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Tόhoku Math. Journ.32(1980), 607-613.
 PRACTICAL STABILITY AND LYAPUNOV FUNCTIONS*
 Dedicated to Professor Taro Yoshizawa on his sixtieth birthday
 STEPHEN R. BERNFELD AND V. LAKSHMIKANTHAM
 (Received November 5, 1979, revised January 5, 1980)
 1. Introduction. The notion of "practical stability" was discussedin the monograph by LaSalle and Lefschetz [6] in which they point outthat stability investigations may not assure "practical stability" andvice versa. For example an aircraft may oscillate around a mathemat-ically unstable path, yet its performance may be acceptable. Motivatedby this, Weiss and Infante introduced the concept of finite time stability[7]. They were interested in the behavior of systems contained withinspecified bounds during a fixed time interval. Many problems fall intothis category including the travel of a space vehicle between two pointsand the problem, in a chemical process, of keeping the temperaturewithin certain bounds.
 In particular, Weiss and Infante [7] provided sufficient conditions forfinite time stability in terms of Lyapunov functions. Moreover, Weiss[9] provided necessary and sufficient conditions for uniform finite timestability and exponential contractive stability. These results were ex-tended by Kayande [3] who obtained necessary and sufficient conditionsfor contractive stability (without requiring the exponential behaviorassumed in [9]).
 The sufficiency part of the above results were extended by Kayandeand Wong [4], and Gunderson [1], who applied the comparison principle.Moreover Hallam and Komkov [2] generalized the concept of the finitetime stability of the zero solution to that of arbitrary closed sets.
 In this paper we analyze a more general notion of practical stabilitythan is provided for by finite time stability considerations. Our statespace includes finite as well as infinite dimensional Banach spaces. Thesets upon which we impose our stability conditions are not restricted toballs containing the origin as is done by the others. This leads tointeresting implications. We first present necessary and sufficient condi-tions for generalized practical stability, in a more meaningful settingthan that of Kayande [3] for finite time stability. We then apply our
 * Research partially supported by U. S. Army Grant DAAG-29-77-G0062.
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608 S. R. BERNFELD AND V. LAKSHMIKANTHAM
 results to a discussion of perturbations on the flow. In particular westudy the amount of change incurred upon the initial set, target set, andconstraint set under the influence of these perturbations. Such analysisis very important when modeling real world problems. This perturbationstudy is new even in the case of finite time stability, where Weiss andInfante [8] have discussed results on stability under small disturbances.They do not discuss the important relationship between the practicalstability of the unperturbed system and that of the perturbed system.
 Since many physical models can be realized as ordinary differentialequations in Banach spaces we feel that it is important to assume theflow is in a finite or infinite dimensional Banach space.
 2. Notation and preliminaries. Let (B, || ||) be a Banach space(either finite or infinite dimensional), and let J = [t0, ί0 + T] for someT > 0, tQ 2> 0. We consider the following system
 (E) x' = f(t, x) ,
 where / is defined and continuous on J x B and satisfies the Lipschitzcondition: for each bounded set A and all t e J, there exists λ^(ί) whichis in L\J) such that
 (2.1) \f(t,x)-f(t,y)\ = XA(t)\\x-v\\
 for any two points x, y e A.Let M, N, and Γ be three bounded sets in B such that M U N Q Γ,
 the closure of M is contained in Γ, and Γ is open and connected. Weshall refer to My N, and Γ as our initial set, target set, and constraintset respectively.
 DEFINITION. The system (E) is (Af, N, Γ, T) practically stable ifxoeM implies that
 (2.2) x(t, ί0, Xo) e Γ f o r teJ
 a n d
 ( 2 . 3 ) x(t0 + T, t0, x0) e N
 In case NczMczΓ, where N, M, and Γ are neighborhoods of theorigin then we have contractive stability [7]. If MaNaΓ, whereM, N, Γ are neighborhoods of the origin then we have expansive stability[4], Our notion of practical stability which includes finite time stabilityas a special case, offers a reasonable mechanism in analyzing the questionof stability under perturbations.
 We say V: J x B -> R is a Lyapunov function if V(t, x) is continuous
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PRACTICAL STABILITY AND LIAPUNOV FUNCTIONS 609
 in (£, x), bounded on bounded subsets of B, i.e. for each bounded setA c B there exists Q such that
 (2.4) sup \V(t,x)\£QxeA,tej
 (notice this will always be true if B is finite dimensional), and satisfiesthe Lipschitz condition: for each bounded set AaB there exists XA(t)which is integrable on J such that for each teJ and x, y e A
 (2.5) \V(t, x)-V(t, y)\ £ XA(t)\\x - 2/H .
 We shall need the following known fact [10]: if V is a Lyapunov functionthen
 (2.6) V\t, x) d ί f lim {V(t + h, x(t + h)) - V(t, x)}/h
 (2.7) = lim {V(t + h, x + hf(t, x)) - V{t, x)}/h .h-*0 +
 3. Characterization of practical stability. Before stating our charac-terization theorem, we need the following quantities:
 (3.1) aM = sup V(tQ, x) , bΓ = inf V(t, x), bΓN = inf V(t0 + T, x) .xeM tej,xedΓ xeΓ-N
 where Γ is the closure of Γ, and dΓ is the boundary of Γ. Notice thesequantities always exist in finite dimensional space since V is continuous.However these quantities may not exist in infinite dimensional spaceunless we assume (2.4). We now have the following characterizationtheorem.
 THEOREM 3.1. A necessary and sufficient condition for (E) to be(M, N, Γy T) practically stable is that there exists a Lyapunov functionsuch that
 (a) V\t, x) ^ g(t, V(t, x)) for (ί, x)eJx Γ, where g:RxR-+R+ iscontinuous,
 (b) (i) r(ί, to, aM) < bΓi for t e J, and (ii) r(tQ + Γ, t09 aM) < bΓN9
 where r(ί, tQ, u0) is the maximal solution of
 u' = g(t, u) , u(t0) = u0 .
 PROOF. Sufficiency. We first show x(t, ί0, x0) € Γ for all t 6 [ί0, ί0 + Γ]whenever cc0 € M. Assume there exists tγ > ί0 such that ^(ί^ t0, x0) e dΓand x(t, t0, x0) eΓ for t e [ί0, *i) τ h e comparison principle [5] and (a) and(b) (i) imply for all t 6 [t0, ί j
 (3.2) 7(ί, a;(ί, ί0, α0)) r(ί, ί0, 7(ί0, α?0)) ύ r(ί, ί0, α^) < δΓ
 However, (3.1) implies F(ίx, x(tu tOί x0)) ^ 6Γ, a contradiction to (3.2) at
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610 S. R. BERNFELD AND V. LAKSHMIKANTHAM
 t = tλ. We now show x(t0 + T, tθ9 x0) eN whenever x0 e M. Sincex(t, tOf x0) eΓ for t e [t0910 + T], then as before V(t9 t09 x0) ^ r(t9 tOf aM).Letting t = t0 + T9 we obtain with the aid of (b) (ii)
 ΓN
 (3.3) V(U + T, ί0, a?0) ^ r(ί0 + Γ, t0, aM) < b
 If x(t0 + T, t0, x0) £ N then from (3.1) bΓN <; V(t0 + T9109 xo)9 a contradictionto (3.3). The sufficiency part is proved.
 Necessity. Observe, first, that the Lipschitz condition on f(trx)
 given by (2.1) yields, with the aid of the Gronwall inequality, the estimate
 X(s)dsJ\\x0 - yo\\
 for ί, s 6 [t0, tQ + T], a?0, ί/0 e M, and λ(ί) = λf(ί) Let i ί = expA °+
 \J<o
 Consider the system
 (3.5) »' = F(ί, a?) ,
 where F: J x B —> B is continuous, Lipschitz in a?, and bounded o n J x ΰ ,such that 2P(ί, x) = /(ί, a?) on J x Γ. It follows from standard theoryof differential equations [10] and the previous paragraph that all solutionsof (3.5) exist on J for any initial point (t, x) eJ x B and depend con-tinuously on initial conditions. Let #* denote a trajectory of (3.5). Define
 (3.6) V(t, x) = d(s*(to, *f a), M) +
 where ||Λί|] = supβeiί \\x\\.Clearly V(t, x) satisfies (2.4) and from (3.4) we notice that
 \V(t, x) - V(t, y)\ £ exp (^ + χ(β)ώr) | | ίc - y\\
 that is F satisfies (2.5). Moreover from (2.7) V'(t, x) = 0; that is Vsatisfies (a) with g = 0. Hence it remains to prove that aM < bΓ and»jf < &ΓΛ since r(ί f ί0, »o) Ξ o ^ u t this follows from arguments similarto those in [9, page 1321], or [2, page 498] or [3, page 603]. We leavethe details to the reader. (Notice that (3.1) and (3.6) imply that thevalues of bΓ and bΓN may depend on the set M.)
 REMARK. In (3.6) we include the term ||Λf|| since then
 G tQ + T \
 X(s)dsJ ^ ||a;|| .Condition (3.7) will be used in Section 4.
 4. Perturbation results. We now apply Theorem 3.1 to the perturbed
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 equation
 (P) x' = /(t, x) + Λ(t, x) .
 Let us assume the unperturbed equation (E) is (M, N, Γ, T) practicallystable. We ask the following two questions: (i) What effect does the"size" of perturbation term h(t, x) have on the stability of (E) ? (ii) Ifa given h(t, x) is prescribed, how do we find new quantities M, N, Γ, fsuch that system (P) is (M, N, Γ, T) practically stable ?
 We proceed to answer these questions. Let us assume
 (4.1) \\h(t, x)\\ ψ(t)(φ(\\x\\)) ,
 where φ( ) is nonnegative and nondecreasing. Now from Theorem 3.1
 there exists V(t, x) such that VΈ(tf x) ^ 0. Hence
 X(s)dsj\\h(t, x)\\ £ Kγ(t)(φ(\\x\\)) ,
 S tQ+T
 X(s)ds. From (3.7) and the nondecr easing nature
 of φ( ) we have from (4.2)
 (4.3) V'P(t, x) ^ Kψ(t)(φ(KV(t, x))) .
 The comparison principle suggests we consider the maximal solution of
 (4.4) r ' = Kψ(t)φ(Kr) , r(ί0) - aM .In order for system (P) to be (M, Nf Γ, T) stable, Theorem 3.1 requiresus to show that the solutions of (4.4) satisfy
 ,, ~ ί r(t, ί0, α^) < br
 (4.5) 1lr(to + T,to,aMϊ<brN,
 where bΓ and bΓN are defined in (3.1). Consider the system (4.4); then
 Γ iTϊh = κ[^s)ds > or Γ -τ^J*Mφ(Ku) J<O JκaM φ(u)
 Define
 (4.6) G(r) =φ(u)
 Then
 G{Kr) = G(KaM) + K2 [ f(s)ds
 that is, (4.5) is satisfied if
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612 S. R. BERNFELD AND V. LAKSHMIKANTHAM
 (4.7) r(ί, t0, aM) = j^G-^GiKa*) + # 2 J | ψ(s)ds) < min(6Γ, &™) .
 This leads us to the following result.
 THEOREM 4.1. Assume (E) is (AT, iV, Γ, T) practically stable. In the
 perturbed equation (?) assume h(t,x) satisfies (4.1) where φ( ) is non-
 negative and nondecreasing and ψ( ) is integrable on [t0, t0 + T], If aM
 is such that
 G(KaM) + K2^ f(s)dsj < Kmin(bΓ, bΓN) ,
 where G( ) satisfies (4.6), then (P) is (M, N, Γ, T) practically stable.
 EXAMPLE 1. Assume the system (E) is (AT, N, Γ, T) practically stable.Suppose \\h(t, x)\\^\\x\\. Then solutions of (P) are (Λf, N, Γ, T) practi-cally stable if
 aM exp(ίC2Γ) < min(δΓ, bΓN)
 That is, we require
 (4.9) aM ^ exp(-ίC2T)min(δΓ, bNΓ)
 Notice that the stability of (P) requires according to Theorem 3.1 that
 (4.10) aM <> m i n (bΓ, bΓN) .
 Consequently (4.9) may be an unreasonable restriction in some cases. Sosuppose we shrink M to some set M in which ajt = aM exp( — K2T). Then(P) is (iίf, N, Γ, T) practically stable in view of (4.10).
 REMARK. The above analysis shows that in Theorem 4.1 we maymodify some or all of the quantities M, N, Γ, T in order to ascertainthat (P) is (M, N, Γ, T) practically stable given that (E) is (AT, N, Γ, T)practically stable. Here M, N, T, T are modifications of M, N, Γ, andT respectively. To do this we require that there exist sets M, N, Γand a time T and constants an, bγ, bra defined in (3.1) where V(t, x) isconstructed using system (E) in Theorem 3.1 (we always assume (E) is(M, N, Γ, T) practically stable). We now state this as our final resultwhich is a generalization of Theorem 4.1. (We included Theorem 4.1for motivational reasons.)
 THEOREM 4.2. Assume system (E) is (Mf N, Γ, T) practically stableand let V(t, x) be the known Lyapunov function satisfying the conditionsin the proof of Theorem 3.1. Consider the perturbed equation (P) andassume h(t, x) satisfies (4.1) where φ(-) is nonnegative and nondecreasing
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 and ψ(-) is integrable on [t0, ί0 + Γ]. Let M, N, Γ, T be any modificationsof M, N, Γ, T respectively {we do allow for any of the four possibilitiesT = T, M= M, N = N, Γ = Γ). Define as in (3.1)
 aTl = supV(ί0, x) 9 bf — inf V(t, x) , and bψ = mtV(t0 + T, x) .xeΛf teJ = [tQ,tQ+T],xedΓ xeT-N
 If aj, satisfies
 ( γ + T ^ Kmm(bτ, b7*) ,
 where G( ) satisfies (4.6), then (P) is (M, N, Γ, T) practically stable.
 REMARK. This theorem provides us a relationship between theoriginal quantities M, N, Γ9 T and the new quantities M, N9 Γ, T in termsof our perturbation term h(t, x). Of course the assumption (4.1) on h(t, x)can be generalized. Further results in Banach spaces can be obtainedassuming accretive type conditions on f(t, x). We will not consider theseextensions here.
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