

    

        


        
        
                        
                
            
                    


        
            	
                    dariahiddleston
                
	
                    
                        Home
                    
                
	
                    
                        Comments
                    
                


        


        
    
    

    
        
            
                
                    
                                                    
    
        

        


        
            MA232A—Euclidean and Non-Euclidean Geometry School of Mathematics, Trinity College Michaelmas Term 2017 Some Principles underlying Euclidean Geometry David R. Wilkins 
        

    





                                            

                

            

        


        
            
                
                
                
            

            
                

                

                
                    
                     Match case
                     Limit results 1 per page
                    

                    
                    

                

            

        
    


    
        
                            
                    


        

            
                
                    

                    
                    
                

                
                    
                    1

121
                    
                

                
                    
                    100%
Actual Size
Fit Width
Fit Height
Fit Page
Automatic


                    
                


                
                
                    
                    Embed
                
                
            


        

        

    




        

            

        
            
                
                    
                        
                            Home
                        

                        
                                            


                    
                        MA232A|Euclidean and Non-Euclidean Geometry School of ...dwilkins/Courses/MA232A/MA232A_Mich2017/... · MA232A|Euclidean and Non-Euclidean Geometry School of Mathematics, Trinity

                        Aug 04, 2020

                        
                                                                                        Download
                                                        Report
                        


                        
                            Category:
                            
                                Documents
                            

                        


                                                    
                                Author:
                                dariahiddleston
                            

                        

                        

                        
                    



                    

                                    

            




            
                
                    
                                                    Welcome
                        
                                                    
                                Comments
                            
                        
                                            




                                            
                            Welcome message from author

                            This document is posted to help you gain knowledge. Please leave a comment to let me know what you think about it! Share it to your friends and learn new things together.
                        

                    

                                            
                                                            
                            
                            

                        

                    

                                    

            

        


                    
                
                    
                        Transcript

                        
                            Page 1
                        

MA232A—Euclidean and Non-EuclideanGeometry
 School of Mathematics, Trinity CollegeMichaelmas Term 2017
 Some Principles underlying EuclideanGeometry
 David R. Wilkins
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1. Some Principles underlying Euclidean Geometry
 1. Some Principles underlying Euclidean Geometry
 1.1. Implicit Principles in Euclid’s Geometry
 It has long been observed that the propositions in Euclid’s Elementsof Geometry do not follow by purely logical reasoning from thestated definitions, postulates, and common notions. Morover thevery statements of the postulates themselves, and the propositionsthat follow, involve terminology that has not been defined.
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1. Some Principles underlying Euclidean Geometry (continued)
 For example, the Fifth Postulate is stated as follows.
 That, if a straight line falling on two straight lines makethe interior angles on the same side less than two rightangles, the two straight lines, if produced indefinitely,meet on that side on which are the angles less than tworight angles.
 Also Proposition 7 of Book I is stated as follows:
 Given two straight lines constructed on a straight line(from its extremities) and meeting in a point, therecannot be constructed on the same straight line (from itsextremities), and on the same side of it, two otherstraight lines meeting in another point and equal to theformer two respectively, namely each to that which hasthe same extremity with it.
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1. Some Principles underlying Euclidean Geometry (continued)
 Euclid does not explicitly provide answers to questions such as thefollowing:
 What are the sides of a line?
 What is meant by saying that points lie on the same side of agiven line?
 What is meant by saying that points lie on opposite sides of agiven line?
 What is meant by saying that a point lies inside or outside agiven triangle?
 Euclid does not explicitly discuss the ordering of points along agiven line, or give explicit principles for determining whether or nota point on a given line lies between two other points on that line.
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1. Some Principles underlying Euclidean Geometry (continued)
 This account will investigate areas where the specified definitions,postulates and common notions of Euclid need to be supplementedby other basic principles if it is thought necessary that one shouldbe above to prove the propositions of Euclid’s Elements ofGeometry from a complete set of basic axioms using only types ofinferences that can be justified on purely logical principles.
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1. Some Principles underlying Euclidean Geometry (continued)
 1.2. The Homogeneity and Isotropy of the Euclidean Plane
 A few proofs in Euclid rely on the procedure of applying ageometrical figure such as a triangle to a given line segment. LetM be a geometric figure, such as a triangle, in a given plane, let Aand B be distinct points forming part of the geometric figure M,and let P and Q be two other distinct points in that plane. Euclidpresumes that the geometric figure M can be applied to the linesegment PQ, moving the figure in the plane, placing it so as toobtain a geometrical figure M ′ in which the point A′ correspondingto the point A of the original figure M coincides with the point Pand the point B ′ of M ′ corresponding to the point B of M lies onthe ray (or half-line) starting at the point P and passing throughthe point Q.
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1. Some Principles underlying Euclidean Geometry (continued)
 The diagram to the right depicts a sit-uation in which a triangle ABC is ap-plied to a line segment PQ. The trian-gle ABC is moved so that the vertex Aof the triangle is placed on P and theside AB is placed on the ray from Ppassing through the point Q.
 A B
 C
 B′
 C ′
 P
 Q
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1. Some Principles underlying Euclidean Geometry (continued)
 In thus applying a geometrical figure to a given line segment, allthe geometrical properties of the figure M are presumed to bepreserved. In particular, line segments in the resultant appliedfigure M ′ are presumed to be equal to the corresponding linesegments in the original figure, and similarly angles and areas inthe resultant applied figure M ′ are presumed to be equal to thecorresponding areas and angles in the original figure M.
 Moreover, if C is a point of the original geometrical figure M thatdoes not lie on the line through the points A and B, then Euclidpresumes that the figure M can be applied to the line segment PQso as to obtain a geometrical figure M ′ in which the point C ′
 corresponding to C lies on any chosen side of the line PQ.
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1. Some Principles underlying Euclidean Geometry (continued)
 The strategy of applying triangles to line segments is used in theproofs of Propositions 4 and 8 of Book I of Euclid’s Elements. InProposition 24 of Book III, a segment of a circle is applied to a linesegment.
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1. Some Principles underlying Euclidean Geometry (continued)
 We next consider the how the strategy of moving geometricalfigures from place to place is related to the Fourth CommonNotion (which is the numbered the Eighth Axiom in most 18th and19th century editions of Euclid).
 The Fourth Common Notion (listed as the Eighth Axiom in many18th and 19th century editions), in the original, reads as follows:
 Καὶ τὰ ἐφαρμόζοντα ἐπ΄ ἄλληλα ἴσα ἀλλήλοις ἐστίν.
 This is translated by Thomas L. Heath, as follows:
 Things that coincide with one another are equal to oneanother.
 Robert Simson, in his translation of Euclid’s Elements, published in1756 translated the axiom thus:
 Magnitudes which coincide with one another, that iswhich exactly fill the same space, are equal to oneanother.
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1. Some Principles underlying Euclidean Geometry (continued)
 This common notion might be interpreted as implying that iffigures can be made to coincide with one another, e.g., by movinga first figure to superimpose it on a second figure, then thosefigures must be equal to one another. We consider in more detailthe notes on Common Notion 4 published by Thomas L. Heath inhis translation of, and commentary on, Euclid’s Elements,published in 1908.
 Heath begins by discussing the various meanings that attach to theGreek verb ἐφαρμόζειν, that expresses the coincidence of thethings in question. The Pocket Oxford Classical Greek Dictionary(ed. James Morwood, and John Taylor, 2002) gives the followingtranslations of this verb: fit, adapt, put on.
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1. Some Principles underlying Euclidean Geometry (continued)
 Heath begins his note on Common Notion 4 as follows:
 The word ἐφαρμόζειν, as a geometrical term, has adifferent meaning according as it is used in the active orin the passive. In the passive, ἐφαρμόζεσθαι, it means“to be applied to” without any implication that theapplied figure will exactly fit, or coincide with, the figureto which it is applied; on the other hand the activeἐφαρμόζειν is used intransitively and means “to fitexactly,” to “coincide with”. In Euclid and Archimedesἐφαρμόζειν is constructed with ἐπί and the accusative, inPappus with the dative.
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1. Some Principles underlying Euclidean Geometry (continued)
 Guided by Heath, we can examine more closely the Greek text ofthe axiom. The sentence begins with the word καὶ which, whenused at the beginning of a sentence, is a conjunction meaning andor also. The word ἐφαρμόζοντα is the active present participle ofἐφαρμόζειν, and it is in the neuter plural, following the neuterplural definite article τὰ. Therefore τὰ ἐφαρμόζοντα refers to thethings that coincide (or fit) exactly. The axiom continues with επ΄ἄλληλα, which translates as on one another. If the verb istranslated as coincide, then, in English, it is more natural to saycoincide with one another, rather than coincide on one another.Thus the first five words Καὶ τὰ ἐφαρμόζοντα ἐπ΄ ἄλληλα ofCommon Notion 4 translate as follows:
 Also things that coincide with one another. . .

Page 14
                        

1. Some Principles underlying Euclidean Geometry (continued)
 The verb, ἐστίν, is the present tense of the verb to be, in the thirdperson singular, though the subject of the sentence is a neuterplural. There is however a rule in Greek grammar to the effect thatif the subject of the sentence is a neuter plural, then the verbshould be in the third person singular.
 To complete the translation of Common Notion 4, we need toconsider the remaining two words of the sentence, which are ἴσαἀλλήλοις. Now ἴσα is an adjective meaning equal, in the neuterplural. The noun ἀλλήλοις is in the dative plural, and means, inthis context, to one another. Thus the axiom can be translated asfollows:
 Also things that coincide with one another are equal toone another.
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1. Some Principles underlying Euclidean Geometry (continued)
 Further on in his note on Common Notion 4 (Vol I, p.225), Heathmakes the following observation:
 It seems clear that the Common Notion, as hereformulated, is intended to assert that superposition is alegitimate way of proving the equality of two figureswhich have the necessary parts respectively equal, or, inother words, to serve as an axiom of congruence.
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1. Some Principles underlying Euclidean Geometry (continued)
 Nevertheless Heath continues as follows:
 The phraseology of the propositions i. 4 and i. 8 inwhich Euclid employs the method indicated, leaves noroom for doubt that he regarded one figure as actuallymoved or placed upon the other. Thus in i. 4 he says,“The triangle ABC being applied (ἐφαρμοζομένου) tothe triangle DEF , and the point A being placed(τιθεμένου) upon the point D, and the straight line ABon DE , the point B will also coincide with E because ABis equal to DE”; and in i. 8, “If the sides BA,AC do notcoincide with ED,DF , but fall beside them (take adifferent position, παραλλάξουσιν), then” etc.
 Note that the word ἐφαρμοζομένου that Heath translates as beingapplied, in the context of Proposition 4 of Book I, is a passiveparticiple of the verb ἐφαρμόζειν that, as pointed out by Heath atthe beginning of his note on Common Notion 4, means to coincidewith or to fit exactly.
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1. Some Principles underlying Euclidean Geometry (continued)
 Heath continues as follows:
 At the same time, it is clear the Euclid disliked themethod and avoided it wherever he could e.g. in i. 26,where he proves the equality of two triangles which havetwo angles equal to two angles and one side of the oneequal to the corresponding side of the other. It looks asthough he found the method handed down by tradition(we can hardly suppose that if Thales proved that thediameter of a circle divides it into two equal parts, hewould do so by any other method than that ofsuperposition), and followed it, in the few cases where hedoes so, only because he had not been able to see hisway to a satisfactory substitute. But seeing how much ofthe Elements depends on i 4, directly or indirectly, themethod can hardly be regarded as being, in Euclid, ofonly subordinate importance; on the contrary, it isfundamental.
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1. Some Principles underlying Euclidean Geometry (continued)
 The method for applying a geometrical figure to a line segment isfounded on the implicit presumption that the geometry of theEuclidean plane is homogeneous and isotropic. The homogeneityof the Euclidean plane requires that the geometrical properties ofthe plane specified with respect to one chosen point within theplane match up with the geometrical properties specified withrespect to any other point of that plane. The isotropy of theEuclidean plane requires that geometrical properties specified withrespect to one chosen direction from a given point of the planematch up with the geometrical properties specified with respect toany other direction from that given point.
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1. Some Principles underlying Euclidean Geometry (continued)
 The assertion that the Euclidean plane is homogeneousencapsulates the proposition that the geometry of the Euclideanplane appears the same at all points of the plane. Thus thegeometry of the plane does not single out any particular point ashaving geometrical properties distinct from those of other points ofthe plane
 Similarly the assertion that the Euclidean plane is isotropicencapsulates the proposition that the geometry of the Euclideanplane appears the same in all directions about a given point of theplane. Thus, at a given point of the plane, the geometry of theplane does not single out any particular direction at a given pointas having geometrical properties distinct from those of otherdirections at that given point.
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1. Some Principles underlying Euclidean Geometry (continued)
 Consider a situation in which one is cycling from place to place. Itseems in accord with everyday experience to presume that thespokes of the bicycle wheel do not change in length, and that thedistances between points on the rim of the wheel, and the anglesbetween successive spokes remain invariant as the bicycle movesfrom place to place, turning as it does so. Such aspects ofexperience make it natural to presume, or postulate, thatgeometrical figures can be moved around the Euclidean plane fromone location to another without changing shape.
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1. Some Principles underlying Euclidean Geometry (continued)
 1.3. Congruence Rules
 The results that Euclid obtains in Propositions 4 and 8 using themethod of superposition in conjunction with Common Notion 4 arethe Side-Angle-Side (SAS) and Side-Side-Side (SSS) CongrenceRules respectively.
 Principle EP–1 (Characterization of Congruence forTriangles)
 If two triangles ABC and A′B ′C ′ are congruent then the sides AB,AC and BC of the first triangle are equal to the correspondingsides A′B ′, A′C ′ and B ′C ′ respectively of the second triangle, andthe angles of the first triangle at the vertices A, B and C are equalto the corresponding angles of the second triangle at A′, B ′ and C ′
 respectively.
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1. Some Principles underlying Euclidean Geometry (continued)
 This characterization of congruence for triangles can be expressedin symbols, using the symbol ≡ to denote the relation of equality(or congruence) of line segments and rectilineal angles, as follows:
 Triangles ABC and A′B ′C ′ are congruent if and only ifAB ≡ A′B ′, AC ≡ A′C ′, BC ≡ B ′C ′, ∠BAC ≡ ∠B ′A′C ′,∠CBA ≡ ∠C ′B ′A′, and ∠ACB ≡ ∠A′C ′B ′.
 A
 B
 C
 A′
 B′
 C ′

Page 23
                        

1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–2 (The Side-Angle-Side (SAS) CongruenceRule)
 If ABC and A′B ′C ′ are triangles, if the sides AB and AC of thefirst triangle are equal to the corresponding sides A′B ′ and A′C ′
 respectively of the second triangle, and if the angle BAC at thevertex A of the first triangle is equal to the angle B ′A′C ′ at thevertex A′ of the second triangle (i.e., if AB ≡ A′B ′, AC ≡ A′C ′
 and ∠BAC ≡ ∠B ′A′C ′), then the triangles ABC and A′B ′C ′ arecongruent (and therefore BC ≡ B ′C ′, ∠CBA ≡ ∠C ′B ′A′, and∠ACB ≡ ∠A′C ′B ′).
 The SAS Congruence Rule is established in Proposition 4 of Book Iof Euclid’s Elements.
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1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–3 (The Side-Side-Side (SSS) Congruence Rule)
 If ABC and A′B ′C ′ are triangles, and if all the sides AB, AC andBC of the first triangle are equal to the corresponding sides A′B ′,A′C ′ and B ′C ′ respectively of the second triangle (i.e., ifAB ≡ A′B ′, AC ≡ A′C ′ and BC ≡ B ′C ′), then the triangles ABCand A′B ′C ′ are congruent (and therefore ∠BAC ≡ ∠B ′A′C ′,∠CBA ≡ ∠C ′B ′A′, and ∠ACB ≡ ∠A′C ′B ′).
 The SSS Congruence Rule is established in Proposition 8 of Book Iof Euclid’s Elements.
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1. Some Principles underlying Euclidean Geometry (continued)
 The Angle-Side-Angle (ASA) and Side-Angle-Angle (SAA)Congruence Rules are proved by Euclid in Proposition 26 of Book Iof the Elements. They may be stated as follows.
 Property EP–4 (The Angle-Side-Angle (ASA) CongruenceRule)
 If ABC and A′B ′C ′ are triangles, if the side BC of the first triangleis equal to the corresponding side B ′C ′ of the second triangle, andif the angles ABC and ACB at the vertices B and C of the firsttriangle are equal to the angles A′B ′C ′ and A′C ′B ′ at the verticesB ′ and C ′ respectively of the second triangle (i.e., if BC ≡ B ′C ′,∠ABC ≡ A′B ′C ′ and ∠ACB ≡ ∠A′C ′B ′), then the triangles ABCand A′B ′C ′ are congruent (and therefore AB = A′B ′, AC ≡ A′C ′
 and and ∠BAC ≡ ∠B ′A′C ′).
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1. Some Principles underlying Euclidean Geometry (continued)
 Justification for the ASA Congruence Rule
 Let ABC and A′B ′C ′ be triangles. Suppose that BC ≡ B ′C ′,∠ABC ≡ ∠A′B ′C ′ and ∠ACB ≡ A′C ′B ′.
 A
 B
 C
 A′
 B′
 C ′
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1. Some Principles underlying Euclidean Geometry (continued)
 There exists a point A′′ on the ray that starts at B ′ and passesthrough A′ for which A′′B ′ = AB. (In the context of Euclid’sgeometry, this can be justified by Proposition 3 of Book I of theElements.) Then A′′B ′ ≡ AB, B ′C ′ ≡ BC and ∠A′′B ′C ′ ≡ ∠ABC .Applying the SAS Congruence Rule, we deduce that the trianglesA′′B ′C ′ and ABC are congruent, and therefore ∠A′′C ′B ′ ≡ ∠ACB.But ∠A′C ′B ′ = ∠ACB. It follows that the points A′′, A′ and C ′
 are collinear. The points A′′, A′ and B ′ are also collinear. But thepoints A′, B ′ and C ′ are not collinear. Therefore it must be thecase that the points A′′ and A′ coincide. It then follows that thetriangle A′B ′C ′ coincides with the triangle A′′B ′C ′, and istherefore congruent to the triangle ABC , as required.
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1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–5 (The Side-Angle-Angle (SAA) CongruenceRule)
 If ABC and A′B ′C ′ are triangles, if the side AB of the first triangleis equal to the corresponding side A′B ′ of the second triangle, andif the angles ABC and ACB at the vertices B and C of the firsttriangle are equal to the angles A′B ′C ′ and A′C ′B ′ at the verticesB ′ and C ′ respectively of the second triangle (i.e., if AB ≡ A′B ′,∠ABC ≡ A′B ′C ′ and ∠ACB ≡ ∠A′C ′B ′), then the triangles ABCand A′B ′C ′ are congruent (and therefore AC = A′C ′, BC ≡ B ′C ′
 and and ∠BAC ≡ ∠B ′A′C ′).
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1. Some Principles underlying Euclidean Geometry (continued)
 The SAA Congruence Rule can be justified by a strategy analogousto that given above to justify the ASA Congruence Rule.Specifically there is a point C ′′ on the ray that starts at the pointB ′ and passes though C ′ for which C ′′B ′ ≡ CB. Then AB ≡ A′B ′,BC ≡ B ′C ′′ and ∠ABC ≡ ∠A′B ′C ′′. An application of the SASCongruence Rule establishes that the triangles ABC and A′B ′C ′′
 are congruent. It follows that ∠A′C ′′B ′ = ∠ACB. But∠ACB ≡ A′C ′B ′. It follows that ∠A′C ′′B ′ ≡ A′C ′B ′.
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1. Some Principles underlying Euclidean Geometry (continued)
 In order to complete this justification of the SAA Congruence Rule,one needs to show that the points C ′ and C ′′ must coincide. Thiscan be done by making use of the result that an external angle of atriangle is always greater than either of the interior and oppositeangles of that triangle. This result is obtained in Proposition 16 ofBook I of Euclid’s Elements. It ensures that the points C ′ and C ′′
 must coincide, because if they did not coincide, the triangleA′C ′C ′′ would have an external angle at one of the vertices C ′ andC ′′ equal to the internal angle at the other, and this wouldcontradict Proposition 16 of Book I of Euclid’s Elements.

Page 31
                        

1. Some Principles underlying Euclidean Geometry (continued)
 The SAS Congruence Rule in fact encodes within itself the basicassumptions regarding homogeneity and isotropy that are assumedto be satisfied by the plane that is the object of investigation.Indeed let P and Q be points of a plane Π and let rays in thatplane be chosen starting from the points P and Q. Let R be apoint distinct from P that lies on the chosen ray starting at thepoint P, and let S be a point distinct from Q that lies on thechosen ray starting from the point Q. We also choose sides ofthese rays.
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1. Some Principles underlying Euclidean Geometry (continued)
 Now let A be any point of the plane Π. There then exists awell-defined map ϕ : Π→ Π such that for all points A of Π,ϕ(A) = A′, where A′ is determined as follows:
 if A = P then A′ = Q;
 if A 6= P then the line segment QA′ is equal to the linesegment PA;
 if A lies on the ray starting at P and passing through R thenA′ lies on the ray starting at Q and passing through S ;
 if A lies on the ray opposite R obtained on producing RPbeyond P then A′ lies on the ray opposite S obtained onproducing SQ beyond Q;
 if A does not lie on the line through P and R then the angleA′QS is equal to the angle APR;
 if A lies on the chosen side of PR then A′ lies on the chosenside of QS ;
 if A lies on the side of PR opposite to the chosen side then A′
 lies on the side of QS opposite to the chosen side.
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1. Some Principles underlying Euclidean Geometry (continued)
 If standard assumptions are made (not in themselves requiring theplane Π to be either homogeneous or isotropic) concerning thenature of angles with vertices at the points P and Q, and if linesegments can be produced beyond their endpoints to any requireddistance, and if, given any two points of the plane Π, there is aunique line segment joining those two points, then the constructionjust described should produce a well-defined map ϕ : Π→ Π withthe following properties:
 ϕ(P) = Q;
 if A 6= P then the line segment from P to A is equal to theline segment from Q to ϕ(A);
 ϕ maps lines through the point P to lines through thepoint Q;
 if A and B are points of the plane Π, and if the points A, Band P are distinct and not collinear, then the angle betweenthe line segments joining P to A and B is equal to the anglebetween the line segments joining Q to ϕ(A) and ϕ(B).
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1. Some Principles underlying Euclidean Geometry (continued)
 If the SAS Congruence Rule is satisfied by triangles in the plane Πthen the properties listed suffice to ensure that, for all points Aand B of Π that constitute with P the vertices of a triangle in Π,that triangle with vertices P, A and B is congruent to the trianglewith vertices Q, ϕ(A) and ϕ(B). It follows that the line segmentjoining the points A and B is equal to the line segment joining thepoints ϕ(A) and ϕ(B). This result also holds when A, B and P arecollinear. It follows that ϕ : Π→ Π is a distance-preserving mapfrom the plane Π to itself. The fact that ϕ maps any triangle witha vertex at P onto a congruent triangle with a vertex at Q alsoensures that ϕ : Π→ Π is an angle-preserving map from theplane Π to itself.
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1. Some Principles underlying Euclidean Geometry (continued)
 The argument just presented shows that if the geometry of theplane Π satisfies the SAS congruence rule (in addition to otherunspecified axioms or rules that ensure that the space is sufficiently‘well-behaved’ in the immediate neighbourhood of a given point),then given any two points P and Q, and given any two directionsrepresented by rays starting at P and Q, there exists adistance-preserving and angle-preserving map from the plane Π toitself which maps P onto Q, and also maps the chosen ray startingfrom the point P onto the chosen ray starting from the point Q.Therefore geometrical figures can be moved around and rotated inthe plane Π without changing their shape or size.
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1. Some Principles underlying Euclidean Geometry (continued)
 This argument can be presented in more concrete terms as follows.Suppose that Alice is sitting at a desk in a school, facing north,with a piece of paper in front of her on which geometrical diagramscan be drawn. Suppose also that Bob is sitting at another desk inanother classroom on the same floor (or indeed on a differentfloor) of that school, facing southeast, and that Bob also has apiece of paper in front of him on which geometrical diagrams canbe drawn. Then the presumed validity of the SAS Congruence Ruleshould in theory enable one to match up positions on Alice’s sheetwith corresponding positions on Bob’s sheet in a way thatpreserves both distances and angles so that, for every geometricalfigure that can be drawn on Alice’s sheet, there is a correspondinggeometrical figure that could be drawn on Bob’s sheet with thesame geometrical properties as the figure on Alice’s sheet.
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1. Some Principles underlying Euclidean Geometry (continued)
 1.4. Comparison between Flat and Spherical Geometry
 Suppose that a fixed point is chosen in a flat Euclidean plane, andthat two ants start walking away from this fixed point with speedsu and v respectively, in directions that make a right angle with oneanother. Then, at time t, the distance between the two ants willbe√u2 + v2t. Therefore, at a given time t, the two ants, together
 with the chosen fixed point, constitute the vertices of a trianglewith sides of length ut, vt and
 √u2 + v2 t. Moreover the angles of
 this triangle remain constant as time progresses.
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1. Some Principles underlying Euclidean Geometry (continued)
 Such observations would not hold good were the ants to startwalking away from a chosen point on a sphere in directions thatinitially make a some chosen fixed angle with one another. Thegreat circle distance between the ants (i.e., the length of the arc ofa great circle on the sphere joining the two ants) can be foundusing the formulae of spherical trigonometry. It would not increaselinearly with time, and the angles of the spherical triangledetermined by the two ants and the chosen fixed point would varyas time progresses.
 Nevertheless the distance between the ants at a given time doesnot depend either on the fixed point chosen or on the initialdirections chosen, provided that the ants walk at the same speedsin directions that initially make an angle with one another equal tothe chosen fixed angle.
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1. Some Principles underlying Euclidean Geometry (continued)
 Thus the geometry of the sphere, like the geometry of a flatEuclidean plane, is both homogeneous and isotropic. Moreoverappopriate analogues of the first fifteen propositions in Book I ofEuclid’s Elements are valid in spherical geometry, with straightlines replaced by arcs of great circles, provided that the lengths ofsuch arcs (including the arcs that form the sides of sphericaltriangles) are less than the great circle distance between two polesof the sphere.
 In particular the SAS Congruence Rule is valid in sphericalgeometry for spherical triangles whose sides are shorter than thegreat circle distance between two poles of the sphere.
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1. Some Principles underlying Euclidean Geometry (continued)
 1.5. Geodesics on Smooth Surfaces
 Differential geometry developed in the nineteenth century followingthe publication by Gauss in 1828 of his important treatiseDisquisitiones generales circa Superficies curvas (Generalinvestigations of closed surfaces).
 When studying the geometry of a smooth surface inthree-dimensional Euclidean space the analogues of the straightlines of the flat Euclidean plane are the geodesics on the surface:geodesics on a smooth surface are smooth curves on that surfacecharacterized by the property that all sufficiently short segments ofa geodesic minimize distance amongst all smooth curves in thesurface that join its endpoints.

Page 41
                        

1. Some Principles underlying Euclidean Geometry (continued)
 ExampleConsider the smooth surface in three-dimensional space defined bythe equation
 z =10
 1 + x2 + y2.
 Let P = (1, 0, 5) and Q = (−1, 0, 5). Then the points P and Q lieon the surface, and lie on the circle in the plane z = 5 of radius 1about the point (0, 0, 5). This circle lies on the surface. It followsthat any length-minimizing curve on the surface from P to Q musthave length not exceeding 4. It follows that a length-minimizinggeodesic from P to Q cannot pass through the point (0, 0, 10) andthus is not contained in the plane y = 0.
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1. Some Principles underlying Euclidean Geometry (continued)
 Given any geodesic on the surface joining the points P and Q, thatgeodesic can be reflected in the plane y = 0 to obtain anothergeodesic from P to Q. Now standard results in the theory ofdifferential equations will guarantee the existance of at least onelength-minimizing geodesic on the surface joining the points P andQ. But this length-minimizing geodesic cannot be the uniquelength-minimizing geodesic joining the points P and Q.
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1. Some Principles underlying Euclidean Geometry (continued)
 Consider two ants walking across a smooth surface at constantspeed, following the paths of geodesics across the surface. If thoseants had started from a single point in the Euclidean plane,walking at constant speeds along straight lines, setting out fromthat point at the same time, then the distance between the antswould increase linearly with the time elapsed since setting out.
 On a positively curved smooth surface such as a sphere, or on apositively curved portion of a smooth surface, two ants setting outat the same time from a single point at constant speeds alongdistinct geodesics will at subsequent times be closer than theequivalent ants setting out at the same speeds along straight linesin the flat Euclidean plane that make the same angle with oneanother. Ants on negatively curved smooth surfaces would befurther apart than the equivalent ants walking across the flatEuclidean plane.
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1. Some Principles underlying Euclidean Geometry (continued)
 1.6. Intersections of Lines and Circles
 The following principle is a direct consequence of the definition ofparallel lines in Book I of Euclid’s Elements, combined with theprinciple that, given two distinct points, there exists at most oneline passing through those points.
 Property EP–6
 Given two lines in a single plane that are not parallel to oneanother, there exists a single point of the plane at which those twolines intersect one another.
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1. Some Principles underlying Euclidean Geometry (continued)
 The following two principles concern intersections of circles withstraight lines and with other circles.
 Property EP–7
 Let a circle and a line segment be given, together with the centreof the circle. Suppose that one endpoint of the line segment liescloser to the centre of the circle than the points on the circle, andthat the other endpoint of the line segment lies further away fromthe centre of the circle than the points on the circle. Then thecircle and the line segment intersect one another.
 Proposition 2 of Book III of Euclid’s Elements shows that if theendpoints of a line segment lie on a circle then the other points ofthe line segment lie in the interior of the circle. It followsimmediately that a straight line cannot intersect a circle in morethan two points.
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1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–8
 Let two circles be given, together with the centre of the first ofthose circles. Suppose that there are points on the second circlethat lie closer to the centre of the first circle than the points on thefirst circle, and that there are also points on the second circle thatlie further away from the centre of the first circle than the pointson the first circle. Then the two circles intersect one another.
 If two distinct circles in the plane intersect, then either they touchat a single point or else they cut one another at exactly two points:see Propositions 10 and 13 in Book III of Euclid’s Elements.
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1. Some Principles underlying Euclidean Geometry (continued)
 We now explore links between these assumptions regardingintersections of straight lines and circles and the theory ofconnectedness in real analysis and topology that has developedover the past couple of centuries.
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1. Some Principles underlying Euclidean Geometry (continued)
 In the context of the mathematics in common use throughout thepast century, the flat Euclidean plane can be identified with thespace R2 of ordered pairs of real numbers. We then define a pathin the plane to be a continuous function γ : [0, 1]→ R2 mappingthe the closed unit interval [0, 1] into R2, where
 [0, 1] = {t ∈ R : 0 ≤ t ≤ 1}.
 Such a path is a path from a point P to a point Q provided thatγ(0) = P and γ(1) = Q.
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1. Some Principles underlying Euclidean Geometry (continued)
 A subset V of R2 is said to be open in R2 if, given any point P ofV , there exists some strictly positive real number δ such that allpoints lying within the circle of radius δ centred on the point Pbelong to the set V .
 We now use results and methods developed in the latter part ofthe nineteenth century to show that, given any two non-emptydisjoint open sets in the plane, any path that starts in one open setand ends in the other must pass through points that do not belongto either open set.
 Property EP–9
 Let V and W be disjoint non-empty open sets in R2, and letγ : [0, 1]→ R2 be a path in R2 for which γ(0) ∈ V and γ(1) ∈W .Then there exists a real number s satisfying 0 < s < 1 for whichγ(s) 6∈ V and γ(s) 6∈W .
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1. Some Principles underlying Euclidean Geometry (continued)
 ProofLet
 S = {t ∈ [0, 1] : γ(t) ∈ V },
 and let s = supS (so that the real number s is the least upperbound of the set S). Then 0 ≤ s ≤ 1. We shall prove thatγ(s) 6∈ V and γ(s) 6∈W .
 Let r be a real number satisfying 0 ≤ r ≤ 1. If γ(r) ∈ V then itfollows from the definitions of continuity and open sets that thereexists some positive real number δ such that γ(r) ∈ V for all realnumbers t satisfying both 0 ≤ t ≤ 1 and r − δ < t < r + δ.Similarly if γ(r) ∈W then there exists some positive real number δsuch that γ(r) ∈W for all real numbers t satisfying both0 ≤ t ≤ 1 and r − δ < t < r + δ.

Page 51
                        

1. Some Principles underlying Euclidean Geometry (continued)
 Suppose that γ(r) ∈ V . Then r < 1, because γ(1) ∈W andV ∩W = ∅. But then there exists a positive real number δ suchthat r + δ ≤ 1 and γ(t) ∈ V for all real numbers t satisfyingt < r + δ. Then t ∈ S for all real numbers t satisfingr < t < r + δ, and therefore r 6= supS .
 Next suppose that γ(r) ∈W . Then r > 0, because γ(0) ∈ V andV ∩W = ∅. But then there exists a positive real number δ suchthat r − δ ≥ 0 and γ(t) ∈W for all real numbers t satisfyingt > r − δ. Then t 6∈ S for all real numbers t satisfingr − δ < t ≤ r , and therefore r 6= supS .
 From these results, we conclude that if s = supS then γ(s) 6∈ Vand γ(s) 6∈W . Clearly 0 < s < 1. The result follows.
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1. Some Principles underlying Euclidean Geometry (continued)
 These results can be applied when V is the open set consisting ofall points of the plane lying inside a given circle and W is the openset consisting of all points lying outside that given circle. It followsthat if a path passes through points inside the circle, and alsopasses through points outside the circle, then the path mustintersect the circle.
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1. Some Principles underlying Euclidean Geometry (continued)
 On page 235 of Vol. I of his translation of Euclid’s Elements,Thomas L. Heath quotes formulations of a Principle of Continuityincluded by the 19th century German mathematician WilhelmKilling in the second volume (page 43) of his treatise Einfuhrung indie Grundlagen der Geometrie, published in 1893:
 (a) Suppose a line belongs entirely to a figure which is dividedinto two parts; then, if the line has at least one point incommon with each part, it must also meet the boundarybetween the parts; or
 (b) If a point moves in a figure which is divided into two parts,and if it belongs at the beginning of the motion to one partand at the end of the motion to the other part, it must duringthe motion arrive at the boundary between the two parts.
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1. Some Principles underlying Euclidean Geometry (continued)
 We now consider the problem of determining points ofintersections of circles from the point of view of the sort ofcoordinate geometry that became established in the 18th century.
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1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–10
 Let C be the set of points in R2 lying on a circle of radius r abouta point (a, b), and let D be the set of points lying on a circle ofradius s about a point (c , d), so that
 C = {(x , y) ∈ R2 : (x − a)2 + (y − b)2 = r2},D = {(x , y) ∈ R2 : (x − c)2 + (y − d)2 = s2}.
 Then any points where the circle C intersects the circle D lie onthe line
 2(c − a)x + 2(d − b)y = r2 − s2 − a2 − b2 + c2 + d2.
 Also any points where the circle C intersects this line are alsopoints where the two circles C and D intersect.
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1. Some Principles underlying Euclidean Geometry (continued)
 ProofExpanding out the equations for the circles we find that, at thepoints of intersection of the two circles, the Cartesian coordinatesx and y satisfy the simultaneous equations.
 x2 + y2 − 2ax − 2by + a2 + b2 = r2;
 x2 + y2 − 2cx − 2dy + c2 + d2 = s2.
 Subtracting one equation from the other and rearranging, we seethat any points where the circles intersect must lie on the line
 2(c − a)x + 2(d − b)y = r2 − s2 − a2 − b2 + c2 + d2.
 Also subtracting this equation for the line to the equation for thefirst circle, we obtain the the equation for the first circle, andtherefore any points at which the first circle intersects the line withthe equation about also lie on the second circle. The resultfollows.
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1. Some Principles underlying Euclidean Geometry (continued)
 ExampleConsider the special case of Property EP–10 where the first circleis a circle of radius r centred on the origin (0, 0), and the secondcircle is a circle of radius s centred on the point (c, 0). Then, onapplying the result of Property EP–10 with a = b = d = 0, we findthat any points where the first circle intersects the second circlemust lie on the line
 x =r2 + c2 − s2
 2c.
 Conversely any points where the first circle intersects this line arealso points where the first circle intersects the second circle. Itfollows that the two circles intersect if and only if this line passesthrough the interior of the first circle.
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1. Some Principles underlying Euclidean Geometry (continued)
 Now the line passes through the interior of the circle of radius rabout the origin if and only if
 −r < r2 + c2 − s2
 2c< r .
 Thus the circles intersect in two points if and only if theinequalities
 r2 + c2 − 2rc < s2 and r2 + c2 + 2rc > s2
 are both satisfied, in which case the coordinates of the points ofintersection are (u, v) and (u,−v) where
 u =r2 + c2 − s2
 2cand v =
 √r2 − u2.
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1. Some Principles underlying Euclidean Geometry (continued)
 Thus the circles intersect in two points if and only if both
 (r − c)2 < s2 and (r + c)2 > s2,
 and this is the case if and only if the three inequalities
 s + c > r , s + r > c and r + c > s
 are simultaneously satisfied.
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1. Some Principles underlying Euclidean Geometry (continued)
 A subset L of the set R of real numbers is said to be a subfield ofR if 0 ∈ L, 1 ∈ L, x + y ∈ L, x − y ∈ L and xy ∈ L, x/y ∈ L for allx , y ∈ L for which y 6= 0.
 Property EP–11
 Let L be a subfield of the field R of real numbers, and let (a, b),(c , d), (e, f ) and (g , h) be points of R2, where the Cartesiancomponents a, b, c , d , e, f , g and h belong to the subfield L of R.Suppose that the circle centred on (a, b) and passing through thepoint (e, f ) intersects the circle centred on (c , d) and passingthrough (g , h) at points (m, n) and (p, q). Then each of the realnumbers m, n, p and q can be expressed in the form u +
 √v ,
 where u and v belong to the subfield L of R.
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1. Some Principles underlying Euclidean Geometry (continued)
 ProofThe determination of the point of intersection of the straight linejoining (a, b) to (c, d) and the straight line joining (m, n) to (p, q)involves solving a pair of simultaneous linear equations in two realunknowns with coefficients in the subfield L of R. The standardformulae for the solution of such simultaneous linear equationsensure that the Cartesian components of the point of intersectionof these two straight lines belong to L. The determination of thepoints of intersection themselves then finding roots of quadraticpolynomials with coefficients in L. The result follows.
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1. Some Principles underlying Euclidean Geometry (continued)
 Let C be the collection consisting of all subfields L of the field ofreal numbers with the property that
 √x ∈ L for all x ∈ L satisfying
 x ≥ 0, and let K be the intersection of all subfields of R thatbelong to the collection C. Then K is itself a subfield of R. It isthe field of constructible numbers.
 The field K of constructible numbers may be characterized as thesmallest subfield L of the field of real numbers that satisfies thefollowing property:
 √x ∈ L for all x ∈ L satisfying x ≥ 0.
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1. Some Principles underlying Euclidean Geometry (continued)
 The following result follows from Property EP–11
 Property EP–12
 Let (a, b), (c , d), (e, f ) and (g , h) be points of R2, where theCartesian components a, b, c , d , e, f , g and h belong to thefield K of constructible numbers. Suppose that the circle centredon (a, b) and passing through the point (e, f ) intersects the circlecentred on (c , d) and passing through (g , h). Then the Cartesiancomponents of the points of intersection belong to the field K ofconstructible numbers.
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1. Some Principles underlying Euclidean Geometry (continued)
 Let P = (cos π3 , sin π
 3 ) = (12 ,√32 ) and Q = (cos π
 9 , sin π9 ). Then P
 and Q are points on the unit circle centred on the origin in R2, theline joining the point P to the origin make an angle of π
 3 radians(60◦) with the positive x-axis, and the line joining the point Q tothe origin make an angle of π
 9 radians (20◦) with the positivex-axis. Moreover the Cartesian components of the point P bothbelong to the field K of constructible numbers. Howevertechniques of abstract algebra involving the theory of algebraicfield extensions, the Tower Law, and basic results concerningsplitting fields of polynomials can be used to show that theCartesian components of the point Q do not belong to the field Kof constructible numbers.
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1. Some Principles underlying Euclidean Geometry (continued)
 Now Property EP–12 can be used to show that if some point ofthe flat Euclidean plane can be obtained from some givencollection of points by means of a ruler and compass constructionof the sort that appears frequently in Euclid’s Elements, and if theCartesian components of the given points all belong to the field Kof constructible numbers, then the Cartesian components of thepoint constructed from them also belongs to the field ofconstructible numbers.
 It follows from the results just described that there cannot existany ruler and compass construction of the type employed inEuclid’s Elements that provides a geometric construction fortrisecting an arbitrary angle in the Euclidean plane.
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1. Some Principles underlying Euclidean Geometry (continued)
 Suppose that one has a complete set of axioms for planarEuclidean geometry, including not only that axioms, postulates andcommon notions set out by Euclid but also those implicit in thepropositions contained in the first six books of Euclid’s Elements.Once such a complete set of axioms has been compiled, thepropositions of the first six books of Euclid’s Elements shouldfollow by strict application of principles of pure logic that codifythe rules employed by mathematicians for deducing propositions bylogical deduction from sets of axioms.
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1. Some Principles underlying Euclidean Geometry (continued)
 We can then consider models for the axioms of planar Euclideangeometry. By definition, these are mathematical structures thatsatisfy the necessary axioms. One model for plane Euclideangeometry is the Cartesian plane R2 whose elements are representedas ordered pairs of real numbers, and points, straight lines andcircles are defined in the usual fashion.
 Another model is provided by the set K2 of ordered pairs ofconstructible numbers. In this model one essentially disregards all‘points’ other than those that can be constructed from thereference points (0, 0) and (1, 0) by ruler and compassconstructions in accordance with the usual rules.
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1. Some Principles underlying Euclidean Geometry (continued)
 Whilst concepts of ‘continuity’, ‘completeness’ and ‘connectedness’developed in the 19th century and ubiquitous in the fields ofmathematical analysis and topology from that time onwards mightbe imported into a set of axioms for ‘Euclidean’ geometry, somemight see disadvantages in such an approach. Consider forexample the Peano space-filling curve: a continuous pathparameterized by the unit interval that passes through every pointof the closed unit square in the plane. If, for example, one adoptsaxioms that ensure that any line within the ‘Euclidean plane’ is acomplete metric space, then this might well have the effect ofpopulating all models of those axioms with ‘monsters’ such as thePeano space-filling curve.
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1. Some Principles underlying Euclidean Geometry (continued)
 1.7. The Ordering of Points on a Line
 Proofs in Euclidean geometry often rely on the fact that the pointson a line can be ordered. However the definitions, postulates andcommon notions in Euclid’s Elements of Geometry do not spell outexplicitly basic principles applicable to the ordering of the pointson a straight line so as to enable properties involving the orderingof points on a single line to be deduced as logical consequences ofbasic axioms.
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1. Some Principles underlying Euclidean Geometry (continued)
 In the nineteenth century, Moritz Pasch (1843–1930) set out toformulate basic principles governing the ordering of points on aline, and also governing the precise manner in which straight linesin a plane partition the other points of that plane into two regionsthat represent the sides of the line in the plane. His approach tothese foundational aspects of geometry were published by him in atreatise, Vorlesungen uber neuere Geometrie (Lectures on newgeometry), published in 1882. Pasch’s insights were incorporatedinto later treatments of the foundations of geometry, includingthose of David Hilbert (1862–1943). Oswald Veblen (1880–1960)and Alfred Tarski (1901–1983).
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1. Some Principles underlying Euclidean Geometry (continued)
 Formal axiomatic treatments of the ordering of points on the linetypically take as a basic property of the line the relation ofbetweenness (or intermediacy), considered as a ternary relation onthe set of points on the line. Thus, given three distinct points on aline, one asserts that one of those points lies lies between the othertwo.
 Thus, given three distinct points A, B and C on a given line, onemay assert that the point B lies between the points A and C . Theset of axioms chosen as the basis for proofs of properties ofbetweenness should ensure that the conclusions formally stated asfollows may be drawn from the assertion that a point B liesbetween A and C :
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1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–13
 Let A, B and C be distinct points on a line. Suppose that thepoint B lies between A and C . Then
 the point B lies between C and A;
 the point A does not lie between B and C , or between C andB;
 the point C does not lie between A and B, or between B andA.
 In a formal axiomatic treatment of the foundations of geometry,the above properties of the relation of ‘betweenness’ are typicallyincorporated into axioms, which are then supplemented by furtheraxioms that either include or enable the logical deduction of thestatements included in the the following result.
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1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–14
 Let A, B, C and P be distinct points on a given line, where thepoint B lies between the points A and C . Then
 (i) if the point P lies between A and B then it lies between Aand C ;
 (ii) if the point P lies between B and C then it lies between Aand C ;
 (iii) if the point P lies between A and C then either the point Plies between A and B and not between B and C , or else thepoint P lies between B and C and not between A and B.
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1. Some Principles underlying Euclidean Geometry (continued)
 A viable set of axioms or basic properties concerning the orderingof points on a single line should enable one to deduce the followingproperty concerning the ordering of a finite number of distinctpoints on a given line.
 Property EP–15
 Let a finite collection of distinct points on a given line be given.Then those points can be ordered as A1,A2,A3, . . . ,An in such away as to ensure that a point Aj lies between points Ai and Ak ifand only if either i < j < k or else i > j > k .
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1. Some Principles underlying Euclidean Geometry (continued)
 The relation of betweenness, considered as a ternary relations onpoints in a plane, or in a space of higher dimension, determines therelation of collinearity, and thereby determines the collections oflines within that plane or space.
 Definition
 In a plane or higher-dimensional space with a notion of‘betweenness’ satisfying the expected properties, three given pointsof that plane are said to be collinear if either those given points arenot distinct or else one of those points lies between the other two.
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1. Some Principles underlying Euclidean Geometry (continued)
 Suppose that the relation of ‘betweenness’ satisfied by points in aplane or higher-dimensional space satisfies the conditions set out inthe statement of Property EP–13 Then the definition of collinearityin terms of ‘betweenness’ ensures the validity of the followingresult.
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1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–16
 Let A, B, P be points of the Euclidean plane or of ahigher-dimensional Euclidean space, where the points A and B aredistinct. Then the points A, B and P are collinear if and only ifexactly one of the following three statements holds for thosepoints:
 the point P coincides with the point A;
 the point P coincides with the point B;
 the point A lies between P and B;
 the point P lies between A and B;
 the point B lies between A and P.
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1. Some Principles underlying Euclidean Geometry (continued)
 Definition
 Let A and B be distinct points in the Euclidean plane, or in ahigher-dimensional Euclidean space. Then the line segments AB(also denoted by [AB]) consists of the endpoints A and B togetherwith all points that lie between A and B.
 Definition
 Let A and B be distinct points in the Euclidean plane, or in ahigher-dimensional Euclidean space. Then the ray (or half-line)starting at the point A and passing through the point B consists ofthose points together with all points P for which either P liesbetween A and B or else B lies between A and P.
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1. Some Principles underlying Euclidean Geometry (continued)
 Definition
 Let A and B be distinct points in the Euclidean plane, or in ahigher-dimensional Euclidean space. The fully-extended (orfully-produced) straight line that passes through the points A andB consists of those points themselves together with all points Pdistinct from A and B for which A, B and P are collinear (so thatat least one of the three points A, B and P lies between the othertwo).
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1. Some Principles underlying Euclidean Geometry (continued)
 1.8. Sides of a Line in a Plane
 Principle EP–17 (Plane Separation Postulate)
 Let ` be a given fully-extended straight line produced indefinitely inboth directions in a given plane. Then the points of the plane thatdo not lie on the line ` are partitioned into exactly two non-emptyregions, known as the sides of the line, that are determined by thefollowing criterion:
 points A and B of the given plane that do not lie on thegiven line ` belong to (or lie on) the same side of theline ` if and only if the line segment AB with endpoints Aand B does not the line `.
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1. Some Principles underlying Euclidean Geometry (continued)
 Let ` be a fully extended straight line in a given plane. and let Aand B be points of the plane that do not lie on the line `. Thepoints A and B lie on the same side of the line ` if and only if theline segment AB does not intersect the line `; the points A and Blie on opposite sides of the line ` if and only if the line segment ABintersects the line.
 Thus, in the diagram to the right,the points A and B lie on thesame side of the line `, whereasthe points A and C lie on oppo-site sides of the line `.
 ℓ
 A
 B
 C
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1. Some Principles underlying Euclidean Geometry (continued)
 In Euclidean geometry and some related geometries, if two distinctstraight lines (produced indefinitely in both directions) meet at all,then they intersect at a single point. This result may be combinedwith the definition of the sides of a line in a given plane to obtainthe following result.
 Property EP–18
 Let ` and m be lines in a given plane, and let A, B and C bedistinct points lying on the line m. Suppose that the lines ` and mintersect at the point A. Then the points B and C lie on the sameside of the line `.
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1. Some Principles underlying Euclidean Geometry (continued)
 1.9. Interiors of Angles and Triangles
 Definition
 Let A, B and C be points in a plane that are not collinear, and letD be a point in this plane. The point D is said to lie in the interiorof the angle ∠BAC if the following conditions are satisfied:
 (i) the point D does not lie on thestraight line through A and B, oron the straight line through Aand C ;
 (ii) The points C and D lie on thesame side of the line through Aand B;
 (iii) The points B and D lie on thesame side of the line through Aand C .
 A B
 C D
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1. Some Principles underlying Euclidean Geometry (continued)
 Note that conditions (ii) and (iii) in the definition of the interior ofan angle can be restated as follows.
 (ii′) the line segment joining thepoints C and D does notintersect the line passing throughthe points A and B;
 (iii′) the line segment joining thepoints B and D does notintersect the line passing throughthe points A and C .
 A B
 C D
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1. Some Principles underlying Euclidean Geometry (continued)
 1.10. Pasch’s Axiom and the Crossbar Theorem
 Principle EP–19 (Pasch’s Axiom)
 Let a triangle in a plane be given, and let and let ` be a (fullyextended) line in that plane that does not pass through thevertices A, B and C of the given triangle. Suppose that the line `meets the side AB of the given triangle. Then the side ` meets atleast one of the other sides AC , BC of the triangle ABC .
 A
 B
 Cℓ

Page 86
                        

1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–20
 A line in a plane that does not pass through any of the vertices ofa triangle cannot meet all three sides of that triangle.
 Proof, assuming Pasch’s AxiomLet ABC be a triangle in the plane, and let ` be a line that meetsthe sides AB and AC of that triangle at points D and Erespectively. Then D lies between A and B, and therefore thevertex B of the triangle ABC does not lie on the edge AD of thetriangle ADE . Similarly the point E lies between A and C , andtherefore the vertex C of the triangle ABC does not lie on theedge AE of the triangle ADE .
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1. Some Principles underlying Euclidean Geometry (continued)
 Let m be the line in the plane that passes through the points Band C . The line m meets the line through A and D at a singlepoint, which is the point B, and therefore the line m does notmeet the edge AD of the triangle ADE . Similarly the line m doesnot meet the edge AE of the triangle ADE . Thus line m cannotmeet two or more edges of the triangle ADE . It follows fromPasch’s Axiom (Principle EP–19) that the line m cannot meet anyedge of the triangle ADE . It follows from this that the line `cannot meet the side BC of the triangle ABC at any point thatlies between the points where it intersects the other two sides.
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1. Some Principles underlying Euclidean Geometry (continued)
 A B
 C
 D
 E
 F
 ℓ
 Now if a line not passing through any vertex of a triangle were tointersect all three sides of that triangle, then one of those points ofintersection would lie betweeen the other two. This wouldcontradict the result just obtained. Therefore the line cannot meetall three sides of the triangle.
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1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–21 (Crossbar Theorem)
 Let A, B and C be vertices of a triangle in a plane, and let D be apoint of that plane distinct from the points A, B and C . Supposethat the ray from the point A passing through the point D lies inthe interior of the angle BAC . Then the ray from A passingthrough the point D intersects the side BC of the triangle ABC .
 A
 B
 C
 D
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1. Some Principles underlying Euclidean Geometry (continued)
 Proof, assuming Pasch’s AxiomProduce the side BA of the triangle beyond A to a point G , sothat the vertex A of the triangle lies between B and G . Then joinG and C .
 A
 B
 C
 D
 F
 GH
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1. Some Principles underlying Euclidean Geometry (continued)
 Now all points of the line segment with endpoints B and C lie onthe same side of the line AB as the point C and on the oppositeside of the line AC to the point B. However all points of the linethrough A and D that lie on the same side of A as the point D(such as the point F in the figure) lie on the same side of the lineAB as the point C and on the same side of the line AC as thepoint B, and all points on the line AB (such as the point H in thefigure) that lie on the opposite side of A to the point D lie on theopposite side of the line AB to the point C and on the oppositeside of the line AC to the point B. It follows that the line throughthe points A and D does not intersect the side GC of the triangleGBC . But this line intersects the side GB at A. It follows fromPasch’s Axiom (Principle EP–19) that the the line through thepoints A and D must intersect the side BC of the triangle ABC .
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1. Some Principles underlying Euclidean Geometry (continued)
 Moreover this point of intersection must lie on the same side ofAB as C , and on the same side of AC as B, and must therefore lieon the same side of A as the point D. Thus the ray starting at Apassing through the point D intersects the edge BC of thetriangle, as required.
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1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–22
 Let A, B and C be points of the plane that are collinear, with thepoint B lying between the points A and C , and let ` be a(fully-extended) line in the plane that does not through any of thepoints A, B and C . Then the line ` meets the line segment AC ifand only if it meets one or other of the line segments AB and BC .
 ProofIn the proof of this result, we assume Pasch’s Axiom(Principle EP–19), together with the following three assumptions:a line contains more than one point; two lines intersect in at mostone point; a line segment PQ can be produced beyond itsendpoint Q to a point R so that the point Q lies between P and R.
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1. Some Principles underlying Euclidean Geometry (continued)
 Let m denote the line that passes through the three collinearpoints A, B and C , let D be a point of ` that does not lie on theline m, and let the line segment DA be produced beyond A to apoint E , so that the point A lies between D and E . Join the pointsE and B, and the points E and C .
 Suppose that the line ` meets the line segment AB. The line `does not meet the edge EA of the triangle EAB, because `intersects the line passing through A and E at the single point D,and this point D does not lie between A and E . But it followsfrom Pasch’s Axiom (Principle EP–19) that the line ` meets twosides of the triangle EAB. Therefore the line ` meets the side EBof this triangle.

Page 95
                        

1. Some Principles underlying Euclidean Geometry (continued)
 Next we note that the side ` does not meet the side BC of thetriangle EBC , because it meets the line m at at most one point,and that point lies between A and B. But we have just shown thatit meets the side EB of this triangle. It follows from Pasch’s Axiom(Principle EP–19) that the line ` must also meet the side EC ofthis triangle.
 We now note that the line ` meets the side EC of thetriangle EAC , but does not meet the side EA of the same triangle.A further application of Pasch’s Axiom (Principle EP–19) showsthat the line ` must meet the side AC of this triangle. We havetherefore shown that if the line ` meets the line segment AB,where the point B lies between A and C on the line m, then theline ` meets the line segment AC .
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1. Some Principles underlying Euclidean Geometry (continued)
 Now suppose that line ` is a that does not pass through any of thethree collinear points A, B and C , that it meets the line segmentAC , but that it does not meet the line segment AB. Take apoint D on the line ` that does not lie on the line through A, Band C (as before), and produce DA to E , so that the point A liesbetween D and E .
 The line ` does not meet the sides EA and AB of the triangleEAB. It follows from Pasch’s Axiom (Principle EP–19) that theline ` cannot meet the side EB of triangle EAB. Also the line `meets the side AC of the triangle EAC , but does not meet the sideEA. It follows from Pasch’s Axiom (Principle EP–19) that theline ` must meet the side EC of this triangle.
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1. Some Principles underlying Euclidean Geometry (continued)
 We thus conclude that the line ` meets side EC of the triangleEBC , but does not meet the side EB of this triangle. A furtherapplication of Pasch’s Axiom (Principle EP–19) shows that theline ` meets side BC of the triangle EBC . We have thereforeshown that if the line ` meets the line segment AC , then it musteither meet AB or else it must meet BC . The result follows.
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1. Some Principles underlying Euclidean Geometry (continued)
 The Plane Separation Postulate (Principle EP–17) follows easily oncombining the principle stated in Pasch’s Axiom (Principle EP–19)with the results proved in Property EP–20 and Property EP–22.
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1. Some Principles underlying Euclidean Geometry (continued)
 1.11. The Common Notions
 The five common notions included by Thomas L. Heath in histranslation of Euclid’s Elements, were stated as follows in theoriginal manuscripts:
 1 Τὰ τῷ αὐτῷ ἴσα καὶ ἀλλήλοις ἐστὶν ἴσα.
 2 καὶ ἐὰν ἴσοις ἴσα προστεθῇ, τὰ ὅλα ἐστὶν ἴσα.
 3 καὶ ἐὰν ἀπὸ ἴσων ἴσα ἀφαιρεθῇ, τὰ καταλειπόμενά ἐστὶν
 ἴσα.
 4 καὶ τὰ ἐφαρμόζοντα ἐπ΄ ἄλληλα ἴσα ἀλλήλοις ἐστίν.
 5 καὶ τὸ ὅλον τοῦ μέρους μεῖζόν ἐστιν.
 The language of these statements is Koine Greek, i.e., the commondialect used in the eastern half of the Roman Empire and theByzantine Empire. (This dialect of Ancient Greek is also referredto as New Testament Greek.)

Page 100
                        

1. Some Principles underlying Euclidean Geometry (continued)
 Let us examine the structure and meaning of Common Notion 1,which in the original Greek is as follows:
 Τὰ τῷ αὐτῷ ἴσα καὶ ἀλλήλοις ἐστὶν ἴσα.
 First let us focus on the first four words (τὰ τῷ αὐτῷ ἴσα, whichmight be transliterated as ta toi autoi isa). The first word, τὰ, isthe definite article (the). In English the form of the definite article(the) is invariant. But in Koine Greek the form varies according tothe number (singular or plural), gender (masculine, feminine orneuter), and case (nominative, vocative, accusative, genitive ordative) of the object or objects to which it refers. Here the definitearticle is in the nominative neuter plural. There is no noun towhich the definite article explicitly refers. Therefore τά translatesas the things. In other words, the subject of this sentence isunspecified except to the extent that it is plural, and it is neither amale person nor a female person, and it is qualified by the phraseτῷ αὐτῷ ἴσα, to which we now turn our attention.
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1. Some Principles underlying Euclidean Geometry (continued)
 Now ἴσα (isa) is the neuter plural of the adjective ἴσος (isos),meaning equal. (Consider words such as isomorphic, referring tothings that have corresponding mathematical structures, isotherm,isobar.) Thus the things that are the subject of the sentence arerequired to be equal to something else. That something else isspecified by the words τῷ αὐτῷ (toi autoi), which are in the dativesingular case. Now αὐτος (autos) means self, oneself etc. (as inautopilot, autocorrection, autonomous, automorphism etc.) Thecombination obtained by preceding this word with the definitearticle, as in ὀ αὐτος, translates as the same. Put into the neutersingular dative, as τῷ αὐτῷ (toi autoi), it means to the samething. Thus τὰ τῷ αὐτῷ ἴσα translates as things that are equal tothe same thing.
 In many contexts καὶ translates as and (e.g., Πετρος και Παυλος,meaning Peter and Paul). In other contexts, as here, it translatesas also.
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1. Some Principles underlying Euclidean Geometry (continued)
 To complete the discussion of this common notion, it remains todiscuss the verb phrase ἀλλήλοις ἐστὶν ἴσα (allelois estin isa).Now ἀλλήλοις is a plural pronoun, in the dative plural, whichmeans to one another or to each other. Also ἐστίν means are (butin the 3rd person singular, as it refers to a neuter plural), and ἴσαmeans equal (in the nominative neuter plural). Therefore ἀλλήλοιςἐστὶν ἴσα means are equal to one another. The full text ofCommon Notion 1 therefore translates as
 Things that are equal to the same thing are also equal toone another.
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1. Some Principles underlying Euclidean Geometry (continued)
 Thus a fairly literal translation of Common Notion 1 can beindicated as follows:
 τὰ τῷ αὐτῷ ἴσα
 ta toi autoi isathose things (that) to the same thing (are) equal
 καὶ ἀλλήλοις ἐστὶν ίσα.
 kai allelois estin isa.also to one another are equal.
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1. Some Principles underlying Euclidean Geometry (continued)
 We next examine Common Notion 2, which in the original Greek isas follows.
 καὶ ἐὰν ἴσοις ἴσα προστεθῇ, τὰ ὅλα ἐστὶν ἴσα.
 A fairly literal translation of this common notion can be indicatedas follows:
 καὶ ἐὰν ἴσοις ἴσα προστεθῇ,
 kai ean isois isa prostethei,and if to equals equals be joined,
 τὰ ὅλα ἐστὶν ἴσα.ta hola estin isa.the wholes are equal.
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1. Some Principles underlying Euclidean Geometry (continued)
 We next examine Common Notion 3, which in the original Greek isas follows.
 καὶ ἐὰν ἀπὸ ἴσων ἴσα ἀφαιρεθῇ, τὰ καταλειπόμενά
 ἐστὶν ἴσα.
 A fairly literal translation of this common notion can be indicatedas follows:
 καὶ ἐὰν ἀπὸ ἴσων ἴσα ἀφαιρεθῇ,
 kai ean apo ison isa aphairethei,and if from equals equals be taken away,
 τὰ καταλειπόμενά ἐστὶν ἴσα.ta kataleipomena estin isa.the things left behind are equal.
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1. Some Principles underlying Euclidean Geometry (continued)
 We next examine Common Notion 4, which in the original Greek isas follows.
 καὶ τὰ ἐφαρμόζοντα ἐπ΄ ἄλληλα ἴσα ἀλλήλοις ἐστίν.
 A fairly literal translation of this common notion can be indicatedas follows:
 καὶ τὰ ἐφαρμόζοντα ἐπ΄ ἄλληλα
 kai ta efarmozonta ep’ allelaand the things (that) fit (exactly) on other things
 ἴσα ἀλλήλοις εστίν.
 isa allelois estin.equal to the others are.
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1. Some Principles underlying Euclidean Geometry (continued)
 We finally examine Common Notion 5, which in the original Greekis as follows.
 καὶ τὸ ὅλον τοῦ μέρους μεῖζόν ἐστιν.
 A fairly literal translation of this common notion can be indicatedas follows:
 καὶ τὸ ὅλον τοῦ μέρους μεῖζόν ἐστιν.
 kai to holon tou merous meizon estin.and the whole of the part greater is.
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1. Some Principles underlying Euclidean Geometry (continued)
 1.12. Magnitudes
 Propositions in Euclid’s Elements often express relationshipssatisfied by sums of magnitudes of the same species. The termμεγέθος (megethos) meaning magnitude, is introduced in thedefinitions commencing Book V of the Elements. Book V isconcerned with the theory of proportion, determining whether, formagnitudes of a given species, a first magnitude bears to a secondthe same ratio, or a lesser or greater ratio, than a third magnitudeto a fourth magnitude.
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1. Some Principles underlying Euclidean Geometry (continued)
 The Pocket Oxford Classical Greek Dictionary (ed. JamesMorwood and John Taylor, 2002) includes amongst thetranslations of μέγεθος the following: greatness, bulk, size. Thisword is related to the adjective μέγας, which means large, great,big etc. (and finds its way into such words and phrases as ’megadeal’, ’megawatt’, ’megabyte’ and ’megalopolis’). The Latinequivalent, magnitudo, is similarly related to the adjective magnus,also meaning large, great, big etc. It should thus be an inherentproperty of magnitudes that they have a certain size.
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1. Some Principles underlying Euclidean Geometry (continued)
 The technical term μεγέθος appears for the first time in theElements in the definitions prefixed to Book V. But the concept ofcomparisons between magnitudes of some given species clearlyunderlies the reasoning of the earlier books. This reasoning isunderpinned by the Common Notions prefixed to Book I of theElements.
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1. Some Principles underlying Euclidean Geometry (continued)
 Property EP–23
 Let some species of magnitude be given whose members can becompared one with another to determine whether or not the first isequal to the second. Suppose also that this relation of equality,which we denote by ≡, conforms to the principles stated asCommon Notions 1 and 4 of Book I of Euclid’s Elements. (Thuswe suppose that any magnitude of the species is equal to itself,and also that any magnitudes of the species that are equal to thesame magnitude are also equal to one another.) Let α, β and γ bemagnitudes belonging to the species. Then
 (i) (Reflexivity) α ≡ α;
 (ii) (Symmetry) if α ≡ β then β ≡ α;
 (iii) (Transitivity) if α ≡ β and β ≡ γ then α ≡ γ.
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1. Some Principles underlying Euclidean Geometry (continued)
 ProofThe relation α ≡ α is an immediate consequence of CommonNotion 4. Thus reflexivity holds.
 Suppose that α ≡ β. Now β ≡ β by (i). Thus β and α aremagnitudes that are both equal to the same thing, namely β. Itfollows from Common Notion 1 that they are equal to one another,and therefore β ≡ α. This proves symmetry.
 Finally suppose that α ≡ β and β ≡ γ. It follows from symmetrythat γ ≡ β. Thus α and γ are both equal to β. It follows fromCommon Notion 1 that α and γ are equal to one another, andthus α ≡ γ. This proves transitivity, completing the proof.
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1. Some Principles underlying Euclidean Geometry (continued)
 Principle EP–24 (Addition of Magnitudes of the SameSpecies)
 Given a list of magnitudes of the same species, the sum of themagnitudes in the list will be determined on specifying themagnitudes that occur in the list, and the number of times thatthose magnitudes occur in the list, but the sum of the magnitudesin the list will not depend on the order in which those elements arelisted.
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1. Some Principles underlying Euclidean Geometry (continued)
 Thus, for example, if α, β and γ are magnitudes of the samespecies then the sum of the list α, β, γ will be the same as thesums of the list β, γ, α, the list γ, α, β, the list γ, β, α, the listβ, α, γ and the list α, γ, β.
 But, given magnitudes α and β of the same species, the sum ofthe magnitudes in the list α, α, β will be greater than the sum ofthe magnitudes in the list α, β because the magnitude α occurstwice in the first list and once in the second list, whilst themagnitude β occurs once in both lists.
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1. Some Principles underlying Euclidean Geometry (continued)
 Many propositions in Euclid’s Elements establish relationships thatcan be expressed in the form
 α1 + α2 + · · ·+ αp = β1 + β2 + · · ·+ βq,
 where α1, α2, . . . , αp and β1, β2, . . . , βq are magnitudes of thesame species.
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1. Some Principles underlying Euclidean Geometry (continued)
 Other propositions might express an inequality, asserting forexample that
 α1 + α2 + · · ·+ αp < β1 + β2 + · · ·+ βq,
 where α1, α2, . . . , αp and β1, β2, . . . , βq are magnitudes of thesame species.
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1. Some Principles underlying Euclidean Geometry (continued)
 It may be that an appropriate metaphor would be that of a balanceused in weighing collections of objects. The magnitudesα1, α2, . . . , αp might be thought of as though they were weights,to be placed on the left hand side of the balance. The othermagnitudes magnitudes β1, β2, . . . , βq might be thought of asthough they were weights to be placed on the right hand side of thebalance. Then either the weights on the left hand side balance theweights on the right hand side, in which case equality holds, or elsethe weights on one side might overbalance those on the other side.
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1. Some Principles underlying Euclidean Geometry (continued)
 Now suppose that a certain species of magnitude is given, and thatthe magnitudes belonging to that species can be added togetherand that the resulting sums can be compared with one another.Suppose further that the results of such comparisons are alwaysconsistent with the five common notions stated in Book I ofEuclid’s Elements. Let α1, α2, . . . , αp and β1, β2, . . . , βq andγ1, γ2, . . . , γr and δ1, δ2, . . . , δs , be lists of magnitudes of the givenspecies, where each list is a finite list of magnitudes containing atleast one magnitude, and let the sums of the magnitudes in thesefour lists be denoted by
 p∑i=1
 αi ,
 q∑i=1
 βi ,
 r∑i=1
 γi ands∑
 i=1
 δi
 respectively.
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1. Some Principles underlying Euclidean Geometry (continued)
 Then Common Notion 2 can be cited to justify the propositionthat if
 p∑i=1
 αi ≡r∑
 i=1
 γi and
 q∑i=1
 βi ≡s∑
 i=1
 δi
 thenp∑
 i=1
 αi +
 q∑i=1
 βi ≡r∑
 i=1
 γi +s∑
 i=1
 δi .
 Similarly Common Notion 3 can be cited to justify the propositionthat if
 p∑i=1
 αi +
 q∑i=1
 βi ≡r∑
 i=1
 γi +s∑
 i=1
 δi and
 q∑i=1
 βi ≡s∑
 i=1
 δi
 thenp∑
 i=1
 αi ≡r∑
 i=1
 γi .
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1. Some Principles underlying Euclidean Geometry (continued)
 1.13. Addition of Line Segments and Angles
 Principle EP–25 (Addition of Successive Line Segments)
 If a line segment is partitioned by division points into subsegments,then the line segment is equal to the sum of the subsegments.
 Thus, for example, if a line segment AD is partitioned by divisionpoints B and C into subsegments AB, BC and CD, where B liesbetween A and C and C lies between B and D, the line segmentAD is equal to the sum of the subsegments AB, BC and CD.
 A B C D
 In symbols,AD = AB + BC + CD.
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1. Some Principles underlying Euclidean Geometry (continued)
 Principle EP–26 (Addition of Rectilineal Angles)
 Let A, B, C , and D be points in theplane, where the points A, B and C arenot collinear, and where the point Dlies in the interior of the angle BAC .Then the angle BAC is equal to thesum of the angles BAD and DAC ;thus, in symbols, A B
 C D
 ∠BAC ≡ ∠BAD + ∠DAC .
 Moreover the angles BAD and DAC are parts of the angle BAC ,and therefore the angles BAD and DAC are both less than BAC ;thus, in symbols
 ∠BAD < ∠BAC and ∠DAC < ∠BAC .
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