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Chapter 1
 Closed set
 This article is about the complement of an open set. For a set closed under an operation, see closure (mathematics).For other uses, see Closed (disambiguation).
 In geometry, topology, and related branches of mathematics, a closed set is a set whose complement is an openset.[1][2] In a topological space, a closed set can be defined as a set which contains all its limit points. In a completemetric space, a closed set is a set which is closed under the limit operation.
 1.1 Equivalent definitions of a closed set
 In a topological space, a set is closed if and only if it coincides with its closure. Equivalently, a set is closed if andonly if it contains all of its limit points.This is not to be confused with a closed manifold.
 1.2 Properties of closed sets
 A closed set contains its own boundary. In other words, if you are “outside” a closed set, you may move a smallamount in any direction and still stay outside the set. Note that this is also true if the boundary is the empty set, e.g.in the metric space of rational numbers, for the set of numbers of which the square is less than 2.
 • Any intersection of closed sets is closed (including intersections of infinitely many closed sets)
 • The union of finitely many closed sets is closed.
 • The empty set is closed.
 • The whole set is closed.
 In fact, given a set X and a collection F of subsets of X that has these properties, then F will be the collection ofclosed sets for a unique topology on X. The intersection property also allows one to define the closure of a set A in aspace X, which is defined as the smallest closed subset of X that is a superset of A. Specifically, the closure of A canbe constructed as the intersection of all of these closed supersets.Sets that can be constructed as the union of countably many closed sets are denoted Fσ sets. These sets need not beclosed.
 1.3 Examples of closed sets• The closed interval [a,b] of real numbers is closed. (See Interval (mathematics) for an explanation of thebracket and parenthesis set notation.)
 1
 https://en.wikipedia.org/wiki/Open_set
 https://en.wikipedia.org/wiki/Closure_(mathematics)
 https://en.wikipedia.org/wiki/Closed_(disambiguation)
 https://en.wikipedia.org/wiki/Geometry
 https://en.wikipedia.org/wiki/Topology
 https://en.wikipedia.org/wiki/Mathematics
 https://en.wikipedia.org/wiki/Set_(mathematics)
 https://en.wikipedia.org/wiki/Complement_(set_theory)
 https://en.wikipedia.org/wiki/Open_set
 https://en.wikipedia.org/wiki/Open_set
 https://en.wikipedia.org/wiki/Topological_space
 https://en.wikipedia.org/wiki/Limit_point
 https://en.wikipedia.org/wiki/Complete_metric_space
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 https://en.wikipedia.org/wiki/Closure_(mathematics)
 https://en.wikipedia.org/wiki/Limit_of_a_sequence
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 https://en.wikipedia.org/wiki/Limit_point
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 https://en.wikipedia.org/wiki/Interval_(mathematics)
 https://en.wikipedia.org/wiki/Real_number
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2 CHAPTER 1. CLOSED SET
 • The unit interval [0,1] is closed in the metric space of real numbers, and the set [0,1] ∩ Q of rational numbersbetween 0 and 1 (inclusive) is closed in the space of rational numbers, but [0,1] ∩ Q is not closed in the realnumbers.
 • Some sets are neither open nor closed, for instance the half-open interval [0,1) in the real numbers.• Some sets are both open and closed and are called clopen sets.• Half-interval [1, +∞) is closed.• The Cantor set is an unusual closed set in the sense that it consists entirely of boundary points and is nowheredense.
 • Singleton points (and thus finite sets) are closed in Hausdorff spaces.• If X and Y are topological spaces, a function f from X into Y is continuous if and only if preimages of closedsets in Y are closed in X.
 1.4 More about closed sets
 In point set topology, a set A is closed if it contains all its boundary points.The notion of closed set is defined above in terms of open sets, a concept that makes sense for topological spaces,as well as for other spaces that carry topological structures, such as metric spaces, differentiable manifolds, uniformspaces, and gauge spaces.An alternative characterization of closed sets is available via sequences and nets. A subset A of a topological spaceX is closed in X if and only if every limit of every net of elements of A also belongs to A. In a first-countable space(such as a metric space), it is enough to consider only convergent sequences, instead of all nets. One value of thischaracterisation is that it may be used as a definition in the context of convergence spaces, which are more generalthan topological spaces. Notice that this characterisation also depends on the surrounding space X, because whetheror not a sequence or net converges in X depends on what points are present in X.Whether a set is closed depends on the space in which it is embedded. However, the compact Hausdorff spacesare "absolutely closed", in the sense that, if you embed a compact Hausdorff space K in an arbitrary Hausdorffspace X, then K will always be a closed subset of X; the “surrounding space” does not matter here. Stone-Čechcompactification, a process that turns a completely regular Hausdorff space into a compact Hausdorff space, may bedescribed as adjoining limits of certain nonconvergent nets to the space.Furthermore, every closed subset of a compact space is compact, and every compact subspace of a Hausdorff spaceis closed.Closed sets also give a useful characterization of compactness: a topological space X is compact if and only ifevery collection of nonempty closed subsets of X with empty intersection admits a finite subcollection with emptyintersection.A topological space X is disconnected if there exist disjoint, nonempty, closed subsets A and B of X whose union isX. Furthermore, X is totally disconnected if it has an open basis consisting of closed sets.
 1.5 See also• Open set• Clopen set• Neighbourhood
 1.6 References[1] Rudin, Walter (1976). Principles of Mathematical Analysis. McGraw-Hill. ISBN 0-07-054235-X.
 [2] Munkres, James R. (2000). Topology (2nd ed.). Prentice Hall. ISBN 0-13-181629-2.
 https://en.wikipedia.org/wiki/Unit_interval
 https://en.wikipedia.org/wiki/Rational_number
 https://en.wikipedia.org/wiki/Interval_(mathematics)
 https://en.wikipedia.org/wiki/Clopen_sets
 https://en.wikipedia.org/wiki/Cantor_set
 https://en.wikipedia.org/wiki/Hausdorff_spaces
 https://en.wikipedia.org/wiki/Point_set_topology
 https://en.wikipedia.org/wiki/Boundary_(topology)
 https://en.wikipedia.org/wiki/Open_set
 https://en.wikipedia.org/wiki/Topological_space
 https://en.wikipedia.org/wiki/Metric_space
 https://en.wikipedia.org/wiki/Differentiable_manifold
 https://en.wikipedia.org/wiki/Uniform_space
 https://en.wikipedia.org/wiki/Uniform_space
 https://en.wikipedia.org/wiki/Gauge_space
 https://en.wikipedia.org/wiki/Sequence
 https://en.wikipedia.org/wiki/Net_(mathematics)
 https://en.wikipedia.org/wiki/Limit_of_a_sequence
 https://en.wikipedia.org/wiki/First-countable_space
 https://en.wikipedia.org/wiki/Sequence
 https://en.wikipedia.org/wiki/Convergence_space
 https://en.wikipedia.org/wiki/Compact_space
 https://en.wikipedia.org/wiki/Hausdorff_space
 https://en.wikipedia.org/wiki/H-closed_space
 https://en.wikipedia.org/wiki/Stone-%C4%8Cech_compactification
 https://en.wikipedia.org/wiki/Stone-%C4%8Cech_compactification
 https://en.wikipedia.org/wiki/Completely_regular_space
 https://en.wikipedia.org/wiki/Disconnected_space
 https://en.wikipedia.org/wiki/Totally_disconnected
 https://en.wikipedia.org/wiki/Open_basis
 https://en.wikipedia.org/wiki/Open_set
 https://en.wikipedia.org/wiki/Clopen_set
 https://en.wikipedia.org/wiki/Neighbourhood_(mathematics)
 https://en.wikipedia.org/wiki/Walter_Rudin
 https://en.wikipedia.org/wiki/McGraw-Hill
 https://en.wikipedia.org/wiki/International_Standard_Book_Number
 https://en.wikipedia.org/wiki/Special:BookSources/0-07-054235-X
 https://en.wikipedia.org/wiki/James_Munkres
 https://en.wikipedia.org/wiki/Prentice_Hall
 https://en.wikipedia.org/wiki/International_Standard_Book_Number
 https://en.wikipedia.org/wiki/Special:BookSources/0-13-181629-2

Page 7
                        

Chapter 2
 Empty set
 "∅" redirects here. For similar symbols, see Ø (disambiguation).In mathematics, and more specifically set theory, the empty set is the unique set having no elements; its size orcardinality (count of elements in a set) is zero. Some axiomatic set theories ensure that the empty set exists byincluding an axiom of empty set; in other theories, its existence can be deduced. Many possible properties of setsare trivially true for the empty set.Null set was once a common synonym for “empty set”, but is now a technical term in measure theory. The empty setmay also be called the void set.
 2.1 Notation
 Common notations for the empty set include "{}", "∅", and " ∅ ". The latter two symbols were introduced by theBourbaki group (specifically André Weil) in 1939, inspired by the letter Ø in the Norwegian and Danish alphabets(and not related in any way to the Greek letter Φ).[1]
 The empty-set symbol ∅ is found at Unicode point U+2205.[2] In TeX, it is coded as \emptyset or \varnothing.
 2.2 Properties
 In standard axiomatic set theory, by the principle of extensionality, two sets are equal if they have the same elements;therefore there can be only one set with no elements. Hence there is but one empty set, and we speak of “the emptyset” rather than “an empty set”.The mathematical symbols employed below are explained here.For any set A:
 • The empty set is a subset of A:
 ∀A : ∅ ⊆ A
 • The union of A with the empty set is A:
 ∀A : A ∪ ∅ = A
 • The intersection of A with the empty set is the empty set:
 ∀A : A ∩ ∅ = ∅
 • The Cartesian product of A and the empty set is the empty set:
 ∀A : A× ∅ = ∅
 3
 https://en.wikipedia.org/wiki/%C3%98_(disambiguation)
 https://en.wikipedia.org/wiki/Mathematics
 https://en.wikipedia.org/wiki/Set_theory
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4 CHAPTER 2. EMPTY SET
 The empty set is the set containing no elements.
 The empty set has the following properties:
 • Its only subset is the empty set itself:
 ∀A : A ⊆ ∅ ⇒ A = ∅
 • The power set of the empty set is the set containing only the empty set:
 2∅ = {∅}
 https://en.wikipedia.org/wiki/Power_set

Page 9
                        

2.2. PROPERTIES 5
 A symbol for the empty set
 • Its number of elements (that is, its cardinality) is zero:
 card(∅) = 0
 The connection between the empty set and zero goes further, however: in the standard set-theoretic definition ofnatural numbers, we use sets to model the natural numbers. In this context, zero is modelled by the empty set.For any property:
 • For every element of ∅ the property holds (vacuous truth);
 • There is no element of ∅ for which the property holds.
 Conversely, if for some property and some set V, the following two statements hold:
 • For every element of V the property holds;
 • There is no element of V for which the property holds,
 V = ∅
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6 CHAPTER 2. EMPTY SET
 By the definition of subset, the empty set is a subset of any set A, as every element x of ∅ belongs to A. If it is nottrue that every element of ∅ is in A, there must be at least one element of ∅ that is not present in A. Since there areno elements of ∅ at all, there is no element of ∅ that is not in A. Hence every element of ∅ is in A, and ∅ is a subsetof A. Any statement that begins “for every element of ∅ " is not making any substantive claim; it is a vacuous truth.This is often paraphrased as “everything is true of the elements of the empty set.”
 2.2.1 Operations on the empty set
 Operations performed on the empty set (as a set of things to be operated upon) are unusual. For example, the sumof the elements of the empty set is zero, but the product of the elements of the empty set is one (see empty product).Ultimately, the results of these operations say more about the operation in question than about the empty set. Forinstance, zero is the identity element for addition, and one is the identity element for multiplication.A disarrangement of a set is a permutation of the set that leaves no element in the same position. The empty set is adisarrangment of itself as no element can be found that retains its original position.
 2.3 In other areas of mathematics
 2.3.1 Extended real numbers
 Since the empty set has no members, when it is considered as a subset of any ordered set, then every member ofthat set will be an upper bound and lower bound for the empty set. For example, when considered as a subset of thereal numbers, with its usual ordering, represented by the real number line, every real number is both an upper andlower bound for the empty set.[3] When considered as a subset of the extended reals formed by adding two “numbers”or “points” to the real numbers, namely negative infinity, denoted −∞, which is defined to be less than every otherextended real number, and positive infinity, denoted +∞, which is defined to be greater than every other extendedreal number, then:
 sup ∅ = min({−∞,+∞} ∪ R) = −∞,
 and
 inf ∅ = max({−∞,+∞} ∪ R) = +∞.
 That is, the least upper bound (sup or supremum) of the empty set is negative infinity, while the greatest lower bound(inf or infimum) is positive infinity. By analogy with the above, in the domain of the extended reals, negative infinityis the identity element for the maximum and supremum operators, while positive infinity is the identity element forminimum and infimum.
 2.3.2 Topology
 Considered as a subset of the real number line (or more generally any topological space), the empty set is both closedand open; it is an example of a “clopen” set. All its boundary points (of which there are none) are in the empty set,and the set is therefore closed; while for every one of its points (of which there are again none), there is an openneighbourhood in the empty set, and the set is therefore open. Moreover, the empty set is a compact set by the factthat every finite set is compact.The closure of the empty set is empty. This is known as “preservation of nullary unions.”
 2.3.3 Category theory
 If A is a set, then there exists precisely one function f from {} to A, the empty function. As a result, the empty set isthe unique initial object of the category of sets and functions.
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2.4. QUESTIONED EXISTENCE 7
 The empty set can be turned into a topological space, called the empty space, in just one way: by defining the emptyset to be open. This empty topological space is the unique initial object in the category of topological spaces withcontinuous maps.The empty set is more ever a strict initial object: only the empty set has a function to the empty set.
 2.4 Questioned existence
 2.4.1 Axiomatic set theory
 In Zermelo set theory, the existence of the empty set is assured by the axiom of empty set, and its uniqueness followsfrom the axiom of extensionality. However, the axiom of empty set can be shown redundant in either of two ways:
 • There is already an axiom implying the existence of at least one set. Given such an axiom together with theaxiom of separation, the existence of the empty set is easily proved.
 • In the presence of urelements, it is easy to prove that at least one set exists, viz. the set of all urelements. Again,given the axiom of separation, the empty set is easily proved.
 2.4.2 Philosophical issues
 While the empty set is a standard and widely accepted mathematical concept, it remains an ontological curiosity,whose meaning and usefulness are debated by philosophers and logicians.The empty set is not the same thing as nothing; rather, it is a set with nothing inside it and a set is always something.This issue can be overcome by viewing a set as a bag—an empty bag undoubtedly still exists. Darling (2004) explainsthat the empty set is not nothing, but rather “the set of all triangles with four sides, the set of all numbers that arebigger than nine but smaller than eight, and the set of all opening moves in chess that involve a king.”[4]
 The popular syllogism
 Nothing is better than eternal happiness; a ham sandwich is better than nothing; therefore, a ham sand-wich is better than eternal happiness
 is often used to demonstrate the philosophical relation between the concept of nothing and the empty set. Darlingwrites that the contrast can be seen by rewriting the statements “Nothing is better than eternal happiness” and "[A]ham sandwich is better than nothing” in a mathematical tone. According to Darling, the former is equivalent to “Theset of all things that are better than eternal happiness is ∅ " and the latter to “The set {ham sandwich} is better thanthe set ∅ ". It is noted that the first compares elements of sets, while the second compares the sets themselves.[4]
 Jonathan Lowe argues that while the empty set:
 "...was undoubtedly an important landmark in the history of mathematics, … we should not assume thatits utility in calculation is dependent upon its actually denoting some object.”
 it is also the case that:
 “All that we are ever informed about the empty set is that it (1) is a set, (2) has no members, and(3) is unique amongst sets in having no members. However, there are very many things that 'have nomembers’, in the set-theoretical sense—namely, all non-sets. It is perfectly clear why these things haveno members, for they are not sets. What is unclear is how there can be, uniquely amongst sets, a setwhich has no members. We cannot conjure such an entity into existence by mere stipulation.”[5]
 George Boolos argued that much of what has been heretofore obtained by set theory can just as easily be obtainedby plural quantification over individuals, without reifying sets as singular entities having other entities as members.[6]
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8 CHAPTER 2. EMPTY SET
 2.5 See also• Inhabited set
 • Nothing
 2.6 Notes[1] Earliest Uses of Symbols of Set Theory and Logic.
 [2] Unicode Standard 5.2
 [3] Bruckner, A.N., Bruckner, J.B., and Thomson, B.S., 2008. Elementary Real Analysis, 2nd ed. Prentice Hall. P. 9.
 [4] D. J. Darling (2004). The universal book of mathematics. John Wiley and Sons. p. 106. ISBN 0-471-27047-4.
 [5] E. J. Lowe (2005). Locke. Routledge. p. 87.
 [6] • George Boolos, 1984, “To be is to be the value of a variable,” The Journal of Philosophy 91: 430–49. Reprinted inhis 1998 Logic, Logic and Logic (Richard Jeffrey, and Burgess, J., eds.) Harvard Univ. Press: 54–72.
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Chapter 3
 Irreducible component
 In mathematics, and specifically in algebraic geometry, the concept of irreducible component is used to make formalthe idea that a set such as defined by the equation
 XY = 0
 is the union of the two lines
 X = 0
 and
 Y = 0.
 Thus an algebraic set is irreducible if it is not the union of two proper algebraic subsets. It is a fundamental theoremof classical algebraic geometry that every algebraic set is the union of a finite number of irreducible algebraic subsets(varieties) and that this decomposition is unique if one removes those subsets that are contained in another one. Theelements of this unique decomposition are called irreducible components.This notion may be reformulated in topological terms, using Zariski topology, for which the closed sets are thesubvarieties: an algebraic set is irreducible if it is not the union of two proper subsets that are closed for Zariskitopology. This allows a generalization in topology, and, through it, to general schemes for which the above propertyof finite decomposition is not necessarily true.
 3.1 In topology
 A topological space X is reducible if it can be written as a union X = X1 ∪ X2 of two non-empty closed propersubsets X1 , X2 of X . A topological space is irreducible (or hyperconnected) if it is not reducible. Equivalently,all non empty open subsets of X are dense or any two nonempty open sets have nonempty intersection.A subset F of a topological space X is called irreducible or reducible, if F considered as a topological space via thesubspace topology has the corresponding property in the above sense. That is, F is reducible if it can be written as aunion F = (G1 ∩ F ) ∪ (G2 ∩ F ) where G1, G2 are closed subsets of X , neither of which contains F .An irreducible component of a topological space is a maximal irreducible subset. If a subset is irreducible, itsclosure is, so irreducible components are closed.
 3.2 In algebraic geometry
 Every affine or projective algebraic set is defined as the set of the zeros of an ideal in a polynomial ring. In this case,the irreducible components are the varieties associated to the minimal primes over the ideal. This is this identification
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10 CHAPTER 3. IRREDUCIBLE COMPONENT
 that allows to prove the uniqueness and the finiteness of the decomposition. This decomposition is strongly relatedwith the primary decomposition of the ideal.In general scheme theory, every scheme is the union of its irreducible components, but the number of componentsis not necessary finite. However, in most cases occurring in “practice”, namely for all noetherian schemes, there arefinitely many irreducible components.
 3.3 Examples
 The irreducibility depends much on actual topology on some set. For example, possibly contradicting the intuition,the real numbers are reducible for their usual topology: they are the union of the two closed intervals ]-∞,0] and[0,+∞[.The notion of irreducible component is fundamental in algebraic geometry and rarely considered outside this area ofmathematics: consider the algebraic set
 X := {(x, y) | xy = 0}.
 It is subset of the plane. For the Zariski topology, its closed subsets are itself, the empty set, the singletons and thetwo lines defined by x = 0 and y = 0. It is thus reducible with these two lines as irreducible components.This can also be read off the coordinate ring k[x, y]/(xy) (if the variety is defined over a field k), whose minimal primeideals are (x) and (y).This article incorporates material from irreducible on PlanetMath, which is licensed under the Creative CommonsAttribution/Share-Alike License. This article incorporates material from Irreducible component on PlanetMath, whichis licensed under the Creative Commons Attribution/Share-Alike License.
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Chapter 4
 Open set
 Example: The points (x, y) satisfying x2 + y2 = r2 are colored blue. The points (x, y) satisfying x2 + y2 < r2 are colored red. Thered points form an open set. The blue points form a boundary set. The union of the red and blue points is a closed set.
 In topology, an open set is an abstract concept generalizing the idea of an open interval in the real line. The simplestexample is in metric spaces, where open sets can be defined as those sets which contain an open ball around each of
 11
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12 CHAPTER 4. OPEN SET
 their points (or, equivalently, a set is open if it doesn't contain any of its boundary points); however, an open set, ingeneral, can be very abstract: any collection of sets can be called open, as long as the union of an arbitrary numberof open sets is open, the intersection of a finite number of open sets is open, and the space itself is open. Theseconditions are very loose, and they allow enormous flexibility in the choice of open sets. In the two extremes, everyset can be open (called the discrete topology), or no set can be open but the space itself (the indiscrete topology).In practice, however, open sets are usually chosen to be similar to the open intervals of the real line. The notion of anopen set provides a fundamental way to speak of nearness of points in a topological space, without explicitly havinga concept of distance defined. Once a choice of open sets is made, the properties of continuity, connectedness, andcompactness, which use notions of nearness, can be defined using these open sets.Each choice of open sets for a space is called a topology. Although open sets and the topologies that they comprise areof central importance in point-set topology, they are also used as an organizational tool in other important branchesof mathematics. Examples of topologies include the Zariski topology in algebraic geometry that reflects the algebraicnature of varieties, and the topology on a differential manifold in differential topology where each point within thespace is contained in an open set that is homeomorphic to an open ball in a finite-dimensional Euclidean space.
 4.1 Motivation
 Intuitively, an open set provides a method to distinguish two points. For example, if about one point in a topologicalspace there exists an open set not containing another (distinct) point, the two points are referred to as topologicallydistinguishable. In this manner, one may speak of whether two subsets of a topological space are “near” withoutconcretely defining a metric on the topological space. Therefore, topological spaces may be seen as a generalizationof metric spaces.In the set of all real numbers, one has the natural Euclidean metric; that is, a function which measures the distancebetween two real numbers: d(x, y) = |x - y|. Therefore, given a real number, one can speak of the set of all pointsclose to that real number; that is, within ε of that real number (refer to this real number as x). In essence, pointswithin ε of x approximate x to an accuracy of degree ε. Note that ε > 0 always but as ε becomes smaller and smaller,one obtains points that approximate x to a higher and higher degree of accuracy. For example, if x = 0 and ε = 1, thepoints within ε of x are precisely the points of the interval (−1, 1); that is, the set of all real numbers between −1and 1. However, with ε = 0.5, the points within ε of x are precisely the points of (−0.5, 0.5). Clearly, these pointsapproximate x to a greater degree of accuracy compared to when ε = 1.The previous discussion shows, for the case x = 0, that one may approximate x to higher and higher degrees ofaccuracy by defining ε to be smaller and smaller. In particular, sets of the form (-ε, ε) give us a lot of informationabout points close to x = 0. Thus, rather than speaking of a concrete Euclidean metric, one may use sets to describepoints close to x. This innovative idea has far-reaching consequences; in particular, by defining different collectionsof sets containing 0 (distinct from the sets (-ε, ε)), one may find different results regarding the distance between 0 andother real numbers. For example, if we were to define R as the only such set for “measuring distance”, all points areclose to 0 since there is only one possible degree of accuracy one may achieve in approximating 0: being a memberof R. Thus, we find that in some sense, every real number is distance 0 away from 0! It may help in this case to thinkof the measure as being a binary condition, all things in R are equally close to 0, while any item that is not in R is notclose to 0.In general, one refers to the family of sets containing 0, used to approximate 0, as a neighborhood basis; a memberof this neighborhood basis is referred to as an open set. In fact, one may generalize these notions to an arbitraryset (X); rather than just the real numbers. In this case, given a point (x) of that set, one may define a collectionof sets “around” (that is, containing) x, used to approximate x. Of course, this collection would have to satisfycertain properties (known as axioms) for otherwise we may not have a well-defined method to measure distance. Forexample, every point in X should approximate x to some degree of accuracy. Thus X should be in this family. Oncewe begin to define “smaller” sets containing x, we tend to approximate x to a greater degree of accuracy. Bearing thisin mind, one may define the remaining axioms that the family of sets about x is required to satisfy.
 4.2 Definitions
 The concept of open sets can be formalized with various degrees of generality, for example:
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4.3. PROPERTIES 13
 4.2.1 Euclidean space
 A subset U of the Euclidean n-space Rn is called open if, given any point x in U, there exists a real number ε > 0 suchthat, given any point y in Rn whose Euclidean distance from x is smaller than ε, y also belongs to U.[1] Equivalently,a subset U of Rn is open if every point in U has a neighborhood in Rn contained in U.
 4.2.2 Metric spaces
 A subset U of a metric space (M, d) is called open if, given any point x in U, there exists a real number ε > 0 suchthat, given any point y in M with d(x, y) < ε, y also belongs to U. Equivalently, U is open if every point in U has aneighbourhood contained in U.This generalises the Euclidean space example, since Euclidean space with the Euclidean distance is a metric space.
 4.2.3 Topological spaces
 In general topological spaces, the open sets can be almost anything, with different choices giving different spaces.Let X be a set and τ be a family of sets. We say that τ is a topology on X if:
 • X ∈ τ, ∅ ∈ τ ( X and ∅ are in τ )
 • {Oi}i∈I ⊆ τ ⇒ ∪i∈IOi ∈ τ (any union of sets in τ is in τ )
 • {Oi}i∈I ⊆ τ ⇒ ∩ni=1Oi ∈ τ (any finite intersection of sets in τ is in τ )
 We call the sets in τ the open sets.Note that infinite intersections of open sets need not be open. For example, the intersection of all intervals of theform (−1/n, 1/n), where n is a positive integer, is the set {0} which is not open in the real line. Sets that can beconstructed as the intersection of countably many open sets are denoted Gδ sets.The topological definition of open sets generalises the metric space definition: If one begins with a metric space anddefines open sets as before, then the family of all open sets is a topology on the metric space. Every metric space istherefore, in a natural way, a topological space. There are, however, topological spaces that are not metric spaces.
 4.3 Properties
 • The empty set is both open and closed (clopen set).[2]
 • The set X that the topology is defined on is both open and closed (clopen set).
 • The union of any number of open sets is open.[3]
 • The intersection of a finite number of open sets is open.[3]
 4.4 Uses
 Open sets have a fundamental importance in topology. The concept is required to define andmake sense of topologicalspace and other topological structures that deal with the notions of closeness and convergence for spaces such as metricspaces and uniform spaces.Every subset A of a topological space X contains a (possibly empty) open set; the largest such open set is called theinterior of A. It can be constructed by taking the union of all the open sets contained in A.Given topological spaces X and Y, a function f from X to Y is continuous if the preimage of every open set in Y isopen in X. The function f is called open if the image of every open set in X is open in Y.An open set on the real line has the characteristic property that it is a countable union of disjoint open intervals.
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14 CHAPTER 4. OPEN SET
 4.5 Notes and cautions
 4.5.1 “Open” is defined relative to a particular topology
 Whether a set is open depends on the topology under consideration. Having opted for greater brevity over greaterclarity, we refer to a set X endowed with a topology T as “the topological space X" rather than “the topological space(X, T)", despite the fact that all the topological data is contained in T. If there are two topologies on the same set, a setU that is open in the first topology might fail to be open in the second topology. For example, if X is any topologicalspace and Y is any subset of X, the set Y can be given its own topology (called the 'subspace topology') defined by“a set U is open in the subspace topology on Y if and only if U is the intersection of Y with an open set from theoriginal topology on X.” This potentially introduces new open sets: if V is open in the original topology on X, butV ∩ Y isn't, then V ∩ Y is open in the subspace topology on Y but not in the original topology on X.As a concrete example of this, if U is defined as the set of rational numbers in the interval (0, 1), then U is an opensubset of the rational numbers, but not of the real numbers. This is because when the surrounding space is the rationalnumbers, for every point x in U, there exists a positive number a such that all rational points within distance a ofx are also in U. On the other hand, when the surrounding space is the reals, then for every point x in U there is nopositive a such that all real points within distance a of x are in U (since U contains no non-rational numbers).
 4.5.2 Open and closed are not mutually exclusive
 A set might be open, closed, both, or neither.For example, we'll use the real line with its usual topology (the Euclidean topology), which is defined as follows:every interval (a,b) of real numbers belongs to the topology, and every union of such intervals, e.g. (a, b) ∪ (c, d) ,belongs to the topology.
 • In any topology, the entire set X is declared open by definition, as is the empty set. Moreover, the complementof the entire set X is the empty set; since X has an open complement, this means by definition that X is closed.Hence, in any topology, the entire space is simultaneously open and closed ("clopen").
 • The interval I = (0, 1) is open because it belongs to the Euclidean topology. If I were to have an opencomplement, it would mean by definition that I were closed. But I does not have an open complement; itscomplement is IC = (−∞, 0] ∪ [1,∞) , which does not belong to the Euclidean topology since it is not aunion of intervals of the form (a, b) . Hence, I is an example of a set that is open but not closed.
 • By a similar argument, the interval J = [0, 1] is closed but not open.• Finally, since neither K = [0, 1) nor its complement KC = (−∞, 0) ∪ [1,∞) belongs to the Euclideantopology (neither one can be written as a union of intervals of the form (a,b) ), this means that K is neitheropen nor closed.
 4.6 See also• Closed set• Clopen set• Neighbourhood
 4.7 References[1] Ueno, Kenji et al. (2005). “The birth of manifolds”. A Mathematical Gift: The Interplay Between Topology, Functions,
 Geometry, and Algebra. Vol. 3. American Mathematical Society. p. 38. ISBN 9780821832844.
 [2] Krantz, Steven G. (2009). “Fundamentals”. Essentials of Topology With Applications. CRC Press. pp. 3–4. ISBN9781420089745.
 [3] Taylor, Joseph L. (2011). “Analytic functions”. Complex Variables. The Sally Series. American Mathematical Society. p.29. ISBN 9780821869017.
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4.8. EXTERNAL LINKS 15
 4.8 External links• Hazewinkel, Michiel, ed. (2001), “Open set”, Encyclopedia of Mathematics, Springer, ISBN 978-1-55608-010-4
 • Open Set at PlanetMath.org.
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Chapter 5
 Subset
 “Superset” redirects here. For other uses, see Superset (disambiguation).In mathematics, especially in set theory, a set A is a subset of a set B, or equivalently B is a superset of A, if A is
 AB
 Euler diagram showingA is a proper subset of B and conversely B is a proper superset of A
 16
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5.1. DEFINITIONS 17
 “contained” inside B, that is, all elements of A are also elements of B. A and B may coincide. The relationship of oneset being a subset of another is called inclusion or sometimes containment.The subset relation defines a partial order on sets.The algebra of subsets forms a Boolean algebra in which the subset relation is called inclusion.
 5.1 Definitions
 If A and B are sets and every element of A is also an element of B, then:
 • A is a subset of (or is included in) B, denoted by A ⊆ B ,or equivalently
 • B is a superset of (or includes) A, denoted by B ⊇ A.
 If A is a subset of B, but A is not equal to B (i.e. there exists at least one element of B which is not an element of A),then
 • A is also a proper (or strict) subset of B; this is written as A ⊊ B.
 or equivalently
 • B is a proper superset of A; this is written as B ⊋ A.
 For any set S, the inclusion relation ⊆ is a partial order on the set P(S) of all subsets of S (the power set of S).When quantified, A ⊆ B is represented as: ∀x{x∈A → x∈B}.[1]
 5.2 ⊂ and ⊃ symbols
 Some authors use the symbols ⊂ and ⊃ to indicate subset and superset respectively; that is, with the same meaningand instead of the symbols, ⊆ and ⊇.[2] So for example, for these authors, it is true of every set A that A ⊂ A.Other authors prefer to use the symbols ⊂ and ⊃ to indicate proper subset and superset, respectively, instead of ⊊ and⊋.[3] This usage makes ⊆ and ⊂ analogous to the inequality symbols ≤ and <. For example, if x ≤ y then x may ormay not equal y, but if x < y, then x may not equal y, and is less than y. Similarly, using the convention that ⊂ isproper subset, if A ⊆ B, then A may or may not equal B, but if A ⊂ B, then A definitely does not equal B.
 5.3 Examples
 • The set A = {1, 2} is a proper subset of B = {1, 2, 3}, thus both expressions A ⊆ B and A ⊊ B are true.
 • The set D = {1, 2, 3} is a subset of E = {1, 2, 3}, thus D ⊆ E is true, and D ⊊ E is not true (false).
 • Any set is a subset of itself, but not a proper subset. (X ⊆ X is true, and X ⊊ X is false for any set X.)
 • The empty set { }, denoted by ∅, is also a subset of any given set X. It is also always a proper subset of any setexcept itself.
 • The set {x: x is a prime number greater than 10} is a proper subset of {x: x is an odd number greater than 10}
 • The set of natural numbers is a proper subset of the set of rational numbers; likewise, the set of points in a linesegment is a proper subset of the set of points in a line. These are two examples in which both the subset andthe whole set are infinite, and the subset has the same cardinality (the concept that corresponds to size, that is,the number of elements, of a finite set) as the whole; such cases can run counter to one’s initial intuition.
 • The set of rational numbers is a proper subset of the set of real numbers. In this example, both sets are infinitebut the latter set has a larger cardinality (or power) than the former set.
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18 CHAPTER 5. SUBSET
 polygonsregular
 polygons
 The regular polygons form a subset of the polygons
 Another example in an Euler diagram:
 • A is a proper subset of B
 • C is a subset but not a proper subset of B
 5.4 Other properties of inclusion
 Inclusion is the canonical partial order in the sense that every partially ordered set (X, ⪯ ) is isomorphic to somecollection of sets ordered by inclusion. The ordinal numbers are a simple example—if each ordinal n is identifiedwith the set [n] of all ordinals less than or equal to n, then a ≤ b if and only if [a] ⊆ [b].For the power set P(S) of a set S, the inclusion partial order is (up to an order isomorphism) the Cartesian product ofk = |S| (the cardinality of S) copies of the partial order on {0,1} for which 0 < 1. This can be illustrated by enumeratingS = {s1, s2, …, sk} and associating with each subset T ⊆ S (which is to say with each element of 2S) the k-tuple from{0,1}k of which the ith coordinate is 1 if and only if si is a member of T.
 5.5 See also• Containment order
 5.6 References[1] Rosen, Kenneth H. (2012). Discrete Mathematics and Its Applications (7th ed.). New York: McGraw-Hill. p. 119. ISBN
 978-0-07-338309-5.
 [2] Rudin, Walter (1987), Real and complex analysis (3rd ed.), New York: McGraw-Hill, p. 6, ISBN 978-0-07-054234-1,MR 924157
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5.7. EXTERNAL LINKS 19
 C B A
 A B and B C imply A C
 [3] Subsets and Proper Subsets (PDF), retrieved 2012-09-07
 • Jech, Thomas (2002). Set Theory. Springer-Verlag. ISBN 3-540-44085-2.
 5.7 External links• Weisstein, Eric W., “Subset”, MathWorld.
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Chapter 6
 Topological space
 In topology and related branches of mathematics, a topological space may be defined as a set of points, alongwith a set of neighbourhoods for each point, that satisfy a set of axioms relating points and neighbourhoods. Thedefinition of a topological space relies only upon set theory and is the most general notion of a mathematical spacethat allows for the definition of concepts such as continuity, connectedness, and convergence.[1] Other spaces, such asmanifolds and metric spaces, are specializations of topological spaces with extra structures or constraints. Being sogeneral, topological spaces are a central unifying notion and appear in virtually every branch of modern mathematics.The branch of mathematics that studies topological spaces in their own right is called point-set topology or generaltopology.
 6.1 History of Development
 6.2 Definition
 Main article: Characterizations of the category of topological spaces
 The utility of the notion of a topology is shown by the fact that there are several equivalent definitions of this structure.Thus one chooses the axiomatisation suited for the application. The most commonly used, and the most elegant, isthat in terms of open sets, but the most intuitive is that in terms of neighbourhoods and so we give this first. Note: Avariety of other axiomatisations of topological spaces are listed in the Exercises of the book by Vaidyanathaswamy.
 6.2.1 Neighbourhoods definition
 This axiomatization is due to Felix Hausdorff. Let X be a set; the elements of X are usually called points, though theycan be any mathematical object. We allow X to be empty. Let N be a function assigning to each x (point) in X anon-empty collection N(x) of subsets of X. The elements of N(x) will be called neighbourhoods of x with respect toN (or, simply, neighbourhoods of x). The function N is called a neighbourhood topology if the axioms below[2] aresatisfied; and then X with N is called a topological space.
 1. If N is a neighbourhood of x (i.e., N ∈ N(x)), then x ∈ N. In other words, each point belongs to every one of itsneighbourhoods.
 2. If N is a subset of X and contains a neighbourhood of x, then N is a neighbourhood of x. I.e., every supersetof a neighbourhood of a point x in X is again a neighbourhood of x.
 3. The intersection of two neighbourhoods of x is a neighbourhood of x.
 4. Any neighbourhood N of x contains a neighbourhood M of x such that N is a neighbourhood of each point ofM.
 20
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6.2. DEFINITION 21
 The first three axioms for neighbourhoods have a clear meaning. The fourth axiom has a very important use in thestructure of the theory, that of linking together the neighbourhoods of different points of X.A standard example of such a system of neighbourhoods is for the real line R, where a subset N of R is defined to bea neighbourhood of a real number x if there is an open interval containing x and contained in N.Given such a structure, we can define a subset U of X to be open if U is a neighbourhood of all points in U. It is aremarkable fact that the open sets then satisfy the elegant axioms given below, and that, given these axioms, we canrecover the neighbourhoods satisfying the above axioms by defining N to be a neighbourhood of x if N contains anopen set U such that x ∈ U.[3]
 6.2.2 Open sets definition
 1 2 3 1 2 3
 1 2 3 1 2 3
 1 2 3 1 2 3
 Four examples and two non-examples of topologies on the three-point set {1,2,3}. The bottom-left example is not a topology becausethe union of {2} and {3} [i.e. {2,3}] is missing; the bottom-right example is not a topology because the intersection of {1,2} and{2,3} [i.e. {2}], is missing.
 A topological space is then a set X together with a collection of subsets of X, called open sets and satisfying thefollowing axioms:[4]
 1. The empty set and X itself are open.
 2. Any union of open sets is open.
 3. The intersection of any finite number of open sets is open.
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22 CHAPTER 6. TOPOLOGICAL SPACE
 The collection τ of open sets is then also called a topology onX, or, if more precision is needed, an open set topology.The sets in τ are called the open sets, and their complements in X are called closed sets. A subset of Xmay be neitherclosed nor open, either closed or open, or both. A set that is both closed and open is called a clopen set.
 Examples
 1. X = {1, 2, 3, 4} and collection τ = {{}, {1, 2, 3, 4}} of only the two subsets of X required by the axioms forma topology, the trivial topology (indiscrete topology).
 2. X = {1, 2, 3, 4} and collection τ = {{}, {2}, {1, 2}, {2, 3}, {1, 2, 3}, {1, 2, 3, 4}} of six subsets of X formanother topology.
 3. X = {1, 2, 3, 4} and collection τ = P(X) (the power set of X) form a third topology, the discrete topology.
 4. X =Z, the set of integers, and collection τ equal to all finite subsets of the integers plusZ itself is not a topology,because (for example) the union of all finite sets not containing zero is infinite but is not all of Z, and so is notin τ .
 6.2.3 Closed sets definition
 Using de Morgan’s laws, the above axioms defining open sets become axioms defining closed sets:
 1. The empty set and X are closed.
 2. The intersection of any collection of closed sets is also closed.
 3. The union of any finite number of closed sets is also closed.
 Using these axioms, another way to define a topological space is as a set X together with a collection τ of closedsubsets of X. Thus the sets in the topology τ are the closed sets, and their complements in X are the open sets.
 6.2.4 Other definitions
 There are many other equivalent ways to define a topological space: in other words, the concepts of neighbourhoodor of open respectively closed set can be reconstructed from other starting points and satisfy the correct axioms.Another way to define a topological space is by using the Kuratowski closure axioms, which define the closed sets asthe fixed points of an operator on the power set of X.A net is a generalisation of the concept of sequence. A topology is completely determined if for every net in X theset of its accumulation points is specified.
 6.3 Comparison of topologies
 Main article: Comparison of topologies
 A variety of topologies can be placed on a set to form a topological space. When every set in a topology τ1 is also ina topology τ2 and τ1 is a subset of τ2, we say that τ2 is finer than τ1, and τ1 is coarser than τ2. A proof that reliesonly on the existence of certain open sets will also hold for any finer topology, and similarly a proof that relies onlyon certain sets not being open applies to any coarser topology. The terms larger and smaller are sometimes used inplace of finer and coarser, respectively. The terms stronger and weaker are also used in the literature, but with littleagreement on the meaning, so one should always be sure of an author’s convention when reading.The collection of all topologies on a given fixed set X forms a complete lattice: if F = {τα| α in A} is a collectionof topologies on X, then the meet of F is the intersection of F, and the join of F is the meet of the collection of alltopologies on X that contain every member of F.
 https://en.wikipedia.org/wiki/Open_set
 https://en.wikipedia.org/wiki/Complement_(set_theory)
 https://en.wikipedia.org/wiki/Closed_set
 https://en.wikipedia.org/wiki/Clopen_set
 https://en.wikipedia.org/wiki/Trivial_topology
 https://en.wikipedia.org/wiki/Power_set
 https://en.wikipedia.org/wiki/Discrete_topology
 https://en.wikipedia.org/wiki/De_Morgan%2527s_laws
 https://en.wikipedia.org/wiki/Kuratowski_closure_axioms
 https://en.wikipedia.org/wiki/Fixed_point_(mathematics)
 https://en.wikipedia.org/wiki/Operator_(mathematics)
 https://en.wikipedia.org/wiki/Power_set
 https://en.wikipedia.org/wiki/Net_(mathematics)
 https://en.wikipedia.org/wiki/Sequence
 https://en.wikipedia.org/wiki/Topology_glossary
 https://en.wikipedia.org/wiki/Comparison_of_topologies
 https://en.wikipedia.org/wiki/Finer_topology
 https://en.wikipedia.org/wiki/Coarser_topology
 https://en.wikipedia.org/wiki/Complete_lattice
 https://en.wikipedia.org/wiki/Infimum#Infima_within_partially_ordered_sets
 https://en.wikipedia.org/wiki/Supremum#Suprema_within_partially_ordered_sets

Page 27
                        

6.4. CONTINUOUS FUNCTIONS 23
 6.4 Continuous functions
 A function f : X→ Y between topological spaces is called continuous if for all x ∈X and all neighbourhoodsN of f(x)there is a neighbourhoodM of x such that f(M) ⊆N. This relates easily to the usual definition in analysis. Equivalently,f is continuous if the inverse image of every open set is open.[5] This is an attempt to capture the intuition that thereare no “jumps” or “separations” in the function. A homeomorphism is a bijection that is continuous and whose inverseis also continuous. Two spaces are called homeomorphic if there exists a homeomorphism between them. From thestandpoint of topology, homeomorphic spaces are essentially identical.In category theory, Top, the category of topological spaces with topological spaces as objects and continuous functionsas morphisms is one of the fundamental categories in category theory. The attempt to classify the objects of thiscategory (up to homeomorphism) by invariants has motivated areas of research, such as homotopy theory, homologytheory, and K-theory etc.
 6.5 Examples of topological spaces
 A given set may have many different topologies. If a set is given a different topology, it is viewed as a differenttopological space. Any set can be given the discrete topology in which every subset is open. The only convergentsequences or nets in this topology are those that are eventually constant. Also, any set can be given the trivial topology(also called the indiscrete topology), in which only the empty set and the whole space are open. Every sequence andnet in this topology converges to every point of the space. This example shows that in general topological spaces,limits of sequences need not be unique. However, often topological spaces must be Hausdorff spaces where limitpoints are unique.There are many ways of defining a topology on R, the set of real numbers. The standard topology on R is generatedby the open intervals. The set of all open intervals forms a base or basis for the topology, meaning that every openset is a union of some collection of sets from the base. In particular, this means that a set is open if there exists anopen interval of non zero radius about every point in the set. More generally, the Euclidean spaces Rn can be givena topology. In the usual topology on Rn the basic open sets are the open balls. Similarly, C, the set of complexnumbers, and Cn have a standard topology in which the basic open sets are open balls.Every metric space can be given a metric topology, in which the basic open sets are open balls defined by the metric.This is the standard topology on any normed vector space. On a finite-dimensional vector space this topology is thesame for all norms.Many sets of linear operators in functional analysis are endowed with topologies that are defined by specifying whena particular sequence of functions converges to the zero function.Any local field has a topology native to it, and this can be extended to vector spaces over that field.Every manifold has a natural topology since it is locally Euclidean. Similarly, every simplex and every simplicialcomplex inherits a natural topology from Rn.The Zariski topology is defined algebraically on the spectrum of a ring or an algebraic variety. On Rn or Cn, theclosed sets of the Zariski topology are the solution sets of systems of polynomial equations.A linear graph has a natural topology that generalises many of the geometric aspects of graphs with vertices andedges.The Sierpiński space is the simplest non-discrete topological space. It has important relations to the theory of com-putation and semantics.There exist numerous topologies on any given finite set. Such spaces are called finite topological spaces. Finite spacesare sometimes used to provide examples or counterexamples to conjectures about topological spaces in general.Any set can be given the cofinite topology in which the open sets are the empty set and the sets whose complementis finite. This is the smallest T1 topology on any infinite set.Any set can be given the cocountable topology, in which a set is defined as open if it is either empty or its complementis countable. When the set is uncountable, this topology serves as a counterexample in many situations.The real line can also be given the lower limit topology. Here, the basic open sets are the half open intervals [a, b).This topology on R is strictly finer than the Euclidean topology defined above; a sequence converges to a point in thistopology if and only if it converges from above in the Euclidean topology. This example shows that a set may have
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24 CHAPTER 6. TOPOLOGICAL SPACE
 many distinct topologies defined on it.If Γ is an ordinal number, then the set Γ = [0, Γ) may be endowed with the order topology generated by the intervals(a, b), [0, b) and (a, Γ) where a and b are elements of Γ.
 6.6 Topological constructions
 Every subset of a topological space can be given the subspace topology in which the open sets are the intersectionsof the open sets of the larger space with the subset. For any indexed family of topological spaces, the product can begiven the product topology, which is generated by the inverse images of open sets of the factors under the projectionmappings. For example, in finite products, a basis for the product topology consists of all products of open sets. Forinfinite products, there is the additional requirement that in a basic open set, all but finitely many of its projectionsare the entire space.A quotient space is defined as follows: if X is a topological space and Y is a set, and if f : X→ Y is a surjectivefunction, then the quotient topology on Y is the collection of subsets of Y that have open inverse images under f. Inother words, the quotient topology is the finest topology on Y for which f is continuous. A common example of aquotient topology is when an equivalence relation is defined on the topological space X. The map f is then the naturalprojection onto the set of equivalence classes.The Vietoris topology on the set of all non-empty subsets of a topological space X, named for Leopold Vietoris, isgenerated by the following basis: for every n-tuple U1, ..., Un of open sets in X, we construct a basis set consistingof all subsets of the union of the Ui that have non-empty intersections with each Ui.
 6.7 Classification of topological spaces
 Topological spaces can be broadly classified, up to homeomorphism, by their topological properties. A topologicalproperty is a property of spaces that is invariant under homeomorphisms. To prove that two spaces are not home-omorphic it is sufficient to find a topological property not shared by them. Examples of such properties includeconnectedness, compactness, and various separation axioms.See the article on topological properties for more details and examples.
 6.8 Topological spaces with algebraic structure
 For any algebraic objects we can introduce the discrete topology, under which the algebraic operations are continuousfunctions. For any such structure that is not finite, we often have a natural topology compatible with the algebraicoperations, in the sense that the algebraic operations are still continuous. This leads to concepts such as topologicalgroups, topological vector spaces, topological rings and local fields.
 6.9 Topological spaces with order structure• Spectral. A space is spectral if and only if it is the prime spectrum of a ring (Hochster theorem).
 • Specialization preorder. In a space the specialization (or canonical) preorder is defined by x ≤ y if andonly if cl{x} ⊆ cl{y}.
 6.10 Specializations and generalizations
 The following spaces and algebras are either more specialized or more general than the topological spaces discussedabove.
 • Proximity spaces provide a notion of closeness of two sets.
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 • Metric spaces embody a metric, a precise notion of distance between points.
 • Uniform spaces axiomatize ordering the distance between distinct points.
 • A topological space in which the points are functions is called a function space.
 • Cauchy spaces axiomatize the ability to test whether a net is Cauchy. Cauchy spaces provide a general settingfor studying completions.
 • Convergence spaces capture some of the features of convergence of filters.
 • Grothendieck sites are categories with additional data axiomatizing whether a family of arrows covers an object.Sites are a general setting for defining sheaves.
 6.11 See also• Space (mathematics)
 • Kolmogorov space (T0)
 • accessible/Fréchet space (T1)
 • Hausdorff space (T2)
 • Completely Hausdorff space and Urysohn space (T₂½)
 • Regular space and regular Hausdorff space (T3)
 • Tychonoff space and completely regular space (T₃½)
 • Normal Hausdorff space (T4)
 • Completely normal Hausdorff space (T5)
 • Perfectly normal Hausdorff space (T6)
 • Quasitopological space
 • Complete Heyting algebra – The system of all open sets of a given topological space ordered by inclusion is acomplete Heyting algebra.
 6.12 Notes[1] Schubert 1968, p. 13
 [2] Brown 2006, section 2.1.
 [3] Brown 2006, section 2.2.
 [4] Armstrong 1983, definition 2.1.
 [5] Armstrong 1983, theorem 2.6.
 6.13 References• Armstrong, M. A. (1983) [1979]. Basic Topology. Undergraduate Texts in Mathematics. Springer. ISBN0-387-90839-0.
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Chapter 7
 Topology
 Not to be confused with topography.This article is about the branch of mathematics. For other uses, see Topology (disambiguation).In mathematics, topology (from the Greek τόπος, place, and λόγος, study), is the study of a collection of open
 Möbius strips, which have only one surface and one edge, are a kind of object studied in topology.
 sets, making a given set a topological space. It is an area of mathematics concerned with the properties of space thatare preserved under continuous deformations, such as stretching and bending, but not tearing or gluing. Importanttopological properties include connectedness and compactness.[1]
 Topology developed as a field of study out of geometry and set theory, through analysis of such concepts as space,dimension, and transformation.[2] Such ideas go back to Gottfried Leibniz, who in the 17th century envisioned thegeometria situs (Greek-Latin for “geometry of place”) and analysis situs (Greek-Latin for “picking apart of place”).Leonhard Euler's Seven Bridges of Königsberg Problem and Polyhedron Formula are arguably the field’s first theo-rems. The term topology was introduced by Johann Benedict Listing in the 19th century, although it was not untilthe first decades of the 20th century that the idea of a topological space was developed. By the middle of the 20thcentury, topology had become a major branch of mathematics.Topology has many subfields:
 • General topology establishes the foundational aspects of topology and investigates properties of topological
 27
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28 CHAPTER 7. TOPOLOGY
 spaces and investigates concepts inherent to topological spaces. It includes point-set topology, which is thefoundational topology used in all other branches (including topics like compactness and connectedness).
 • Algebraic topology tries to measure degrees of connectivity using algebraic constructs such as homology andhomotopy groups.
 • Differential topology is the field dealing with differentiable functions on differentiable manifolds. It is closelyrelated to differential geometry and together they make up the geometric theory of differentiable manifolds.
 • Geometric topology primarily studies manifolds and their embeddings (placements) in other manifolds. Aparticularly active area is low dimensional topology, which studies manifolds of four or fewer dimensions.This includes knot theory, the study of mathematical knots.
 A three-dimensional depiction of a thickened trefoil knot, the simplest non-trivial knot
 7.1 History
 Topology began with the investigation of certain questions in geometry. Leonhard Euler's 1736 paper on the SevenBridges of Königsberg[3] is regarded as one of the first academic treatises in modern topology.The term “Topologie” was introduced in German in 1847 by Johann Benedict Listing in Vorstudien zur Topologie,[4]who had used the word for ten years in correspondence before its first appearance in print. The English form topologywas first used in 1883 in Listing’s obituary in the journal Nature[5] to distinguish "...qualitative geometry from theordinary geometry in which quantitative relations chiefly are treated.” The term topologist in the sense of a specialistin topology was used in 1905 in the magazine Spectator. However, none of these uses corresponds exactly to themodern definition of topology.Modern topology depends strongly on the ideas of set theory, developed by Georg Cantor in the later part of the 19thcentury. In addition to establishing the basic ideas of set theory, Cantor considered point sets in Euclidean space aspart of his study of Fourier series.
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7.2. INTRODUCTION 29
 The Seven Bridges of Königsberg was a problem solved by Euler.
 Henri Poincaré published Analysis Situs in 1895,[6] introducing the concepts of homotopy and homology, which arenow considered part of algebraic topology.Unifying the work on function spaces of Georg Cantor, Vito Volterra, Cesare Arzelà, Jacques Hadamard, GiulioAscoli and others, Maurice Fréchet introduced the metric space in 1906.[7] A metric space is now considered aspecial case of a general topological space. In 1914, Felix Hausdorff coined the term “topological space” and gavethe definition for what is now called a Hausdorff space.[8] Currently, a topological space is a slight generalization ofHausdorff spaces, given in 1922 by Kazimierz Kuratowski.For further developments, see point-set topology and algebraic topology.
 7.2 Introduction
 Topology can be formally defined as “the study of qualitative properties of certain objects (called topological spaces)that are invariant under a certain kind of transformation (called a continuous map), especially those properties thatare invariant under a certain kind of transformation (called homeomorphism).”Topology is also used to refer to a structure imposed upon a set X, a structure that essentially 'characterizes’ the set Xas a topological space by taking proper care of properties such as convergence, connectedness and continuity, upontransformation.Topological spaces show up naturally in almost every branch of mathematics. This has made topology one of thegreat unifying ideas of mathematics.The motivating insight behind topology is that some geometric problems depend not on the exact shape of the objectsinvolved, but rather on the way they are put together. For example, the square and the circle have many properties incommon: they are both one dimensional objects (from a topological point of view) and both separate the plane intotwo parts, the part inside and the part outside.
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30 CHAPTER 7. TOPOLOGY
 In one of the first papers in topology, Leonhard Euler demonstrated that it was impossible to find a route throughthe town of Königsberg (now Kaliningrad) that would cross each of its seven bridges exactly once. This result didnot depend on the lengths of the bridges, nor on their distance from one another, but only on connectivity properties:which bridges connect to which islands or riverbanks. This problem in introductory mathematics called Seven Bridgesof Königsberg led to the branch of mathematics known as graph theory.
 A continuous deformation (a type of homeomorphism) of a mug into a doughnut (torus) and back
 Similarly, the hairy ball theorem of algebraic topology says that “one cannot comb the hair flat on a hairy ball withoutcreating a cowlick.” This fact is immediately convincing to most people, even though they might not recognize themore formal statement of the theorem, that there is no nonvanishing continuous tangent vector field on the sphere.As with the Bridges of Königsberg, the result does not depend on the shape of the sphere; it applies to any kind ofsmooth blob, as long as it has no holes.To deal with these problems that do not rely on the exact shape of the objects, one must be clear about just whatproperties these problems do rely on. From this need arises the notion of homeomorphism. The impossibility ofcrossing each bridge just once applies to any arrangement of bridges homeomorphic to those in Königsberg, and thehairy ball theorem applies to any space homeomorphic to a sphere.Intuitively, two spaces are homeomorphic if one can be deformed into the other without cutting or gluing. A traditionaljoke is that a topologist cannot distinguish a coffee mug from a doughnut, since a sufficiently pliable doughnut couldbe reshaped to a coffee cup by creating a dimple and progressively enlarging it, while shrinking the hole into a handle.
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 Homeomorphism can be considered the most basic topological equivalence. Another is homotopy equivalence. Thisis harder to describe without getting technical, but the essential notion is that two objects are homotopy equivalent ifthey both result from “squishing” some larger object.An introductory exercise is to classify the uppercase letters of the English alphabet according to homeomorphismand homotopy equivalence. The result depends partially on the font used. The figures use the sans-serif Myriad font.Homotopy equivalence is a rougher relationship than homeomorphism; a homotopy equivalence class can containseveral homeomorphism classes. The simple case of homotopy equivalence described above can be used here toshow two letters are homotopy equivalent. For example, O fits inside P and the tail of the P can be squished to the“hole” part.Homeomorphism classes are:
 • no holes,
 • no holes three tails,
 • no holes four tails,
 • one hole no tail,
 • one hole one tail,
 • one hole two tails,
 • two holes no tail, and
 • a bar with four tails (the “bar” on the K is almost too short to see).
 Homotopy classes are larger, because the tails can be squished down to a point. They are:
 • one hole,
 • two holes, and
 • no holes.
 To classify the letters correctly, we must show that two letters in the same class are equivalent and two letters indifferent classes are not equivalent. In the case of homeomorphism, this can be done by selecting points and showingtheir removal disconnects the letters differently. For example, X and Y are not homeomorphic because removingthe center point of the X leaves four pieces; whatever point in Y corresponds to this point, its removal can leave atmost three pieces. The case of homotopy equivalence is harder and requires a more elaborate argument showing analgebraic invariant, such as the fundamental group, is different on the supposedly differing classes.Letter topology has practical relevance in stencil typography. For instance, Braggadocio font stencils are made of oneconnected piece of material.
 7.3 Concepts
 7.3.1 Topologies on Sets
 Main article: Topological space
 The term topology also refers to a specific mathematical idea central to the area of mathematics called topology.Informally, a topology tells how elements of a set relate spatially to each other. The same set can have differenttopologies. For instance, the real line, the complex plane, and the Cantor set can be thought of as the same set withdifferent topologies.Formally, let X be a set and let τ be a family of subsets of X. Then τ is called a topology on X if:
 1. Both the empty set and X are elements of τ
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 2. Any union of elements of τ is an element of τ
 3. Any intersection of finitely many elements of τ is an element of τ
 If τ is a topology on X, then the pair (X, τ) is called a topological space. The notation Xτmay be used to denote a setX endowed with the particular topology τ.The members of τ are called open sets in X. A subset of X is said to be closed if its complement is in τ (i.e., itscomplement is open). A subset of X may be open, closed, both (clopen set), or neither. The empty set and X itselfare always both closed and open. An open set containing a point x is called a 'neighborhood' of x.A set with a topology is called a topological space.
 7.3.2 Continuous functions and homeomorphisms
 Main articles: Continuous function and homeomorphism
 A function or map from one topological space to another is called continuous if the inverse image of any open set isopen. If the function maps the real numbers to the real numbers (both spaces with the Standard Topology), then thisdefinition of continuous is equivalent to the definition of continuous in calculus. If a continuous function is one-to-oneand onto, and if the inverse of the function is also continuous, then the function is called a homeomorphism and thedomain of the function is said to be homeomorphic to the range. Another way of saying this is that the function hasa natural extension to the topology. If two spaces are homeomorphic, they have identical topological properties, andare considered topologically the same. The cube and the sphere are homeomorphic, as are the coffee cup and thedoughnut. But the circle is not homeomorphic to the doughnut.
 7.3.3 Manifolds
 Main article: Manifold
 While topological spaces can be extremely varied and exotic, many areas of topology focus on the more familiarclass of spaces known as manifolds. A manifold is a topological space that resembles Euclidean space near eachpoint. More precisely, each point of an n-dimensional manifold has a neighbourhood that is homeomorphic to theEuclidean space of dimension n. Lines and circles, but not figure eights, are one-dimensional manifolds. Two-dimensional manifolds are also called surfaces. Examples include the plane, the sphere, and the torus, which can allbe realized in three dimensions, but also the Klein bottle and real projective plane, which cannot.
 7.4 Topics
 7.4.1 General topology
 Main article: General topology
 General topology is the branch of topology dealing with the basic set-theoretic definitions and constructions usedin topology.[9][10] It is the foundation of most other branches of topology, including differential topology, geometrictopology, and algebraic topology. Another name for general topology is point-set topology.The fundamental concepts in point-set topology are continuity, compactness, and connectedness. Intuitively, continu-ous functions take nearby points to nearby points. Compact sets are those that can be covered by finitely many setsof arbitrarily small size. Connected sets are sets that cannot be divided into two pieces that are far apart. The wordsnearby, arbitrarily small, and far apart can all be made precise by using open sets. If we change the definition ofopen set, we change what continuous functions, compact sets, and connected sets are. Each choice of definition foropen set is called a topology. A set with a topology is called a topological space.Metric spaces are an important class of topological spaces where distances can be assigned a number called a metric.Having a metric simplifies many proofs, and many of the most common topological spaces are metric spaces.
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 7.4.2 Algebraic topology
 Main article: Algebraic topology
 Algebraic topology is a branch of mathematics that uses tools from abstract algebra to study topological spaces.[11]The basic goal is to find algebraic invariants that classify topological spaces up to homeomorphism, though usuallymost classify up to homotopy equivalence.The most important of these invariants are homotopy groups, homology, and cohomology.Although algebraic topology primarily uses algebra to study topological problems, using topology to solve algebraicproblems is sometimes also possible. Algebraic topology, for example, allows for a convenient proof that any subgroupof a free group is again a free group.
 7.4.3 Differential topology
 Main article: Differential topology
 Differential topology is the field dealing with differentiable functions on differentiable manifolds.[12] It is closelyrelated to differential geometry and together they make up the geometric theory of differentiable manifolds.More specifically, differential topology considers the properties and structures that require only a smooth structureon a manifold to be defined. Smooth manifolds are 'softer' than manifolds with extra geometric structures, whichcan act as obstructions to certain types of equivalences and deformations that exist in differential topology. Forinstance, volume and Riemannian curvature are invariants that can distinguish different geometric structures on thesame smooth manifold—that is, one can smoothly “flatten out” certain manifolds, but it might require distorting thespace and affecting the curvature or volume.
 7.4.4 Geometric topology
 Main article: Geometric topology
 Geometric topology is a branch of topology that primarily focuses on low-dimensional manifolds (i.e. dimensions2,3 and 4) and their interaction with geometry, but it also includes some higher-dimensional topology.[13] [14] Someexamples of topics in geometric topology are orientability, handle decompositions, local flatness, and the planar andhigher-dimensional Schönflies theorem.In high-dimensional topology, characteristic classes are a basic invariant, and surgery theory is a key theory.Low-dimensional topology is strongly geometric, as reflected in the uniformization theorem in 2 dimensions – ev-ery surface admits a constant curvature metric; geometrically, it has one of 3 possible geometries: positive curva-ture/spherical, zero curvature/flat, negative curvature/hyperbolic – and the geometrization conjecture (now theorem)in 3 dimensions – every 3-manifold can be cut into pieces, each of which has one of eight possible geometries.2-dimensional topology can be studied as complex geometry in one variable (Riemann surfaces are complex curves)– by the uniformization theorem every conformal class of metrics is equivalent to a unique complex one, and 4-dimensional topology can be studied from the point of view of complex geometry in two variables (complex surfaces),though not every 4-manifold admits a complex structure.
 7.4.5 Generalizations
 Occasionally, one needs to use the tools of topology but a “set of points” is not available. In pointless topology oneconsiders instead the lattice of open sets as the basic notion of the theory,[15] while Grothendieck topologies arestructures defined on arbitrary categories that allow the definition of sheaves on those categories, and with that thedefinition of general cohomology theories.[16]
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 7.5 Applications
 7.5.1 Biology
 Knot theory, a branch of topology, is used in biology to study the effects of certain enzymes on DNA. These enzymescut, twist, and reconnect the DNA, causing knotting with observable effects such as slower electrophoresis.[17] Topol-ogy is also used in evolutionary biology to represent the relationship between phenotype and genotype.[18] Phenotypicforms that appear quite different can be separated by only a few mutations depending on how genetic changes mapto phenotypic changes during development.
 7.5.2 Computer science
 Topological data analysis uses techniques from algebraic topology to determine the large scale structure of a set (forinstance, determining if a cloud of points is spherical or toroidal). The main method used by topological data analysisis:
 1. Replace a set of data points with a family of simplicial complexes, indexed by a proximity parameter.
 2. Analyse these topological complexes via algebraic topology — specifically, via the theory of persistent homol-ogy.[19]
 3. Encode the persistent homology of a data set in the form of a parameterized version of a Betti number, whichis called a barcode.[19]
 7.5.3 Physics
 In physics, topology is used in several areas such as quantum field theory and cosmology.A topological quantum field theory (or topological field theory or TQFT) is a quantum field theory that computestopological invariants.Although TQFTs were invented by physicists, they are also of mathematical interest, being related to, among otherthings, knot theory and the theory of four-manifolds in algebraic topology, and to the theory of moduli spaces inalgebraic geometry. Donaldson, Jones, Witten, and Kontsevich have all won Fields Medals for work related to topo-logical field theory.In cosmology, topology can be used to describe the overall shape of the universe.[20] This area is known as spacetimetopology.
 7.5.4 Robotics
 The various possible positions of a robot can be described by a manifold called configuration space.[21] In the area ofmotion planning, one finds paths between two points in configuration space. These paths represent a motion of therobot’s joints and other parts into the desired location and pose.
 7.6 See also• Equivariant topology
 • General topology
 • List of algebraic topology topics
 • List of examples in general topology
 • List of general topology topics
 • List of geometric topology topics
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