

    

        


        
        
                        
                
            
                    


        
            	
                    dariahiddleston
                
	
                    
                        Home
                    
                
	
                    
                        Comments
                    
                


        


        
    
    

    
        
            
                
                    
                                                    
    
        

        


        
            On the construction of a convex ideal polyhedron in hyperbolic 3-space Allegra Allgeier @ 21st NCUWM, Lincoln, Nebraska 
        

    





                                            

                

            

        


        
            
                
                
                
            

            
                

                

                
                    
                     Match case
                     Limit results 1 per page
                    

                    
                    

                

            

        
    


    
        
                            
                    


        

            
                
                    

                    
                    
                

                
                    
                    1

34
                    
                

                
                    
                    100%
Actual Size
Fit Width
Fit Height
Fit Page
Automatic


                    
                


                
                
                    
                    Embed
                
                
            


        

        

    




        

            

        
            
                
                    
                        
                            Home
                        

                        
                                            


                    
                        On the construction of a convex ideal polyhedron in ...ncuwm/21stAnnual/... · hyperbolic planes: euclidean spherical caps orthogonal to the boundary & planes containing the center

                        Jul 18, 2020

                        
                                                                                        Download
                                                        Report
                        


                        
                            Category:
                            
                                Documents
                            

                        


                                                    
                                Author:
                                dariahiddleston
                            

                        

                        

                        
                    



                    

                                    

            




            
                
                    
                                                    Welcome
                        
                                                    
                                Comments
                            
                        
                                            




                                            
                            Welcome message from author

                            This document is posted to help you gain knowledge. Please leave a comment to let me know what you think about it! Share it to your friends and learn new things together.
                        

                    

                                            
                                                            
                            
                            

                        

                    

                                    

            

        


                    
                
                    
                        Transcript

                        
                            Page 1
                        

On the construction of a convex idealpolyhedron in hyperbolic 3-space
 Allegra Allgeier
 @ 21st NCUWM, Lincoln, Nebraska
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Overview
 1. Models of H3
 2. Our question
 3. Constructing a convex ideal cube
 1
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Models of H3
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Models of H3
 Upper Half-space Model: {(z , t) : z ∈ C, t > 0}
 Figure 1: hyperbolic lines Figure 2: hyperbolic planes
 • hyperbolic angles: same as euclidean angles• hyperbolic lines: euclidean semicircles with bases on the
 boundary & vertical half-lines• hyperbolic planes: euclidean hemispheres with bases on
 the boundary & vertical half-planes 2
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Models of H3 (contd.)
 Ball Model: {(x , y , z) ∈ R3 : x2 + y 2 + z2 < 1}
 Figure 3: hyperbolic lines Figure 4: hyperbolic planes
 • hyperbolic angles: same as euclidean angles• hyperbolic lines: euclidean circular arcs orthogonal to the
 boundary & spherical diameters• hyperbolic planes: euclidean spherical caps orthogonal to
 the boundary & planes containing the center of the ball 3
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Example: A Cube in the Ball Model
 *image from Wolffram website
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Page 7
                        

Our question
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Given a set of appropriate internal dihedral angles,how do we construct a convex ideal polyhedron in H3?
 5
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Important things to note
 • convex polyhedron
 • ideal polyhedron
 • appropriate set of dihedralangles →a set of dihedral angles thatbelongs to a unique (up toisometry) convex idealpolyhedron[3]
 • isometry →distance preserving mapEx. isometries of euclideanplane: reflection, rotation,translation...
 6
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Our Question (revisited)
 Given a set of appropriate internal dihedral angles,how do we construct a convex ideal polyhedron in H3?
 7
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Constructing a convex idealcube
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Cuboid
 Cuboid:a polyhedron with• the same combinatorial structure
 as a cube• six faces each consisting of four edges• each vertex incident to three faces
 → I will use the word cube to mean cuboid.
 8
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Ball Model → Upper Half-space Model
 9
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Ball Model → Upper Half-space Model (contd.)
 Ball Model Upper half-space model
 Result of euclidean spherical inversion (center P & radius 2)and euclidean planar reflection (complex plane):
 • Faces containing P → portions of vertical half-planes• Faces not containing P → portions of hemispheres 10
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Lemmas for Internal Dihedral Angles →Planar Angles
 Figure 5: P-P Figure 6: P-S Figure 7: S-S
 *P: plane, S: sphere
 11

Page 16
                        

Internal Dihedral Angles → Planar Angles
 internal dihedral angles: {y0, y1, ..., y11}
 12
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System of Equations
 using results from euclideanplane geometry...
 P-P:
 a + b = y2
 c + d = y5
 e + f = y0
 S-S:
 a + d = y11
 c + f = y7
 e + b = y8
 P-S:
 a + f + y4 + y10 = π
 d + e + y9 + y1 = π
 b + c + y3 + y6 = π. 13
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System of Equations (contd.)
 a = y11 − y5 + y7 − fb = y8 − y0 + fc = y7 − fd = y5 − y7 + fe = y0 − f
 14
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One more equation
 We need OF = OF ′.Since
 OF ′ = OF · sin a · sin c · sin esin b · sin d · sin f
 is true, we need
 sin f · sin d · sin b − sin e · sin c · sin a = 0.
 → solve in terms of f→ Done.
 15
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Basically done!
 Finally, we have obtained the locations of the vertices up toisometry.
 16
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Completing the Construction
 A set of internal dihedral angles:
 y0 = π − 1.9748981268459183, y1 = π − 2.7384076996659408,y2 = π − 2.2979863709366652, y3 = π − 1.4516735513314263,y4 = π − 1.5698794806677308, y5 = π − 2.0103008093970063,y6 = π − 2.322152710378157, y7 = π − 2.391153116133702,y8 = π − 2.0931040561822227, y9 = π − 1.9507317874044263,
 y10 = π − 2.5335253849114983, y11 = π − 1.7989281348636652.
 Fix the length of an edge→ we chose A(0, 0, 0) and B(5, 0, 0)
 17
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Convex Ideal Cube (upper half-space model)
 *Images produced through our Python code 18
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Convex Ideal Cube (ball model)
 *Images produced through our Python code19
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Cube zoomed-in (different aspect ratio)
 *Images produced through our Python code
 20
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Conclusion
 • We may be able to extend the method to other polyhedrabut may have more nonlinear equations.
 21
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Thank you for listening!Any questions?
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Additional Slides
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Additional Slides 1
 Theorem (Rivin [4])Let P be a polyhedral graph with weights w(e) assigned tothe edges. Let P∗ be the planar dual of P, where the edge e∗
 dual to e is assigned the dual weight w∗(e∗). Then P can berealized as a convex ideal polyhedron in H3 with dihedral anglew(e) = π − w ∗ (e∗) at every edge e if and only if thefollowing conditions hold:
 Condition 1. 0 < w(e∗) < π for all edges e∗ of P∗.Condition 2. If the edges e∗1 , e∗2 , ..., e∗k form the boundaryof a face of P∗, then w(e∗1) + w(e∗2) + · · ·+ w(e∗k ) = 2π.Condition 3. If e∗1 , e∗2 , ..., e∗k form a simple circuit whichdoes not bound a face of P∗, thenw(e∗1) + w(e∗2) + · · ·+ w(e∗k ) > 2π. 24
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Additional Slides 2
 Spherical Inversion:
 Let S be a sphere with center O and radius r . If a point P isnot O, the image of P under inversion with respect to S is thepoint P ′ lying on the ray OP such that OP · OP ′ = r 2.
 25
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Additional Slides 3
 Euclidean plane geometry results:
 a + b = α
 26
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Additional Slides 4
 Vertices of hyperbolic “octahedron” in upper half-space model:
 27
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Additional Slides 5
 Vertices of hyperbolic “dodecahedron” in upper half-spacemodel:
 28
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