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Chapter 6-Non-Euclidean Geometries
 Back in Chapter 3-Neutral Geometry… Start with Hyperbolic Geometry-
 Founded by James Bolyai (Hungarian) and Nikolai Lobachevski (Russian)
 Look at Cor 3.4.2 If d=90 then PQ is parallel to line l, so PQ ∩ l = Ø Look at different values of where PQ and l intersect:
 D= {d | d= m<RPQ and PQ ∩ l ≠Ø} So 0 < d < 180
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D is bounded above by 180… Call 180 the least upper bound, or LUB(D) LUB ≥ d for all d in D
 Definition: d0 is a LUB of D if d0 is an upper bound
 No number less than d0 is an upper bound of D
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Ex. Let K= { 1/n | n is in Z+} Where is 1/n > + for all n in Z+?
 At n=1 So 1 is the LUB
 Ex. Let M={2- 1/n | n in Z+} As n → infinity, 2 – 1/n → 2 So 2 is the LUB of M
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Back to picture… Theorem 6.2.1 (i) If m<RPQ = d0 then PQ∩RS=Ø Proof: Assume PQ∩RS≠Ø, say PQ∩RS=S’ Then there exists a point X such that R-S’-X Then S’ is in the interior of <RPX So m<RPX > m<RPS’= d0
 So d0 is not an upper bound, which is a contradiction.
 So PQ∩RS=Ø
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(ii) If m<RPQ < d0 then PQ∩RS≠Ø Proof: Suppose m<RPQ < d0 and let m<RPQ=k k is not an upper bound of D So there exists a d’ in D such that k < d’ So then PQ∩RS≠Ø since PQ∩PY in the
 interior of <RPY (crossbar theorem pg 86)
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Def: If m<RPQ= d0 (LUB), then <RPQ is called the angle of parallelism for RS and P
 Basically, as d goes to d0 …when it reaches d0 then PQ is the first nonintersecting (parallel) line.
 Theorem 6.2.2 (see picture): If d0 is the angle of parallelism for RS and d0 ’ is the angle of parallelism for TR, then m<RPQ=m<RPQ’
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Theorem 6.2.3: The angle of parallelism is less than or equal to 90. Read proof on page 329
 Theorem 6.2.5: If the angle of parallelism is less than 90 then there exists at least 2 lines through P parallel to l
 Proof: Given d0 for P and RS is less than 90 wts: there exists at least 2 lines through P parallel to RS By angle construction, there exists PT such that
 m<TPR=90 By Cor 3.4.2, PT is parallel to RS So both PQ and PT are parallel to RS.
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Assign #3, #5
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6.3-The Hyperbolic Parallel Postulate
 This implies the angle of parallelism for line l and point P not on l is less than 90.
 Theorem 6.3.1: Given line l and point P not on l, there are at least 2 lines through P parallel to l
 Proof: Given l and P not on l Well d0 is less than 90 and by theorem 6.2.5
 we know there are at least 2 lines parallel to l

Page 10
                        

Theorem 6.3.2: The HPP is equivalent to the summit angles of a Saccheri quadrilateral are acute.
 Proof: (←) Assume P and <Q are acute. wts: The angle of paralleism is acute. By Cor 3.6.5 we know PQ is parallel to RS This implies the angle of parallelism is <90 for RS and P Similarly, angle of parallelism is less than 90 for RS and
 Q So angle of parallelism is less than 90 This implies the HPP
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Theorem 6.3.3: Rectangle do not exist in hyperbolic geometry.
 Proof: Assume they do. Then every triangle as angle sum of 180 This implies the EPP Contradiction So Rectangle don’t exist
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Theorem 6.3.4: The 4th angle of a Lambert quadrilateral is acute.
 Proof: wts: m<D < 90. Assume <D is not acute. Then m<D=90,
 which is a contradiction (because we would have a rectangle).
 So m<D=90
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Theorem 6.3.5: In a LQ, the sides whose point of intersection is the vertex of the acute angle are longer than the sides they are opposite.
 Proof: Given LQ ABCD wts: BC>AD and CD>AB Well by theorem 3.6.8 we know AB ≤ CD. So assume AB=CD. Then ABCD is a SQ which implies m<C=90 This is a contradiction, so AB<CD Similarly we also know AD ≤ BC and we again assume AD=BC Then ABCD is a SQ, so m<C=90, and again we have a
 contradiction. So AD<BC
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Def: The distance between l and P not on l is the length of the perpendicular from the point to l
 Note: the distance between a point and any l containing the point is 0.
 Theorem: Parallel lines are not everywhere equidistant. Proof: in book
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Theorem: 6.3.7: The summit of a SQ is longer than the base Proof: in book page 338 Read 338-339
 Theorem: 6.3.8: Two parallel lines that are crossed by a transversal have congruent alternate interior angles if and only if the transversal contains the midpoint of a segment perpendicular to both lines. Read 339-340
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Theorem: In Hyperbolic Geometry, there exists triangles that cannot be circumscribed.
 Assign #4,5,7,9,10, turn in 4, 5, 7 (before Thanksgiving)
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6.4 Hyperbolic Results Concerning Polygons
 Back in Chapter 3: Theorem 3.5.1: The angle sum of any triangle is ≤ 180 Notation: S(ΔABC)≤180 Similar to S(ΔABC)=180-k k≥0 Or k=180-S(ΔABC)
 Here k is the difference between 180 (Euclidean angle sum) and the angle sum of ΔABC in the hyperbolic plane
 k is generally referred to at the triangles defect notation: k=d(ΔABC)
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Theorem 6.4.1: For ΔABC, its defect d(ΔABC)>0. So 180-S(ΔABC)>0 Or S(ΔABC) <180
 Cor 6.4.2: The sum of the measures of the interior angles of a convex quadrilateral is less than 360
 Go back to the defect… How big could it be? Is it constant for all triangles?
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Review definitions
 Menalaus Point: a point on side of a triangle opposite a vertex
 Cevian Line: A line joining vertex and Menalaus point
 Read pages 346-347 Starting with picture and ending after Theorem 6.4.3
 Similarly, we have Theorem 6.4.4: If ΔABC is partitioned into a triangle and a quadrilateral by a line, then d(ΔABC) is equal to the sum of the defects of the partitioned Δ and quadrilateral.
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This idea can be extended… Theorem 6.4.6: If a convex polygon is
 partitioned into triangles in any manner, then the defect of the polygon is equal to the sum of the defects of the component triangles
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AAA in Hyperbolic Geometry
 In Euclidean Geometry, AAA is a similarity relation. What happens in Hyperbolic??
 Begin with assuming two triangles have congruent angles
 Show that AAA actually forces congruence: http://planetmath.org/encyclopedia/ProofOfAAAHyperbolic.
 html
 Theorem 6.4.5: Two triangles are congruent if all corresponding angles have the same measure
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For every triangle, we can construct its associated Saccheri Quadrilateral, and it can be shown that every triangle is equivalent to its associated SQ (theorem 6.4.7) (the defects are the same)
 Def: Two polygons are equivalent if and only if each polygon can be partitioned into a finite set of triangles such that: Two sets of triangles can be placed in a 1-1
 correspondence The 1-1 correspondence associates triangles that are
 congruent
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Equivalence is an equivalent relation.
 Lemma 6.4.10: Two SQ are congruent if their summits and summit angles are congruent Proof in book pg 355-356
 Theorem 6.4.14: Two triangles have the same defect if and only if they are equivalent.
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6.5 Area in Hyperbolic Geometry
 In Euclidean: The area of a rectangle=lw Clear that we can’t use this definition… Note: In Euclidean we measure area in terms of
 square units, but this type of unit has no meaning in the hyperbolic plane
 Still like to preserve ideas that Every polygon has a unique are Congruent polygons have congruent areas If a polygon is partitioned, the sum of the partitions equal
 the total sum of the polygon
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Def: The area A(P) for a simple polygon, P, in the hyperbolic plane is directly proportional to the polygon’s defect: A(P)=k * d(P), where k is a fixed constant
 In a sense, k defines a measurement scale With this definition it is true that Every polygon has a unique area (Thrm 6.5.1) If two polygons are congruent, then the polygons
 have congruent area (6.5.2) If a polygon P is partitioned into subregions R1 and
 R2 then A(P)=A(R1) + A(R2)
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Proof of Theorem 6.5.2 Given two polygons P and Q, such that P≡Q Then their defects are equal, or d(P)=d(Q)
 say the defect=m Then A(P)=k*m and A(Q)=k*m for a fixed k So A(P)=A(Q)
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So for a triangle, A(ΔABC)=k*d(ΔABC) Theorem 6.5.4: If ΔABC is a hyperbolic triangle, then A(ΔABC) <
 k*180 Proof: Consider <A, <B, <C of ΔABC. Each angle is between 0 and 180 degrees So S(ΔABC)>0 Subtract 180: S(ΔABC)-180 > -180 Multiply by -1: 180 – S(ΔABC) < 180 By definition: d(ΔABC)=180-S(ΔABC), so we have d(ΔABC) <180. So then A(ΔABC) =k*d(ΔABC) <k*180
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Basically, there is an upper bound for the area of a triangle.
 More generally there is an upper bound for the area of a polygon even though we can make the lengths of the triangle as large as we want.
 #4a: A=k(ΔABC) A=k*(180-S(ΔABC)) = π/180(180-178.5)=0.026 units
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6.8 Elliptic Geometry
 Riemann Geometry No parallel Lines Spherical Geometry:
 Here points are still points Lines: great circles (like the equator) or geodesics So any geodesics intersect at 2 points, therefore
 we have no parallel lines Great circles: largest intersection of a plane
 with a sphere
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Spherical Geometry
 Two points of intersection with the sphere are said to be antipodal points. The best known example of antipodal points is the north and south poles on the earth
 If A and B are two points which are not antipodal, then there is a unique great circle that contains both of them. If A and B are antipodal, then there are infinitely many great circles containing them
 Two distinct great circles meet in exactly two antipodal points
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Distance on a Sphere
 Distance between two points A and B: distance on the great circle-with a measured
 in radians:

Page 32
                        

Lunes
 Any two great circles meet in two antipodal points, and divide the sphere into four regions each of which has two sides which are segments of great circles-called a lune, or a biangle
 The vertices of a lune are antipodal points. The two angles of a lune are equal
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Angles on Spheres
 Lines that intersect at two points do not lie in plane, but the lines that are tangent to the two intersecting curves are both in the plane that is tangent to the sphere at the point of intersection.
 The angle between two curves is the angle between the tangent lines.
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Area on a sphere, radius=R
 Area of a sphere= 4πR2 . A great circle divides the sphere into two congruent
 hemispheres. Each area=2πR2 . Another great circle, which meets the first at right
 angles, divides the sphere into four congruent lunes, each area = πR2 .
 Continuing by dividing each of these four lunes into two by bisecting the angle. Now have eight congruent lunes, each area = πR2 /2. The lunar angle for each of these = π/4 radians, or 45°
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Area of a Lune
 Divide a hemisphere into q equal lunes by great circles all from one point on the great circle which forms the boundary of the hemisphere.
 The lunar angle of each= π/q, and area of each lune is 2πR2/q.
 The union of p of these lunes is one lune with: lunar angle pπ/q, and area=2pπR2/q
 Thus if α= pπ /q is the lunar angle, then the area of the lune = 2R2α area(lune) = 2R2 (lunar angle).
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Spherical Triangles
 3 points called vertices, the arcs of great circles that join the vertices, called the sides, and the area that is inclosed therein. actually get 8 triangles when you draw 3 great
 circles…some have extremely large sides deal with just “small triangles” Given the three vertices, no pair of which are
 antipodal, the small triangle has as sides the short segments of great circles that join the vertices.
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Area of Spherical Triangles
 Area=R2(A+B+C-π) called Girard's formula angles: Between π and 3π The amount it exceeds 180 is called the
 spherical excess E Notice: A+B+C=π+Area/R2
 we can see here that the angle sum is bigger than 180 by a proportion of the radius of the sphere
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Consequences of Girard’s Formula
 Distortion of Maps: A map from a small portion of the sphere to
 the plane must involve some distortion. A map is ideal if does two things:
 It maps great circles to straight lines. It preserves angles.
 Does an ideal map exist? Are there maps that have one of the properties? http://math.rice.edu/~pcmi/sphere/answer1.html
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Similarity
 Suppose we have a triangle on the sphere with angles A, B, and C. Can we find a larger triangle with the same angles? i.e. do similar triangles exist on the sphere?
 No! The area formula says any triangle with these
 angles must have the same area, and therefore cannot be larger.
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Congruency
 For spherical triangles: any two triangles with the same angles are congruent.
 So on the sphere we have AAA congruency Notice we also had AAA in Hyperbolic
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Small Triangles on Large Spheres
 Look back at the formula: A+B+C=π+Area/R2
 What happens when R is large? A+B+C=π So the triangles look like they are Euclidean! Think about the earth now…


                        

                                                    
LOAD MORE
                                            

                

            

        

                
            
                
                    
                        Related Documents
                        
                            
                        

                    

                    
                                                
                                                                                              
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Philosophy of Maths Non-Euclidean Geometries. Two lines are....

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Euclidean geometrynotes

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Applied Mathematics Euclidean Geometry

                                            
                                                
                                                    Category: 
                                                    Technology
                                                

                                            

                                                                                    

                                    

                                

                                 
                                                                                               
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Non-Euclidean Geometries Steph Hamilton. The Elements: 5...

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Diffusion kernels on SNP data embedded in a non-Euclidean...

                                            
                                                
                                                    Category: 
                                                    Science
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Molecular Geometries and Bonding Chapter 9 Molecular...

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                 
                                                     

                                                
                                                                                              
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            [email protected] 1 Riemannian Wavefield Migration:...

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Euclidean Geometry Notes

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Euclidean Distance Matrix

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                 
                                                                                               
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Object Orie’d Data Analysis, Last Time Mildly...

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            euclidean&non euclidean geometry

                                            
                                                
                                                    Category: 
                                                    Education
                                                

                                            

                                                                                    

                                    

                                

                                                                                                                            
                                    
                                        
                                            
                                                
                                            
                                        

                                        
                                            Optimization of Turbine Blade Dovetail Geometries

                                            
                                                
                                                    Category: 
                                                    Documents
                                                

                                            

                                                                                    

                                    

                                

                                 
                                                     

                                            

                

            

        

            



    
        
            	Powered by Cupdf


            	Cookie Settings
	Privacy Policy
	Term Of Service
	About Us


        

    


    

    
    
    

    
    
    

    
    
        
    
    















