-Archimedean otherwise.
 Theorem. The following conditions on a Pythagorean ordered field(F ;<) are equivalent:(1) the Cartesian plane ΠF is Archimedean;(2) F has the following property:
 (A)′ For any positive a ∈ F there exists a positive integer n such that n · 1 > a(here n · 1 = 1 + 1 + · · ·+ 1 with n summands).
 (3) (F ;<) is isomorphic to a subfield of (R;<).
 An ordered field F is called Archimedean if it satisfies (A)′, andnon-Archimedean otherwise.
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Non-Archimedean Ordered Fields
 Example. Let R(t) denote the field of rational functions (in variable t):
 • Elements: ϕ = fg where f = f (t),g = g(t) are polynomial
 functions, but g is not the constant zero function (denoted 0).• Operations: +, −, ·, ÷ (divisor not the function 0) performed
 pointwise.• The unit element is the constant function 1.
 R(t) is an ordered field with the ordering < defined as follows:• ϕ < ψ
 def⇔ there exists c ∈ R s.t. ϕ(t) < ψ(t) for all t > c.In fact, the ordered field (R(t);<) is non-Archimedean: e.g.,• t > n · 1 = n (= constant function n) for all positive integers n,• 0 < 1
 t <1n (= constant function 1
 n ) for all positive integers n.
 Definition. If (F ;<) is an ordered field and a ∈ F , we say that• a is finitely bounded if |a| < n · 1 =: n for some positive integer n;• a is infinite otherwise (i.e., if |a| > n for all positive integers n); and• a is infinitesimal if a 6= 0 and |a| < 1
 n for all positive integers n.⇔ a 6= 0 and 1
 a is infinite.
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A Non-Archimedean, Pythagorean Ordered Field
 To get a non-Archimedean Hilbert plane among the Cartesian planeswe need a non-Archimedean, but Pythagorean ordered field.
 The non-Archimedean ordered field (R(t);<) we just discussed• is not Pythagorean: e.g., t ∈ R(t), but
 √1 + t2 /∈ R(t);
 • but we can construct from it a Pythagorean ordered field the sameway as we constructed Hilbert’s field Ω from the field Q.
 Theorem. The set Ω′ of real functions (in variable t) that can beobtained, in finitely many steps, from rational functions in R(t) usingthe pointwise operations +, −, ·, ϕ 7→ 1
 ϕ (for nonzero ϕ), and
 ϕ 7→√
 1 + ϕ2 is an ordered Pythagorean field for the orderingdefined the same way as for R(t):
 ϕ < ψdef⇔ there exists c ∈ R s.t. ϕ(t) < ψ(t) for all t > c.
 Corollary. ΠΩ′ is a non-Archimedean Hilbert plane satisfying (P).Hence (A) is not a consequence of the axioms
 (I1)–(I3), (B1)–(B4), (C1)–(C6), and (P).
 Non-Archimedean Geometry MATH 3210: Euclidean and Non-Euclidean Geometry

Page 22
                        

A Non-Archimedean, Pythagorean Ordered Field
 To get a non-Archimedean Hilbert plane among the Cartesian planeswe need a non-Archimedean, but Pythagorean ordered field.
 The non-Archimedean ordered field (R(t);<) we just discussed• is not Pythagorean:
 e.g., t ∈ R(t), but√
 1 + t2 /∈ R(t);• but we can construct from it a Pythagorean ordered field the same
 way as we constructed Hilbert’s field Ω from the field Q.
 Theorem. The set Ω′ of real functions (in variable t) that can beobtained, in finitely many steps, from rational functions in R(t) usingthe pointwise operations +, −, ·, ϕ 7→ 1
 ϕ (for nonzero ϕ), and
 ϕ 7→√
 1 + ϕ2 is an ordered Pythagorean field for the orderingdefined the same way as for R(t):
 ϕ < ψdef⇔ there exists c ∈ R s.t. ϕ(t) < ψ(t) for all t > c.
 Corollary. ΠΩ′ is a non-Archimedean Hilbert plane satisfying (P).Hence (A) is not a consequence of the axioms
 (I1)–(I3), (B1)–(B4), (C1)–(C6), and (P).
 Non-Archimedean Geometry MATH 3210: Euclidean and Non-Euclidean Geometry

Page 23
                        

A Non-Archimedean, Pythagorean Ordered Field
 To get a non-Archimedean Hilbert plane among the Cartesian planeswe need a non-Archimedean, but Pythagorean ordered field.
 The non-Archimedean ordered field (R(t);<) we just discussed• is not Pythagorean: e.g., t ∈ R(t), but
 √1 + t2 /∈ R(t);
 • but we can construct from it a Pythagorean ordered field the sameway as we constructed Hilbert’s field Ω from the field Q.
 Theorem. The set Ω′ of real functions (in variable t) that can beobtained, in finitely many steps, from rational functions in R(t) usingthe pointwise operations +, −, ·, ϕ 7→ 1
 ϕ (for nonzero ϕ), and
 ϕ 7→√
 1 + ϕ2 is an ordered Pythagorean field for the orderingdefined the same way as for R(t):
 ϕ < ψdef⇔ there exists c ∈ R s.t. ϕ(t) < ψ(t) for all t > c.
 Corollary. ΠΩ′ is a non-Archimedean Hilbert plane satisfying (P).Hence (A) is not a consequence of the axioms
 (I1)–(I3), (B1)–(B4), (C1)–(C6), and (P).
 Non-Archimedean Geometry MATH 3210: Euclidean and Non-Euclidean Geometry

Page 24
                        

A Non-Archimedean, Pythagorean Ordered Field
 To get a non-Archimedean Hilbert plane among the Cartesian planeswe need a non-Archimedean, but Pythagorean ordered field.
 The non-Archimedean ordered field (R(t);<) we just discussed• is not Pythagorean: e.g., t ∈ R(t), but
 √1 + t2 /∈ R(t);
 • but we can construct from it a Pythagorean ordered field the sameway as we constructed Hilbert’s field Ω from the field Q.
 Theorem. The set Ω′ of real functions (in variable t) that can beobtained, in finitely many steps, from rational functions in R(t) usingthe pointwise operations +, −, ·, ϕ 7→ 1
 ϕ (for nonzero ϕ), and
 ϕ 7→√
 1 + ϕ2 is an ordered Pythagorean field for the orderingdefined the same way as for R(t):
 ϕ < ψdef⇔ there exists c ∈ R s.t. ϕ(t) < ψ(t) for all t > c.
 Corollary. ΠΩ′ is a non-Archimedean Hilbert plane satisfying (P).Hence (A) is not a consequence of the axioms
 (I1)–(I3), (B1)–(B4), (C1)–(C6), and (P).
 Non-Archimedean Geometry MATH 3210: Euclidean and Non-Euclidean Geometry

Page 25
                        

A Non-Archimedean, Pythagorean Ordered Field
 To get a non-Archimedean Hilbert plane among the Cartesian planeswe need a non-Archimedean, but Pythagorean ordered field.
 The non-Archimedean ordered field (R(t);<) we just discussed• is not Pythagorean: e.g., t ∈ R(t), but
 √1 + t2 /∈ R(t);
 • but we can construct from it a Pythagorean ordered field the sameway as we constructed Hilbert’s field Ω from the field Q.
 Theorem. The set Ω′ of real functions (in variable t) that can beobtained, in finitely many steps, from rational functions in R(t) usingthe pointwise operations +, −, ·, ϕ 7→ 1
 ϕ (for nonzero ϕ), and
 ϕ 7→√
 1 + ϕ2 is an ordered Pythagorean field for the orderingdefined the same way as for R(t):
 ϕ < ψdef⇔ there exists c ∈ R s.t. ϕ(t) < ψ(t) for all t > c.
 Corollary. ΠΩ′ is a non-Archimedean Hilbert plane satisfying (P).Hence (A) is not a consequence of the axioms
 (I1)–(I3), (B1)–(B4), (C1)–(C6), and (P).
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A Hilbert Plane in which (P) Fails
 Π(n, n)(−n, n)
 (−n,−n) (n,−n)
 ΠΩ′
 (x , y)
 `
 ˜
 Definition. We construct a new geometry Π from ΠΩ′ as follows:
 • set of points:Π := (x , y) ∈ ΠΩ′ : x , y are finitely bounded;• lines: the nonempty intersections ˜ := ` ∩ Π
 for all lines ` of ΠΩ′ ;• betwenness, congruence of line segments
 and angles on Π are the restrictions to Πof the corresponding relations on ΠΩ′ .
 Theorem. Π is a Hilbert plane in which(i) Playfair’s axiom (P) fails, but(ii) Euclid’s proposition (I.32) — that in every triangle an exterior
 angle is congruent to the sum of the two opposite interiorangles — holds.
 Corollary. Playfair’s axiom (P) is not a consequence of(I1)–(I3), (B1)–(B4), (C1)–(C6), and (I.32).
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Sketch of Proof of the Theorem on Π
 ΠΠΩ′
 (x , y)
 `˜
 ΠΠΩ′
 `˜
 B
 A
 CP
 Q
 `
 ΠΠΩ′
 ˜(u, v)
 ΠΠΩ′ΠΩ′
 Π ˜n2
 n1
 `
 n2
 n1
 Π is a Hilbert plane:
 • For most of the axioms (X) among (I1)–(I3),(B1)–(B4), (C1)–(C6), the definition of Π,earlier axioms true in Π, and the fact that (X)holds in ΠΩ′ implies: (X) holds in Π.Proof of (B4): Note: 4ABC in Π and ΠΩ′ are the same! Apply (B4) in ΠΩ′ to get Q ∈ ` ∩ Π = ˜.
 • Exceptions: Axioms (I2), (B2), (C1).Proof of (I2),(B2): Let (u, v) ∈ ˜. If ` has equation y = mx + c,
 (u − 1, v −m) ∗ (u, v) ∗ (u + 1, v + m) in Π if |m| ≤ 1,(u − 1
 m , v − 1) ∗ (u, v) ∗ (u + 1m , v + 1) in Π if |m| ≥ 1.
 (i) (P) fails in Π: Consider the lines ˜, n1, n2 in Π where `, n1, n2 arethe lines in ΠΩ′ with equations y = 1, y = 0, y = mx such thatm ∈ Ω′ is infinitesimal (say, m = 1
 t ). Then n1, n2 are different lines in Π meeting at (0,0) ∈ Π; n1, ˜are parallel, because n1, ` are parallel in ΠΩ′ ; n2, ˜are parallel, because n2, ` meet in ΠΩ′ at ( 1
 m ,1) /∈ Π.
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 (u − 1, v −m) ∗ (u, v) ∗ (u + 1, v + m) in Π if |m| ≤ 1,(u − 1
 m , v − 1) ∗ (u, v) ∗ (u + 1m , v + 1) in Π if |m| ≥ 1.
 (i) (P) fails in Π:
 Consider the lines ˜, n1, n2 in Π where `, n1, n2 arethe lines in ΠΩ′ with equations y = 1, y = 0, y = mx such thatm ∈ Ω′ is infinitesimal (say, m = 1
 t ). Then n1, n2 are different lines in Π meeting at (0,0) ∈ Π; n1, ˜are parallel, because n1, ` are parallel in ΠΩ′ ; n2, ˜are parallel, because n2, ` meet in ΠΩ′ at ( 1
 m ,1) /∈ Π.
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Sketch of Proof of the Theorem on Π
 ΠΠΩ′
 (x , y)
 `˜Π
 ΠΩ′
 `˜
 B
 A
 CP
 Q
 `
 ΠΠΩ′
 ˜(u, v)
 ΠΠΩ′ΠΩ′
 Π ˜n2
 n1
 `
 n2
 n1
 Π is a Hilbert plane:• For most of the axioms (X) among (I1)–(I3),
 (B1)–(B4), (C1)–(C6), the definition of Π,earlier axioms true in Π, and the fact that (X)holds in ΠΩ′ implies: (X) holds in Π.Proof of (B4): Note: 4ABC in Π and ΠΩ′ are the same! Apply (B4) in ΠΩ′ to get Q ∈ ` ∩ Π = ˜.
 • Exceptions: Axioms (I2), (B2), (C1).Proof of (I2),(B2): Let (u, v) ∈ ˜. If ` has equation y = mx + c,
 (u − 1, v −m) ∗ (u, v) ∗ (u + 1, v + m) in Π if |m| ≤ 1,(u − 1
 m , v − 1) ∗ (u, v) ∗ (u + 1m , v + 1) in Π if |m| ≥ 1.
 (i) (P) fails in Π: Consider the lines ˜, n1, n2 in Π where `, n1, n2 arethe lines in ΠΩ′ with equations y = 1, y = 0, y = mx such thatm ∈ Ω′ is infinitesimal (say, m = 1
 t ).
 Then n1, n2 are different lines in Π meeting at (0,0) ∈ Π; n1, ˜are parallel, because n1, ` are parallel in ΠΩ′ ; n2, ˜are parallel, because n2, ` meet in ΠΩ′ at ( 1
 m ,1) /∈ Π.
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Sketch of Proof of the Theorem on Π
 ΠΠΩ′
 (x , y)
 `˜Π
 ΠΩ′
 `˜
 B
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 ΠΠΩ′
 ˜(u, v)
 ΠΠΩ′ΠΩ′
 Π ˜n2
 n1
 `
 n2
 n1
 Π is a Hilbert plane:• For most of the axioms (X) among (I1)–(I3),
 (B1)–(B4), (C1)–(C6), the definition of Π,earlier axioms true in Π, and the fact that (X)holds in ΠΩ′ implies: (X) holds in Π.Proof of (B4): Note: 4ABC in Π and ΠΩ′ are the same! Apply (B4) in ΠΩ′ to get Q ∈ ` ∩ Π = ˜.
 • Exceptions: Axioms (I2), (B2), (C1).Proof of (I2),(B2): Let (u, v) ∈ ˜. If ` has equation y = mx + c,
 (u − 1, v −m) ∗ (u, v) ∗ (u + 1, v + m) in Π if |m| ≤ 1,(u − 1
 m , v − 1) ∗ (u, v) ∗ (u + 1m , v + 1) in Π if |m| ≥ 1.
 (i) (P) fails in Π: Consider the lines ˜, n1, n2 in Π where `, n1, n2 arethe lines in ΠΩ′ with equations y = 1, y = 0, y = mx such thatm ∈ Ω′ is infinitesimal (say, m = 1
 t ). Then n1, n2 are different lines in Π meeting at (0,0) ∈ Π;
 n1, ˜are parallel, because n1, ` are parallel in ΠΩ′ ; n2, ˜are parallel, because n2, ` meet in ΠΩ′ at ( 1
 m ,1) /∈ Π.
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Sketch of Proof of the Theorem on Π
 ΠΠΩ′
 (x , y)
 `˜Π
 ΠΩ′
 `˜
 B
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 CP
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 `
 ΠΠΩ′
 ˜(u, v)
 ΠΠΩ′ΠΩ′
 Π ˜n2
 n1
 `
 n2
 n1
 Π is a Hilbert plane:• For most of the axioms (X) among (I1)–(I3),
 (B1)–(B4), (C1)–(C6), the definition of Π,earlier axioms true in Π, and the fact that (X)holds in ΠΩ′ implies: (X) holds in Π.Proof of (B4): Note: 4ABC in Π and ΠΩ′ are the same! Apply (B4) in ΠΩ′ to get Q ∈ ` ∩ Π = ˜.
 • Exceptions: Axioms (I2), (B2), (C1).Proof of (I2),(B2): Let (u, v) ∈ ˜. If ` has equation y = mx + c,
 (u − 1, v −m) ∗ (u, v) ∗ (u + 1, v + m) in Π if |m| ≤ 1,(u − 1
 m , v − 1) ∗ (u, v) ∗ (u + 1m , v + 1) in Π if |m| ≥ 1.
 (i) (P) fails in Π: Consider the lines ˜, n1, n2 in Π where `, n1, n2 arethe lines in ΠΩ′ with equations y = 1, y = 0, y = mx such thatm ∈ Ω′ is infinitesimal (say, m = 1
 t ). Then n1, n2 are different lines in Π meeting at (0,0) ∈ Π; n1, ˜are parallel, because n1, ` are parallel in ΠΩ′ ;
 n2, ˜are parallel, because n2, ` meet in ΠΩ′ at ( 1m ,1) /∈ Π.
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Sketch of Proof of the Theorem on Π
 ΠΠΩ′
 (x , y)
 `˜Π
 ΠΩ′
 `˜
 B
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 CP
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 `
 ΠΠΩ′
 ˜(u, v)
 ΠΠΩ′ΠΩ′
 Π ˜n2
 n1
 `
 n2
 n1
 Π is a Hilbert plane:• For most of the axioms (X) among (I1)–(I3),
 (B1)–(B4), (C1)–(C6), the definition of Π,earlier axioms true in Π, and the fact that (X)holds in ΠΩ′ implies: (X) holds in Π.Proof of (B4): Note: 4ABC in Π and ΠΩ′ are the same! Apply (B4) in ΠΩ′ to get Q ∈ ` ∩ Π = ˜.
 • Exceptions: Axioms (I2), (B2), (C1).Proof of (I2),(B2): Let (u, v) ∈ ˜. If ` has equation y = mx + c,
 (u − 1, v −m) ∗ (u, v) ∗ (u + 1, v + m) in Π if |m| ≤ 1,(u − 1
 m , v − 1) ∗ (u, v) ∗ (u + 1m , v + 1) in Π if |m| ≥ 1.
 (i) (P) fails in Π: Consider the lines ˜, n1, n2 in Π where `, n1, n2 arethe lines in ΠΩ′ with equations y = 1, y = 0, y = mx such thatm ∈ Ω′ is infinitesimal (say, m = 1
 t ). Then n1, n2 are different lines in Π meeting at (0,0) ∈ Π; n1, ˜are parallel, because n1, ` are parallel in ΠΩ′ ; n2, ˜are parallel, because n2, ` meet in ΠΩ′ at ( 1
 m ,1) /∈ Π.
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Sketch of Proof of the Theorem on Π (Cont’d)
 Explain why(a) axiom (C1) holds in Π;
 (b) proposition (I.32) holds in Π;
 (c) axiom (A) fails in Π.
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