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MAE107 Homework #6 Solution

Prof. MCloskey

Problem 1

1. Let A be the height of the pulse with duration . The energy
in one period of the signal is

uE =T|u(t)|2dt =

10|u(t)|2dt =

0

A2dt = A2.

Since we require uE = 1, then A = 1/

.

2. The period is T = 1 second so the fundamental frequency is 0
= 2pi. The Fourier seriescoefficients for k 6= 0 are

ck =Tu(t)ejk0tdt

=

0

1ejk0tdt

=1

1jk0

(ejk0 1

), k 6= 0.

The case k = 0 is computed separately to be be

c0 =

.

3. The following Matlab code produces the figure of the spectrum
for each case:

%% energy density plots

col = brgk;

for p=1:4nfs = 1000;c = zeros(1,nfs);w0 = 2*pi;del =
1/4^(p-1);c0 = sqrt(del);

for k=1:nfsc(k) = 1/sqrt(del)/(-j*k*w0)*(exp(-j*k*w0*del) -
1);

end

figure(2);semilogy([0:nfs]*w0/2/pi,[c0^2
abs(c).^2],[col(p),*],LineWidth,2);
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grid onxlabel(Hz)% axis([0.1 100 0.000001 10])axis([0 100
0.00001 1])hold on

end

figure(2)xlabel(Hz,FontSize,16)title(Energy distribution in one
period,FontSize,16)ylabel(|c_k|^2,FontSize,16)set(gca,FontSize,16)
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Energy distribution in one period

|c k|2

Legend:Blue: = 1 (note the point at 0 Hz)Red: = 0.2

Green: = 0.252

Black: = 0.253
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Problem 2

The ODE relating the spring postion x (input) to the mass
position y (output) is

my + by + ky = kx.

The transfer function y/x is derived by assuming x(t) = est and
assuming y(t) = H(s)est:

ms2H(s)est + bsH(s)est + kH(s)est = kest = H(s) = kms2 + bs+
k

.

We are interested in the force exerted on the wall and this is
given by

fd(t) = by(t) = bd

dt

(H(s)est

)= bsH(s) est

x(t)

,

which shows that the transfer function from the spring
displacement to the wall force is

fdx

=bks

ms2 + bs+ k.

Note that depending on what direction you consider the wall
force to be positive, you may have adifferent sign. The frequency
for which the steady-state magnitude of the wall force is a
maximumis calculated by determining the frequency at which the
frequency response function magnitude ismaximum. The frequency
response function is

fdx

=bkj

m2 + bj + k .

The magnitude of the frequency response function isfdx = |bkj||
m2 + bj + k|

=bk

(k m2)2 + (b)2 , ( 0).

The frequency at which the magnitude reaches it maximum is that
same frequency at which thesquare of the magnitude reaches it
maximum, so we differentiate the square of the magnitude
asfollows:

d

d

(b2k22

(k m2)2 + b22)

=b2k2(k m2)(k +m2)

((k m2)2 + b22)2 .

The values of for which the derivative is zero (the denominator
is always greater than zero), are = 0 and = k/m = n, where n is the
undamped natural frequency of the system. Thefrequency = 0 is an
artifact of squaring the magnitude (just like the function f(t) = t
has a slopeof 1 at t = 1 yet f2(t) has a slope of zero at the same
point), thus, the maximum magnitude occursat = n. The magnitude at
this frequency isfdx

=n

= k
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In other words, the maximum force when the input is sinusoidal,
that is x(t) = xm cos(nt), is kxm.The second part of this problem
requires the Fourier series of the periodic input:

cp =0.1jp0

(ej0.5p0 1) , p 6= 0, p Z

c0 = 0.05,

where 0 = 2pi rad/s (the input was converted to units of m
before taking the transform since thisis consistent with the units
of the model parameters). The subscript p is used for the index
insteadof the usual k because k is currently used for the spring
stiffness. The Fourier series coefficientsof the periodic output,
denoted cp, are given by cp = H(jp0)cp, p Z, where H is the
frequencyresponse function fd/x computed above. Using the
parameters specified in the problem,

cp =bkjp0

m(p0)2 + bjp0 + kcp

=500000jp0

5(p0)2 + 50jp0 + 100000.1jp0

(ej0.5p0 1)

=50000

5(p0)2 + 50jp0 + 10000(1 ej0.5p0) p Z

The synthesis equation

y(t) =1T

p=

cpejp0t,

is used to estimate the periodic solution by summing over a
finite range of frequencies. In orderto produce the figure below, k
= 200,199, . . . ,1, 0, 1, . . . , 199, 200. The peak force is
slightlygreater than 200 N.
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Wall
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Problem 3

The following Matlab code processes the data for
mystery_dat1:

clearclose all

ts = 0.001; % sample period

load mystery_dat1 % load desired data set

u0 = mystery_dat1.Y(1).Data; % assign input data namey0 =
mystery_dat1.Y(2).Data; % assign output data nameN0 = length(u0);N
= 2^13-1; % number of samples in one periodt0 = [0:N0-1]*ts;

ind1 = 1;u = u0(ind1:N+ind1-1);y = y0(ind1:N+ind1-1);t =
[0:N-1]*ts;

uf = fft(u)*ts;yf = fft(y)*ts;

H = yf./uf;f0 = 1/(N*ts);omeg = [0:N-1]*f0;

figure(1)plot(t0,u0)grid onaxis([0 N*ts -2
10])set(gca,FontSize,16)xlabel(seconds,FontSize,16)ylabel(Volts,FontSize,16)title(One
period of periodic input,FontSize,16)

figure(2)plot(t0,y0)axis([0 N*ts -8 8])grid
onset(gca,FontSize,16)xlabel(seconds,FontSize,16)ylabel(Volts,FontSize,16)title(One
period of periodic output,FontSize,16)
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figure(5)loglog(omeg,abs(uf),omeg,abs(yf));grid onaxis([0.1 500
1e-3
1e0])set(gca,FontSize,16)xlabel(Hz,FontSize,16)ylabel(Volts/Hz,FontSize,16)legend(input,output)title(Amplitude
spectra of input and output signal,FontSize,16)

figure(10);loglog(omeg,abs(H))grid onaxis([0.1 500 1e-2
1e2])set(gca,FontSize,16)xlabel(Hz,FontSize,16)ylabel(Volt/Volt,FontSize,16)title(Frequency
Response Amplitude Estimate,FontSize,16)

figure(11)semilogx(omeg,unwrap(angle(H))*180/pi);grid
onaxis([0.1 500 -200
200])set(gca,FontSize,16)xlabel(Hz,FontSize,16)ylabel(Phase
(deg),FontSize,16)title(Frequency Response Phase
Estimate,FontSize,16)

The figures on the following page are produced.
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Analysis of mystery_dat1.matOne period of input-output data:
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The frequency response is estimated as shown below and reveals
the system to be a dampedharmonic oscillator,
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The hashy data above 100Hz is due to the fact that the estimates
of the input and output Fourierseries coefficients are vey poor
because the signals energy is very small at these frequencies.
Thus,the portion of the frequency response estimate is ignored,
i.e. you dont know what the system isdoing at those
frequencies.
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Analysis of mystery_dat2.matOne period of input-output data:
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The frequency response is estimated as shown below and reveals
the system to be a low passfilter
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Analysis of mystery_dat3.matOne period of input-output data:
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The frequency response is estimated as shown below and reveals
the system to be a high passfilter
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Analysis of mystery_dat4.matThe period is now N = 10000. One
period of input-output data:
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The frequency response is estimated as shown below and reveals
the system to be the dampedoscillator:
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Analysis of mystery_dat5.matOne period of input-output data:
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The frequency response is estimated as shown below and reveals
the system to be the low passfilter
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Analysis of mystery_dat6.matOne period of input-output data:
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The frequency response is estimated as shown below and reveals
the system to be the high passfilter
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Analysis of mystery_dat7.matOne period of input-output data
shows the response of the system to an impulsive input:
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Note the dip in the input spectrum located at 200 Hz. When the
output spectrum is dividedby the input spectrum in a neighborhood
of 200 Hz, a spurious spike in the frequency responsemagnitude is
created.
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The frequency response is estimated as shown below and reveals
the system to be the dampedoscillator
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The spike at 200 Hz in the magnitude is not indicating the
presence of another oscillator mode,but rather is an artifact of
the signal processing.

20


	
Analysis of mystery_dat8.matOne period of input-output data
shows the response of the system to an impulsive input:
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The dip in the input spectrum is present at 200 Hz.
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The frequency response is estimated as shown below and reveals
the system to be the low passfilter
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The spike at 200 Hz in the magnitude should be ignored.
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Analysis of mystery_dat9.matOne period of input-output data
shows the response of the system to an impulsive input:
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The dip in the input spectrum is present at 200 Hz.
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The frequency response is estimated as shown below and reveals
the system to be the high passfilter
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The spike at 200 Hz in the magnitude should be ignored.
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