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            Higher-dimensional Euclidean and non-Euclidean structures in planar circuit quantum electrodynamics Alberto Saa * Department of Applied Mathematics, University of Campinas, 13083-859 Campinas, SP, Brazil. Eduardo Miranda † and Francisco Rouxinol ‡ Institute of Physics “Gleb Wataghin”, University of Campinas, 13083-859 Campinas (Dated: August 23, 2021) We show that a recent proposal for simulating planar hyperbolic lattices with circuit quantum electrodynamics can be extended to accommodate also higher dimensional lattices in Euclidean and non-Euclidean spaces if one allows for circuits with more than three polygons at each vertex. The quantum dynamics of these circuits, which can be constructed with present-day technology, are governed by eﬀective tight-binding Hamiltonians corresponding to higher-dimensional Kagom´ e-like structures (n-dimensional zeolites), which are well known to exhibit strong frustration and ﬂat bands. We analyze the relevant spectra of these systems and derive an exact expression for the fraction of ﬂat-band states. Our results expand considerably the range of non-Euclidean geometry realizations with circuit quantum electrodynamics. I. INTRODUCTION There has been a long history of cross-pollination between geometry and various areas of physics. Geometry is at the base of general relativity and cosmology, leading also to sur- prising semiclassical eﬀects such as Hawking radiation. The diﬃculty of directly observing these subtle quantum eﬀects in a gravitational context has spurred the search for ana- logues in condensed matter systems [1–5]. Non-ﬂat geome- tries, however, have proved fruitful even in situations that are not gravity-related. A prime example is geometric frustra- tion. The optimal local packing of hard spheres in an icosa- hedral structure cannot be periodically extended in Euclidean space. It is, however, compatible with periodicity in hyper- bolic space, which can then serve as a starting point. The real system can then be approximated and analyzed by introduc- ing defects into the pristine hyperbolic idealization (see, e.g., [6] for a review). Other examples of this cross-fertilization include the control of infrared singularities in classical and quantum ﬁeld theories in hyperbolic space [7], the anti-de Sitter/conformal ﬁeld theory duality [8], phase transitions in curved spaces [9–11], and hyperbolic surface codes for quan- tum computation [12], among many others (see, e.g., [13] and references therein). More recently, the ﬂexibility of design of circuit quantum electrodynamics (cQED) [14–16] has enabled the lab real- ization of hyperbolic lattices in planar geometries [17–19]. In these systems, multiple microwave resonators are capaci- tively coupled to form an artiﬁcial photonic lattice. The pho- ton dynamics can be eﬀectively described by a tight-binding model in a hyperbolic plane. The addition of superconducting qubits to the setup can then realize fully interacting models [20]. This important achievement has stimulated some recent advances such as the formulation of a band theory in hyper- * [email protected] † emiranda@iﬁ.unicamp.br ‡ rouxinol@iﬁ.unicamp.br bolic lattices [21] or proposals for the realization of topologi- cal phases [22]. A severe limitation of the systems built so far is their con- ﬁnement to strictly two-dimensional lattices. Indeed, the pla- nar layout of the circuits seems, at ﬁrst, to preclude a higher- dimensional setup. We propose in this paper a way to over- come this limitation by increasing the connectivity of the mi- crowave resonators. This is achieved by means of a capac- itive coupling design that can symmetrically couple q > 3 resonators with equal strength, a q-leg capacitor that can be easily constructed with present technology (see Fig. 1). As a Figure 1. Proposed planar q-leg capacitive devices coupling the resonators for (a) q = 4 and (b) q = 5. These circuits can be built us- ing standard micro-fabrication techniques. In the 4-leg capacitor (a), for instance, the capacitance between any pair of legs is 374pF, with deviations smaller than 0.01pF. The generic case with q symmetrical legs follows analogously as a star-shaped conﬁguration with q leaves. See the Appendix A for further construction details. result, even though the device layout is contained within the usual planar design, the eﬀective dimension of the underly- ing dynamics is greater than 2, forming a so-called n-zeolite framework [23], see Fig. 2. This enlarges considerably the range of possible applications and opens the possibility of ex- ploring diﬀerent hyperbolic structures with ﬂat bands, as we show. It also aﬀords the ﬂexibility of generating a spatially varying connectivity and, consequently, a non-homogeneous geometric conﬁguration. Besides exploring this new design arXiv:2108.08854v1 [quant-ph] 19 Aug 2021 
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Higher-dimensional Euclidean and non-Euclidean structuresin planar circuit quantum electrodynamics
 Alberto Saa∗Department of Applied Mathematics, University of Campinas, 13083-859 Campinas, SP, Brazil.
 Eduardo Miranda† and Francisco Rouxinol‡Institute of Physics “Gleb Wataghin”, University of Campinas, 13083-859 Campinas
 (Dated: August 23, 2021)
 We show that a recent proposal for simulating planar hyperbolic lattices with circuit quantum electrodynamicscan be extended to accommodate also higher dimensional lattices in Euclidean and non-Euclidean spaces if oneallows for circuits with more than three polygons at each vertex. The quantum dynamics of these circuits,which can be constructed with present-day technology, are governed by effective tight-binding Hamiltonianscorresponding to higher-dimensional Kagome-like structures (n-dimensional zeolites), which are well knownto exhibit strong frustration and flat bands. We analyze the relevant spectra of these systems and derive anexact expression for the fraction of flat-band states. Our results expand considerably the range of non-Euclideangeometry realizations with circuit quantum electrodynamics.
 I. INTRODUCTION
 There has been a long history of cross-pollination betweengeometry and various areas of physics. Geometry is at thebase of general relativity and cosmology, leading also to sur-prising semiclassical effects such as Hawking radiation. Thedifficulty of directly observing these subtle quantum effectsin a gravitational context has spurred the search for ana-logues in condensed matter systems [1–5]. Non-flat geome-tries, however, have proved fruitful even in situations that arenot gravity-related. A prime example is geometric frustra-tion. The optimal local packing of hard spheres in an icosa-hedral structure cannot be periodically extended in Euclideanspace. It is, however, compatible with periodicity in hyper-bolic space, which can then serve as a starting point. The realsystem can then be approximated and analyzed by introduc-ing defects into the pristine hyperbolic idealization (see, e.g.,[6] for a review). Other examples of this cross-fertilizationinclude the control of infrared singularities in classical andquantum field theories in hyperbolic space [7], the anti-deSitter/conformal field theory duality [8], phase transitions incurved spaces [9–11], and hyperbolic surface codes for quan-tum computation [12], among many others (see, e.g., [13] andreferences therein).
 More recently, the flexibility of design of circuit quantumelectrodynamics (cQED) [14–16] has enabled the lab real-ization of hyperbolic lattices in planar geometries [17–19].In these systems, multiple microwave resonators are capaci-tively coupled to form an artificial photonic lattice. The pho-ton dynamics can be effectively described by a tight-bindingmodel in a hyperbolic plane. The addition of superconductingqubits to the setup can then realize fully interacting models[20]. This important achievement has stimulated some recentadvances such as the formulation of a band theory in hyper-
 ∗ [email protected]† [email protected]‡ [email protected]
 bolic lattices [21] or proposals for the realization of topologi-cal phases [22].
 A severe limitation of the systems built so far is their con-finement to strictly two-dimensional lattices. Indeed, the pla-nar layout of the circuits seems, at first, to preclude a higher-dimensional setup. We propose in this paper a way to over-come this limitation by increasing the connectivity of the mi-crowave resonators. This is achieved by means of a capac-itive coupling design that can symmetrically couple q > 3resonators with equal strength, a q-leg capacitor that can beeasily constructed with present technology (see Fig. 1). As a
 Figure 1. Proposed planar q-leg capacitive devices coupling theresonators for (a) q = 4 and (b) q = 5. These circuits can be built us-ing standard micro-fabrication techniques. In the 4-leg capacitor (a),for instance, the capacitance between any pair of legs is 374pF, withdeviations smaller than 0.01pF. The generic case with q symmetricallegs follows analogously as a star-shaped configuration with q leaves.See the Appendix A for further construction details.
 result, even though the device layout is contained within theusual planar design, the effective dimension of the underly-ing dynamics is greater than 2, forming a so-called n-zeoliteframework [23], see Fig. 2. This enlarges considerably therange of possible applications and opens the possibility of ex-ploring different hyperbolic structures with flat bands, as weshow. It also affords the flexibility of generating a spatiallyvarying connectivity and, consequently, a non-homogeneousgeometric configuration. Besides exploring this new design
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 (a)(b)
 (c) (d)
 Figure 2. Some examples of tilings with q = 4 and their associ-ated line graphs. (a) The usual square 4, 4 tiling of E2 and (b) itsassociated line graph, which is equivalent to a single layer of corner-sharing tetrahedra (3-zeolites) in E3, with the blue and yellow ver-tices located in two parallel planes and seen from a perpendicularviewpoint. (c) The hexagonal 6, 4 tiling of H2 and (d) its associatedline graph, which can be viewed in an analogous way: a single layerof corner-sharing tetrahedra in H3 (or in H2×R), viewed from above.Note that a layered geometrical realization of the line graphs of (b)and (d) are only available for p, 4 tilings with even p, since the dis-position of the blue and yellow vertices in two parallel planes is onlypossible if the line graph is bipartite.
 in both cases of positive and negative curvature, we also de-rive some results regarding the spectra of these systems, suchas a generic expression for the fraction of flat-band states andsome bounds for the largest eingenvalues of full and half-wavemodes.
 II. SUPERCONDUCTING LATTICES
 Let us briefly review some of the basics of cQED [17–19]. These photonic systems consist of identical quantum mi-crowave resonators disposed along the edges of a layout lat-tice. Each vertex of the lattice is a q-leg capacitor, responsiblefor the symmetric pairwise coupling between the q resonatorsmeeting at that vertex. This defines a lattice called the lay-out graph G (see Figs. 2a and 2c). The underlying quantumdynamics of the system is governed by a tight-binding Hamil-tonian
 H = H0 + HI = ω0
 ∑i
 a†i ai −∑〈i, j〉
 ti j
 (a†i a j + a†jai
 ), (1)
 whereω0 is the resonator frequency. The off-diagonal term HIdescribes the hopping (with amplitude ti j) of photons betweenresonators induced by the capacitors. It is clear that the sitesof the Hamiltonian of Eq. (1) should be taken to be the mid-points of the edges of the layout lattice, and its connectivity isdetermined by the capacitors. This underlying lattice is calledthe line graph, which we will denote by L(G) (see Figs. 2b and2d).
 In order to describe either type of graph we will useSchlafli’s p, q-notation for two-dimensional regular tilings.It denotes a tiling with p-regular polygons, or p-gons, dis-posed so that q of them meet at every corner. A regular hyper-bolic tiling requires only
 τ = (p − 2)(q − 2) > 4, (2)
 with no further restrictions on the polygons besides being con-vex and regular. Hence, there are (countably) infinitely manyregular tilings of the hyperbolic plane H2, in contrast to thepossible tilings of the usual Euclidean plane E2 and the sphereS2, for which τ = 4 and τ < 4, respectively. The partic-ular choice of q = 3 for the layouts explored in [17] leadsto line graphs that are Kagome lattices of corner-sharing tri-angles. These are highly frustrated two-dimensional latticeswith characteristic flat bands in their tight-binding spectra[17–19].
 The absolute value of ti j is homogeneous in the lattice, butits sign may vary. Two sets of modes arise naturally in thissystem, which should be treated separately [18]. The first arethe so-called full-wave or symmetrical modes, for which thesign of ti j is the same for all resonator pairs (i, j). In this case,we can write, in matrix notation,
 HI = Hs = −tALG, (3)
 where ALG stands for the adjacency matrix of the correspond-ing line graph. The second set of modes are the half-waveor antisymmetrical modes, for which the sign of ti j variesthroughout the lattice. The signs of ti j depend on a chosenorientation of the edges of the layout graph G. This meansthat each edge of G should be assigned a head vertex and afoot vertex. We can then write
 HI = Ha = −tA∗LG, (4)
 where the matrix A∗LG is such that its entries are [18]
 [A∗LG
 ]i j =
 1, if e+
 i = e+j or e−i = e−j ,
 −1, if e+i = e−j or e−i = e+
 j ,
 0, otherwise,(5)
 where e±i denotes the head (+) and foot (−) of the orientededge whose midpoint is i ∈ L(G) and the comparisons inEq. (5) refer to the vertex shared by the edges i and j. Thematrix A∗LG is the adjacency matrix of the so-called signedline graph of the layout (see, e.g., [24] for further details onsigned graphs). Although its entries depend on the chosenorientation for G, a change of orientation of any edge of G (aso-called switching operation) preserves the spectra of Eq.(4).
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 Actually, a switching operation corresponds to a gauge trans-formation of the Hamiltonian (1), which obviously preservesthe spectra. The spectra of superconducting circuits based onp, 3 hyperbolic tilings have been comprehensively discussedin [18, 19].
 III. HIGHER DIMENSIONAL GEOMETRIES
 Circuits based on p, q tilings with q > 3, naturally leadto some effective higher dimensional structures. Fig. 2 de-picts, for example, the 4, 4 and 6, 4 tilings of E2 [(a)] andH2 [(c)], and their associated line graphs [(b) and (d)], respec-tively. Note the higher-dimensional “cages” (tetrahedra) ofthe line graphs. Our proposal for the construction of theselattices depends critically on the existence of efficient imple-mentations of symmetric planar capacitors with q-legs. Fig. 1depicts a possible star-shaped construction for these devicesbased on the usual techniques of cQED, see the Appendix Afor further details. In such a device, any pair of legs experi-ences the same mutual capacitance, not only adjacent ones.
 In general, the quantum dynamics of a p, q-layout circuitwill be determined by its line graph (see Fig. 2): the full andhalf-wave modes will be governed, respectively, by Eqs. (3)and (4). Such line graphs are composed of vertex-sharing sub-graphs, each of which is a regular (q − 1)-simplex. A regularn-simplex is the convex hull (polyhedron) of n + 1 equidis-tant points in some n-dimensional space. For the q = 4 caseof Fig. 2 this simplex is a regular tetrahedron. Note that thesimplices are regular due to the symmetry of the capacitivecoupling and the homogeneity of the resonators. In general,the line graph associated with a p, q-layout with symmetriccouplings will be a regular graph with 2(q − 1) edges per ver-tex, corresponding to a structure of corner-sharing identical(q − 1)-simplices. Such structures of corner-sharing identicaln-simplices are known in the literature as n-dimensional ze-olites [23]. Besides, its geometrical realization as an embed-ding, if possible, clearly demands at least a (q−1)-dimensionalbackground space, which cannot be Euclidean unless the orig-inal layout is also Euclidean. Again, for q = 4, we need 3dimensions, as seen in Fig. 2(d).
 It should be emphasized, however, that not all corner-sharing (q− 1)-simplex frameworks corresponding to a p, q-tiling line graph will admit layered embeddings as those de-picted in Fig. 2. This happens, for example, in the 5, 4-tilingof H2. In this case, the presence of the pentagon odd-cyclesprecludes the possibility of embedding the corner-sharingtetrahedra in two parallel planes as is possible for even p.These cases, called combinatorial zeolites, correspond to sit-uations without clear geometrical realization, which nonethe-less have proved to be interesting from a theoretical point ofview [25]. Our proposal allows for such layouts to be con-structed as planar circuits and their quantum dynamics to beexplored.
 A. Positive-curvature lattices
 It is worth mentioning that even circuits with q = 3, asthose originally considered in [17], can give rise to effectivelyhigher dimensional structures. This is the case, for exam-ple, of the fullerenes discussed in [18]. These correspond tolattices with positive curvature, tilings of the two-sphere S2,whose embedding requires 3 dimensions. However, both theC60 and C84 finite tilings of S2 considered in [18] involve twodifferent types of faces: pentagons and hexagons. Hence, theassociated Kagome decoration will necessarily also involvesome isosceles triangles besides the equilateral ones associ-ated with the symmetrical capacitor. Although our star-shapedproposal for the capacitor is also able to emulate the isosce-les triangles of the associated line graph, one can circumventthis problem by considering the regular dodecahedron circuitshown in Fig. 3, which can be viewed as the 5, 3 tiling of thesphere S2. Since any spherical tiling admits a planar represen-tation, the dodecahedron can be realized as a planar layout cir-cuit, as also shown in Fig. 3. Its line graph is a finite Kagomelattice known as an icosidodecahedron (the rectified dodeca-hedron), a well-known Archimedean solid. This is quite aninteresting case to be explored as a circuit due to its amenablesize and known analytical spectra.
 IV. SOME EXACT RESULTS ABOUT THE SPECTRA
 All the analyses and experiments of [17], which we proposeto extend here, require the knowledge of the excitation spec-tra of the Hamiltonian of Eq. (1) for both full and half-wavemodes. For this, some classical results for finite graphs proveuseful. In particular, Lemma 2.1 of [26] applied to ALG reads
 χ (ALG, λ) = (λ + 2)m−n χ (Q, λ + 2) , (6)
 where χ (M, λ) denotes the characteristic polynomial for thematrix M in the variable λ, and Q = D + A, with D, A, n,and m standing for the degree matrix, the adjacency matrix,the number of vertices and the number of edges of the layoutG, respectively. The degree of a graph vertex is the number ofedges connecting to it (coordination number), and hence thedegree matrix here is the diagonal matrix whose entries corre-spond to the number of resonators connected to each capacitorin the layout circuit. The matrix Q is known in the graph lit-erature as the signless Laplacian matrix of the graph G (see,e.g., [27]). The same Lemma applied to A∗LG gives
 χ(A∗LG, λ
 )= (λ + 2)m−n χ (L, λ + 2) , (7)
 where L = D − A is the usual Laplacian matrix of the lay-out G. Note how Eqs. (6) and (7) relate the spectrum of theline graph L(G) to properties of its layout G. Both matricesQ and L are positive semi-definite and, thus, the spectra ofboth ALG and A∗LG are bounded from below by −2. Moreover,there are flat bands with at least m−n eigenvectors with eigen-value λmin = −2 for any layout G. In fact, for the half-wavemodes, the flat band has m− n + 1 eigenstates, since L alwayshas a single zero eigenvalue due to the fact that the layout is
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 Figure 3. A 5, 3 tiling of S2. Top: the dodecahedron in E3 andits planar graph, which can be implemented as a circuit with sym-metrical 3-leg capacitors. Bottom: the associated line graph, whichis realized as the triangular faces of an icosidodecahedron in E3, andits respective 30-vertex graph. The dashed line corresponds to one ofthe ten even cycles associated with the flat band in the spectra of theicosidodecahedron graph.
 connected [26]. Furthermore, Q also has one vanishing eigen-value if and only if G is bipartite, in which case we also haveχ (Q, λ) = χ (L, λ) [27], so that ALG and A∗LG have the samespectra. This case corresponds to a layout with a balanced[24] signed line graph. Physically, this is a consequence ofthe fact that the two Hamiltonians corresponding to Eqs. (3)and (4) are gauge equivalent in this case. The question as towhether there is a non-zero gap separating the flat band fromthe rest of the spectra of infinite graphs, clearly related to thevalue of the first non-vanishing eigenvalue of L and Q, has along history in graph theory (see, e.g., [18]). Nevertheless,it is clear from Eqs. (6) and (7) that the spectra of the layout
 Laplacian matrices Q and L suffice to determine the completespectra of the physical Hamiltonian of Eq. (1) for both full andhalf-wave modes. All the other eigenvalues belong to the flatband at λ = −2.
 Let us illustrate this with the finite 5, 3 tiling of S2 ofFig. 3, whose associated line graph is the icosidodecahedron.The layout in this case has L = 3I − A and Q = 3I + A. More-over, for the dodecahedron [27]
 χ (A, λ) = (λ − 3)(λ2 − 5
 )3(λ − 1)5 λ4 (λ + 2)4 , (8)
 and, from Eqs. (6) and (7), we have finally the icosidodecahe-dral graph spectra
 S (ALG) =−210,
 (1 −√
 5)
 3,−14, 14, 25,
 (1 +√
 5)
 3, 41
 ,(9)
 S(A∗LG
 )=
 −211,
 (1 −√
 5)
 3, 05, 14,
 (1 +√
 5)
 3, 34
 , (10)
 where the indices give the respective eigenvalue multiplicities.One can see that the flat band, which corresponds roughly to1/3 of the total spectra, effectively comes from the m− n = 10term in Eqs. (6) and (7). For the full-wave modes, it is quiteeasy to identify the flat-band eigenvectors: they correspond toan alternating sequence of 1 and −1 along even cycles as theone depicted in Fig. 3, and zero elsewhere [18]. These cyclesare closed paths that go through a unique edge of each visitedK3 triangle in the line graph. Note that a path going througha unique edge of a certain simplex in the line graph is equiva-lent to a path going only once through the corresponding ver-tex of the layout. In other words, the even cycles associatedwith the flat band of ALG are closed loops where all verticesare visited exactly once (so-called even Hamiltonian cycles).There are 10 linearly independent even cycles of this type inthe icosidodecahedron graph, and hence each one of them isan eigenvector of ALG with eigenvalue −2. Finally, since weare dealing with a regular graph, the largest eigenvalue of ALGis precisely the line-graph degree, see the Appendix B.
 A. Flat fraction of the spectra
 For a generic p, q-layout, the fraction f = m−nm of the spec-
 tra corresponding to the flat band is an important property ofthe circuit. We stress that p, q here refers to the layout, butthe spectra are a property of the tight-binding Hamiltonian ofEq. (1), whose underlying lattice is the line graph. From theresults of the last section, the half-wave modes we will haveactually f = m−n+1
 m , but since we are mainly interested in thecase of large layouts (m 1), we can safely neglect this dif-ference. We can determine f from the growth properties ofthe layout graphs (see the Appendix B for further details). Forlarge hyperbolic layouts, the flat-band fraction tends exponen-tially to
 f =q − 2
 σ − 1 + q, (11)
 where
 σ =τ − 2 +
 √τ2 − 4τ
 2, (12)
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 Figure 4. Spectra of the line-graph adjacency matrix ALG for somep, q-layouts, with the red vertical line highlighting the flat-bandendpoint. Left: a layout of 4 concentric rings of the 5, 4 hyperbolictilling. The associated line graph has 681 vertices. The predictedflat-band fraction is f = 0.297. Note the gap between the flat bandand the rest of the spectra, a property of all layouts with odd p. Sincep = 5, this circuit cannot be interpreted as a layer of corner-sharingtetrahedra as in Fig. 2. Right: a layout of 4 concentric rings of the6, 4 hyperbolic tilling of Fig. 2. The associated line graph has 2,233vertices. The predicted flat-band fraction is f = 0.226. For even p,there is no gap between the flat band and the rest of the spectra.
 with τ given by Eq. (2). For hyperbolic tilings, σ > 1. Eq. (11)is also valid for Euclidean tilings (for which σ = 1) but theconvergence is a power law. Spherical tilings are finite andthis discussion does not apply. For the sake of illustration,Fig. 4 depicts the spectra for some p, q-layouts. Such spectraare key ingredients in the kinds of experiments performed in[17] and which we propose to extend to q > 3 configurations.
 V. CONCLUSION
 In conclusion, we have shown that, with present-day tech-nology, planar circuit quantum electrodynamics can be ex-plored to simulate some higher-dimensional Euclidean andnon-Euclidean structures as, e.g., some n-dimensional zeo-lites, opening the doors to a myriad of new possibilities inmetamaterial studies and other related fields. In particular, afuture direction worthy of further exploration are lattices withspatially varying coordination q, which can simulate a non-uniform curvature.
 The authors acknowledge the financial support ofCNPq (Brazil) through grants 302674/2018-7 (AS) and307041/2017-4 (EM), and Fundacao de Amparo a Pesquisado Estado de Sao Paulo (FAPESP), under grant number
 2017/08602-0.
 Appendix A: The q-leg symmetric capacitor
 We now discuss an efficient implementation of a symmet-ric planar capacitor with q-legs, essential for the cQED ap-plication we are proposing. Fig. 1 displays the schematic ge-ometry of the device with 4 and 5 legs. The q-leg couplingelement consists of a single central star-shaped section withq-legs, to be placed at the junction where the microwave cav-ities meet. Each of these cavities is formed from a sectionof a Z0 = 50 Ω planar transmission line coupled at its RFinput and output ports through small capacitors Clegs. Thesecapacitors determine the boundary conditions of the cavity asvoltage anti-nodes, with standing-wave resonances of wave-lengths λ = 2L/n, where L is the cavity length and n is aninteger. These elements can be constructed using standardmicro-fabrication techniques in a single-layer device.
 In the weak-coupling limit, where the coupling capacitors,Clegs, connecting the transmission-line resonators and the q-leg coupling element are small compared to the total capaci-tance of the resonator, CR, the q-leg elements can be adiabat-ically eliminated [14, 15] and the system can be effectivelydescribed by a tight-bind Hamiltonian, Eq. (1). The photonhopping amplitude between two resonators is then [14, 15]
 ti j ∝ Clegsφi j (A1)
 where Φi j is the voltage mode function of the pair (i, j).In order for the photon hopping amplitude to be homoge-
 neous, the capacitance between any two resonators (i, j) in thenetwork must be the same. To show that it is possible to con-struct these devices, we simulated the capacitance between thecavities in Fig. 1 using the Ansys Q3D Extractor software. Ittakes the CAD file of our circuit and solves Maxwell’s equa-tions to obtain the field and charge distributions. We obtainedfor any two legs a capacitance of 0.37399 ± 0.00001fF and0.27110± 0.00003fF for the 4-leg and 5-leg elements, respec-tively. These results indicate that, with the proposed geometryfor the q-leg capacitor, it is possible to obtain a uniform pho-ton hopping in the circuit.
 Appendix B: Spectra and growth properties of layouts
 The fraction f = m−nm of the spectra corresponding to the
 flat band is an important property of the circuits. Recallingthat the average degree 〈k〉 of a graph with m edges and nvertex is given by
 〈k〉 =2mn, (B1)
 we have
 f = 1 −2〈k〉
 . (B2)
 We can obtain the fraction f for finite p, q-hyperbolic lay-outs from the growth properties of these graphs. The problem
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 j−1j+1
 Figure 5. Three concentric rings of a polygon-centered p, q-layout(p > 3) with their two types of vertices: the B-type, connecting thej th ring to the previous ( j − 1) th one, and the b-type, that do notconnect to the previous ring. There are q edges meeting at everyvertex.
 of the growth of vertex-centered hyperbolic tilings was con-sidered in [28]. One can easily adapt that approach to ourproblem of growing polygon-centered layouts by the accre-tion of concentric layers of tilings. Let us assume we havea layout composed of ` concentric rings of vertices, orderedoutwards, of a p, q-tiling, with p > 3. It will become clearthat the case of a triangular tiling (p = 3) is intrinsically dif-ferent and will not be treated here since it does not seem tobe interesting for our purposes. Each ring j has two types ofvertices: b and B, see Fig. 5. Let b j be the number of verticeson the j th ring that are not connected to the ( j − 1) th one, andB j the number of remaining vertices which are connected toprevious ring. For example, for the 6, 4 tiling of Fig. 2, onehas b1 = 6, B1 = 0, b2 = 30, B2 = 12, and so on. Each edgeemanating from the j th ring will necessarily reach a B-typevertex in the ( j + 1) th ring and, thus, we have
 B j+1 = (q − 2)b j + (q − 3)B j. (B3)
 The recurrence for the b-vertices is a little more intricate.From Fig. 5, we see that for each B-vertex, there are q − 2polygons between the j th and the ( j + 1) th rings. For the b-vertices, there are q − 1 of such polygons. Each one of thesepolygons, which we assume to be ordered anticlockwise, willlead to p − 3 b-vertices in the ( j + 1) th ring. To compute b j+1,we run circularly over all these polygons between the j th andthe ( j + 1) th rings. In order to avoid double counting, we ne-glect the last polygon of each vertex, since it coincides withthe first one of the next vertex. We must also neglect one ver-tex in the sum of each vertex in the j th, since the first polygon,in contrast to the other ones (with the exception of the last),has one of its edges on the j th ring. Finally, we have the fol-
 lowing recurrence system, valid for p > 3,(b j+1B j+1
 )=
 ((q − 2)(p − 3) − 1 (q − 3)(p − 3) − 1
 q − 2 q − 3
 ) (b jB j
 ).
 (B4)For any polygon-centered p, q-layout, the initial conditionfor Eq. (B4) is b1 = p and B1 = 0. We can determine the num-ber of edges m` and vertices n` of a p, q-layout consisting of` concentric rings from the function B` alone. Following [28],let t` be the number of polygons in the layout. Then,
 t` = 1 +∑j=1
 B j. (B5)
 The number of vertices in the same layout will be given by
 n` =∑j=1
 (b j + B j
 )=
 1q − 2
 ∑j=1
 (B j+1 + B j
 )=
 B`+1 + 2(t` − 1)q − 2
 ,
 (B6)where Eq. (B3) was used. The number of edges m` can bedetermined from Euler’s formula for planar graphs
 n` − m` + t` = 1, (B7)
 from which we finally have the fraction
 f` =m` − n`
 m`=
 q − 2C` + q
 , (B8)
 where
 C` =B`+1
 t` − 1. (B9)
 The fraction of Eq. (B8) for large layouts is determined bylim`→∞C`. In order to evaluate this limit, let us considerthe equation for B` obtained from the recurrence system ofEq. (B4)
 B`+1 = (τ − 2)B` − B`−1, (B10)
 with τ given by Eq. (2), whose solution for our case is
 B` =p(q − 2)σ2 − 1
 (σ` − σ2−`
 ), (B11)
 with σ given by Eq. (12). Note that this solution is valid onlyfor hyperbolic tilings. For Euclidean ones σ = 1 and the solu-tion is B` = p(q − 2)(` − 1). From Eq. (B11),
 t` = 1 +p(q − 2)σ2 − 1
 σ`+1 − σ2 − σ + σ2−`
 σ − 1, (B12)
 yielding
 C` =(σ − 1)
 (1 − σ−2`
 )1 + σ1−2` − (σ + 1)σ−`
 , (B13)
 and finally
 lim`→∞
 C` = σ − 1, (B14)
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 from which Eq. (11) follows immediately. For Euclideantilings, we have instead
 C` =2
 ` − 1, (B15)
 which is also compatible with (11), albeit with a slowerpower-law convergence. Fig. 6 illustrates the convergenceof f` as a function of the number of rings ` of the layout fordifferent tilings.
 1 2 3 4 5
 ℓ
 0.0
 0.2
 0.4
 0.6
 0.8
 1.0
 f ℓ/f
 6,45,47,34,4
 Figure 6. Convergence of f`/ f as a function of the number of rings` of the layout [see Eqs. (11) and (B8)] for different tilings. Theconvergence for hyperbolic tilings is exponential, in contrast to thepower-law convergence for the Euclidean case (4, 4).
 It is worth mentioning that from Eqs. (11) and (B2), theaverage degree of a large p, q-layout is
 〈k〉 = 2(σ − 1 + qσ + 1
 ). (B16)
 This shows that, although hyperbolic tilings are q-regular, wealways have 〈k〉 < q for any finite hyperbolic layout, no matterhow large it is. This is hardly surprising since all vertices withdegree deficiency (k < q) are located in the outermost ringof the layout and hyperbolic tilings grow exponentially. Incontrast, Euclidean tilings grow linearly and have 〈k〉 = q.
 Besides the flat band, we can also estimate the largest eigen-values of ALG and A∗LG from some classical results for thespectra of the matrices Q and L. For instance, if µ stands forthe largest eigenvalue of Q, one has [27] 2kmin ≤ µ ≤ 2kmax,where kmin and kmax stand for, respectively, the minimal andmaximal degree of the layout, with the equality holding if andonly if G is regular. For our case, kmin = 2 in the outermostring and kmax = q, implying
 2 ≤ max[S (ALG)] ≤ 2(q − 1). (B17)
 There are many similar bounds for the largest eigenvalue ofthe Laplacian matrix, and they can be used to estimate thelargest eigenvalues of A∗LG analogously. For instance, fromthe elementary bound [26] kmax ≤ ν ≤ 2kmax for the largesteigenvalue ν of L, we have
 q − 2 ≤ max[S(A∗LG
 )] ≤ 2(q − 1). (B18)
 These bounds can be checked against Fig. 4.
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