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Recall: The Poincaré Model (Points, Lines, and Betweenness)
 Let ΠF be a Cartesian plane ΠF over a Euclidean ordered field (F ;<), andlet Γ be a fixed circle in ΠF with center O.
 Definition. The points of the Poincaré model,called P-points, are the points of ΠF inside Γ.
 The lines of the Poincaré model, called P-lines, are
 � the sets `P of P-points of lines ` (in ΠF ) thatpass through O; and
 � the sets γP of P-points of circles γ (in ΠF ) thatare perpendicular to Γ.
 Γ
 O
 `
 `P
 γ
 γPA
 B
 C
 A
 B
 C
 O
 C
 BA
 Definition. For P-points A,B,C, B is P-between A and C, denoted A ∗P B ∗P C, ifA,B,C are distinct P-points on a P-line λ, and
 • if λ = `P for a line ` through O (in ΠF ), then A ∗ B ∗ C (in ΠF ), while
 • if λ = γP for a circle γ ⊥ Γ with center O, (in ΠF ), then−→OB is in the interior of
 ∠AOC (in ΠF ).
 Theorem. In the Poincaré model� the incidence and betweenness axioms (I1)–(I3), (B1)–(B4) hold,� but Playfair’s axiom (P) fails.
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Recall: The Poincaré Model (Congr. for Segments and Angles)
 In the Poincaré model P-segments, P-rays, P-angles,P-triangles, are defined using P-betweenness.
 Notation: ABP
 ,−→AB
 P, ∠PBAC,4PABC.
 Definition. For distinct P-points A,B, letµ(AB) = (AB,PQ)−1 = 1
 (AB,PQ)where P,Q are
 obtained as follows: for the unique P-line λ (= `Por γP) through A,B, `, resp. γ, meets Γ (in ΠF ) atP,Q, and the labelling is chosen so that P is closer to A than to B.
 Γ
 O
 λ
 A
 B
 Q
 P
 Definition. Two P-segments ABP
 and A′B′P
 areP-congruent, denoted AB ∼=P A′B′, if µ(AB) = µ(A′B′).
 Definition. Two P-angles are P-congruent if the anglesformed by their tangent rays are congruent in ΠF .
 (The tangent ray of a P-ray−→AB
 Plying on a P-line `P is
 −→AB.)
 Γ
 L
 Theorem. In the Poincaré model
 � the conguence axioms (C2)–(C3) and (C4)–(C5) hold.
 To conclude that the P-model is a Hilbert plane in which (P) fails, it remains to verifythat axioms (C1) and (C6) [=(SAS)] hold.•We will use rigid motions to prove (C1) and (C6).
 The Poincaré Model MATH 3210: Euclidean and Non-Euclidean Geometry
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P-Reflections
 Definition. P-reflection in a P-line `P,denoted σP
 ` , is reflection σ` in ` (inΠF ), restricted to the set of P-points.
 P-reflection in a P-line γP, denotedρPγ , is circular inversion ργ w.r.to γ
 (in ΠF ), restricted to the set of P-points.
 Γ
 O
 `
 `P
 AA′
 Γ
 O
 γ
 γP
 CA′A
 Theorem. If ϕ is a P-reflection in a P-line λ, then(a) ϕ is a P-rigid motion [P-RM] of the P-model; i.e.,
 (1) ϕ is a 1–1 mapping of the set of P-points onto itself;(2) for any set S of P-points, S is a P-line⇔ ϕ(S) is a P-line;(3) for any P-points A,B,C, A ∗P B ∗P C ⇔ ϕ(A) ∗P ϕ(B) ∗P ϕ(C);
 (4) for any P-segment ABP, AB
 P ∼=P ϕ(A)ϕ(B)P;
 (5) for any P-angle αP, αP ∼=P ϕ(αP).(b) ϕ fixes the P-points on λ, and interchanges the P-sides of λ.Proof of (a) for the case λ = γP, ϕ = ρP
 γ . (The case λ = `P, ϕ = σP` is easier.)
 (1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.(2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.(3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.(5), (4): ργ preserves betweenness, angles, and the cross ratio.
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 (1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.(2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.(3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.(5), (4): ργ preserves betweenness, angles, and the cross ratio.
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P-Reflections
 Definition. P-reflection in a P-line `P,denoted σP
 ` , is reflection σ` in ` (inΠF ), restricted to the set of P-points.P-reflection in a P-line γP, denotedρPγ , is circular inversion ργ w.r.to γ
 (in ΠF ), restricted to the set of P-points.
 Γ
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 CA′A
 Theorem. If ϕ is a P-reflection in a P-line λ, then(a) ϕ is a P-rigid motion [P-RM] of the P-model; i.e.,
 (1) ϕ is a 1–1 mapping of the set of P-points onto itself;(2) for any set S of P-points, S is a P-line⇔ ϕ(S) is a P-line;(3) for any P-points A,B,C, A ∗P B ∗P C ⇔ ϕ(A) ∗P ϕ(B) ∗P ϕ(C);
 (4) for any P-segment ABP, AB
 P ∼=P ϕ(A)ϕ(B)P;
 (5) for any P-angle αP, αP ∼=P ϕ(αP).(b) ϕ fixes the P-points on λ, and interchanges the P-sides of λ.Proof of (a) for the case λ = γP, ϕ = ρP
 γ . (The case λ = `P, ϕ = σP` is easier.)
 (1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.(2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.(3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.(5), (4): ργ preserves betweenness, angles, and the cross ratio.
 The Poincaré Model MATH 3210: Euclidean and Non-Euclidean Geometry

Page 21
                        

P-Reflections
 Definition. P-reflection in a P-line `P,denoted σP
 ` , is reflection σ` in ` (inΠF ), restricted to the set of P-points.P-reflection in a P-line γP, denotedρPγ , is circular inversion ργ w.r.to γ
 (in ΠF ), restricted to the set of P-points.
 Γ
 O
 `
 `P
 AA′
 Γ
 O
 γ
 γP
 CA′A
 Theorem. If ϕ is a P-reflection in a P-line λ, then(a) ϕ is a P-rigid motion [P-RM] of the P-model; i.e.,
 (1) ϕ is a 1–1 mapping of the set of P-points onto itself;(2) for any set S of P-points, S is a P-line⇔ ϕ(S) is a P-line;(3) for any P-points A,B,C, A ∗P B ∗P C ⇔ ϕ(A) ∗P ϕ(B) ∗P ϕ(C);
 (4) for any P-segment ABP, AB
 P ∼=P ϕ(A)ϕ(B)P;
 (5) for any P-angle αP, αP ∼=P ϕ(αP).(b) ϕ fixes the P-points on λ, and interchanges the P-sides of λ.Proof of (a) for the case λ = γP, ϕ = ρP
 γ . (The case λ = `P, ϕ = σP` is easier.)
 (1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.(2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.(3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.(5), (4): ργ preserves betweenness, angles, and the cross ratio.
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P-Reflections
 Definition. P-reflection in a P-line `P,denoted σP
 ` , is reflection σ` in ` (inΠF ), restricted to the set of P-points.P-reflection in a P-line γP, denotedρPγ , is circular inversion ργ w.r.to γ
 (in ΠF ), restricted to the set of P-points.
 Γ
 O
 `
 `P
 AA′
 Γ
 O
 γ
 γP
 CA′A
 Theorem. If ϕ is a P-reflection in a P-line λ, then(a) ϕ is a P-rigid motion [P-RM] of the P-model; i.e.,
 (1) ϕ is a 1–1 mapping of the set of P-points onto itself;(2) for any set S of P-points, S is a P-line⇔ ϕ(S) is a P-line;(3) for any P-points A,B,C, A ∗P B ∗P C ⇔ ϕ(A) ∗P ϕ(B) ∗P ϕ(C);
 (4) for any P-segment ABP, AB
 P ∼=P ϕ(A)ϕ(B)P;
 (5) for any P-angle αP, αP ∼=P ϕ(αP).
 (b) ϕ fixes the P-points on λ, and interchanges the P-sides of λ.Proof of (a) for the case λ = γP, ϕ = ρP
 γ . (The case λ = `P, ϕ = σP` is easier.)
 (1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.(2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.(3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.(5), (4): ργ preserves betweenness, angles, and the cross ratio.
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P-Reflections
 Definition. P-reflection in a P-line `P,denoted σP
 ` , is reflection σ` in ` (inΠF ), restricted to the set of P-points.P-reflection in a P-line γP, denotedρPγ , is circular inversion ργ w.r.to γ
 (in ΠF ), restricted to the set of P-points.
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 γ
 γP
 CA′A
 Theorem. If ϕ is a P-reflection in a P-line λ, then(a) ϕ is a P-rigid motion [P-RM] of the P-model; i.e.,
 (1) ϕ is a 1–1 mapping of the set of P-points onto itself;(2) for any set S of P-points, S is a P-line⇔ ϕ(S) is a P-line;(3) for any P-points A,B,C, A ∗P B ∗P C ⇔ ϕ(A) ∗P ϕ(B) ∗P ϕ(C);
 (4) for any P-segment ABP, AB
 P ∼=P ϕ(A)ϕ(B)P;
 (5) for any P-angle αP, αP ∼=P ϕ(αP).(b) ϕ fixes the P-points on λ, and interchanges the P-sides of λ.
 Proof of (a) for the case λ = γP, ϕ = ρPγ . (The case λ = `P, ϕ = σP
 ` is easier.)(1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.(2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.(3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.(5), (4): ργ preserves betweenness, angles, and the cross ratio.
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P-Reflections
 Definition. P-reflection in a P-line `P,denoted σP
 ` , is reflection σ` in ` (inΠF ), restricted to the set of P-points.P-reflection in a P-line γP, denotedρPγ , is circular inversion ργ w.r.to γ
 (in ΠF ), restricted to the set of P-points.
 Γ
 O
 `
 `P
 AA′
 Γ
 O
 γ
 γP
 CA′A
 Theorem. If ϕ is a P-reflection in a P-line λ, then(a) ϕ is a P-rigid motion [P-RM] of the P-model; i.e.,
 (1) ϕ is a 1–1 mapping of the set of P-points onto itself;(2) for any set S of P-points, S is a P-line⇔ ϕ(S) is a P-line;(3) for any P-points A,B,C, A ∗P B ∗P C ⇔ ϕ(A) ∗P ϕ(B) ∗P ϕ(C);
 (4) for any P-segment ABP, AB
 P ∼=P ϕ(A)ϕ(B)P;
 (5) for any P-angle αP, αP ∼=P ϕ(αP).(b) ϕ fixes the P-points on λ, and interchanges the P-sides of λ.Proof of (a) for the case λ = γP, ϕ = ρP
 γ . (The case λ = `P, ϕ = σP` is easier.)
 (1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.(2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.(3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.(5), (4): ργ preserves betweenness, angles, and the cross ratio.
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P-Reflections
 Definition. P-reflection in a P-line `P,denoted σP
 ` , is reflection σ` in ` (inΠF ), restricted to the set of P-points.P-reflection in a P-line γP, denotedρPγ , is circular inversion ργ w.r.to γ
 (in ΠF ), restricted to the set of P-points.
 Γ
 O
 `
 `P
 AA′
 Γ
 O
 γ
 γP
 CA′A
 Theorem. If ϕ is a P-reflection in a P-line λ, then(a) ϕ is a P-rigid motion [P-RM] of the P-model; i.e.,
 (1) ϕ is a 1–1 mapping of the set of P-points onto itself;(2) for any set S of P-points, S is a P-line⇔ ϕ(S) is a P-line;(3) for any P-points A,B,C, A ∗P B ∗P C ⇔ ϕ(A) ∗P ϕ(B) ∗P ϕ(C);
 (4) for any P-segment ABP, AB
 P ∼=P ϕ(A)ϕ(B)P;
 (5) for any P-angle αP, αP ∼=P ϕ(αP).(b) ϕ fixes the P-points on λ, and interchanges the P-sides of λ.Proof of (a) for the case λ = γP, ϕ = ρP
 γ . (The case λ = `P, ϕ = σP` is easier.)
 (1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.
 (2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.(3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.(5), (4): ργ preserves betweenness, angles, and the cross ratio.
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P-Reflections
 Definition. P-reflection in a P-line `P,denoted σP
 ` , is reflection σ` in ` (inΠF ), restricted to the set of P-points.P-reflection in a P-line γP, denotedρPγ , is circular inversion ργ w.r.to γ
 (in ΠF ), restricted to the set of P-points.
 Γ
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 γ
 γP
 CA′A
 Theorem. If ϕ is a P-reflection in a P-line λ, then(a) ϕ is a P-rigid motion [P-RM] of the P-model; i.e.,
 (1) ϕ is a 1–1 mapping of the set of P-points onto itself;(2) for any set S of P-points, S is a P-line⇔ ϕ(S) is a P-line;(3) for any P-points A,B,C, A ∗P B ∗P C ⇔ ϕ(A) ∗P ϕ(B) ∗P ϕ(C);
 (4) for any P-segment ABP, AB
 P ∼=P ϕ(A)ϕ(B)P;
 (5) for any P-angle αP, αP ∼=P ϕ(αP).(b) ϕ fixes the P-points on λ, and interchanges the P-sides of λ.Proof of (a) for the case λ = γP, ϕ = ρP
 γ . (The case λ = `P, ϕ = σP` is easier.)
 (1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.(2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.
 (3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.(5), (4): ργ preserves betweenness, angles, and the cross ratio.
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P-Reflections
 Definition. P-reflection in a P-line `P,denoted σP
 ` , is reflection σ` in ` (inΠF ), restricted to the set of P-points.P-reflection in a P-line γP, denotedρPγ , is circular inversion ργ w.r.to γ
 (in ΠF ), restricted to the set of P-points.
 Γ
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 `
 `P
 AA′
 Γ
 O
 γ
 γP
 CA′A
 Theorem. If ϕ is a P-reflection in a P-line λ, then(a) ϕ is a P-rigid motion [P-RM] of the P-model; i.e.,
 (1) ϕ is a 1–1 mapping of the set of P-points onto itself;(2) for any set S of P-points, S is a P-line⇔ ϕ(S) is a P-line;(3) for any P-points A,B,C, A ∗P B ∗P C ⇔ ϕ(A) ∗P ϕ(B) ∗P ϕ(C);
 (4) for any P-segment ABP, AB
 P ∼=P ϕ(A)ϕ(B)P;
 (5) for any P-angle αP, αP ∼=P ϕ(αP).(b) ϕ fixes the P-points on λ, and interchanges the P-sides of λ.Proof of (a) for the case λ = γP, ϕ = ρP
 γ . (The case λ = `P, ϕ = σP` is easier.)
 (1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.(2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.(3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.
 (5), (4): ργ preserves betweenness, angles, and the cross ratio.
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P-Reflections
 Definition. P-reflection in a P-line `P,denoted σP
 ` , is reflection σ` in ` (inΠF ), restricted to the set of P-points.P-reflection in a P-line γP, denotedρPγ , is circular inversion ργ w.r.to γ
 (in ΠF ), restricted to the set of P-points.
 Γ
 O
 `
 `P
 AA′
 Γ
 O
 γ
 γP
 CA′A
 Theorem. If ϕ is a P-reflection in a P-line λ, then(a) ϕ is a P-rigid motion [P-RM] of the P-model; i.e.,
 (1) ϕ is a 1–1 mapping of the set of P-points onto itself;(2) for any set S of P-points, S is a P-line⇔ ϕ(S) is a P-line;(3) for any P-points A,B,C, A ∗P B ∗P C ⇔ ϕ(A) ∗P ϕ(B) ∗P ϕ(C);
 (4) for any P-segment ABP, AB
 P ∼=P ϕ(A)ϕ(B)P;
 (5) for any P-angle αP, αP ∼=P ϕ(αP).(b) ϕ fixes the P-points on λ, and interchanges the P-sides of λ.Proof of (a) for the case λ = γP, ϕ = ρP
 γ . (The case λ = `P, ϕ = σP` is easier.)
 (1): ργ is 1–1 on P-points, and Γ ⊥ γ ⇒ ργ maps both Γ and the inside of Γ onto itself.(2): ργ maps lines or circles ⊥ Γ onto lines or circles ⊥ Γ.(3): Use (I.24), (I.25) as in the proof of the Plane Separation Theorem.(5), (4): ργ preserves betweenness, angles, and the cross ratio.
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The Poincaré Model Has (ERM)
 Theorem. The Poincaré model has (ERM), i.e.,
 (1) for any P-points A,B there exists a P-RM ϕ that maps A to B;
 (2) for any P-rays−→EA
 P,−→EB
 Pthere exists a P-RM ϕ that fixes E
 and maps−→EA
 Pto−→EB
 P; and
 (3) for any P-line λ there exists a P-RM ϕ that fixes every P-pointon λ, and interchanges the two P-sides of λ.
 Proof.(3): Choose ϕ = P-reflection in λ.(1): Choose ϕ = ϕ−1
 B ◦ ϕA s.t. ϕA is a P-RM mapping A to O.
 To find ϕA: Recall that for A′ ∈−→OA we have A′ = ρΓ(A) iff
 (∗) for the point P ∈ Γ with AP ⊥ OAthe angle ∠OPA′ is a right angle. γ
 O
 Γ
 A A′
 P
 γP
 By switching O,A′: O = ργ(A) for the circle γ with center A′, radius A′P.So, we can choose ϕA = ρP
 γ , the P-reflection in γP.Note: γP is a perpendicular P-bisector of the P-segment OA
 P. Γ
 O
 `
 `P
 E
 B
 A
 C
 D(2):−→EA
 P ϕE7−→−→OC
 Pand−→EB
 P ϕE7−→−→OD
 P
 For the angle bisector ` of ∠COD (in ΠF ),−→OC
 P σP`7−→−→OD
 P
 Thus, ϕ−1E ◦ σP
 ` ◦ ϕE maps−→EA
 Pto−→EB
 P.
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The Poincaré Model Has (ERM)
 Theorem. The Poincaré model has (ERM), i.e.,(1) for any P-points A,B there exists a P-RM ϕ that maps A to B;
 (2) for any P-rays−→EA
 P,−→EB
 Pthere exists a P-RM ϕ that fixes E
 and maps−→EA
 Pto−→EB
 P; and
 (3) for any P-line λ there exists a P-RM ϕ that fixes every P-pointon λ, and interchanges the two P-sides of λ.
 Proof.(3): Choose ϕ = P-reflection in λ.(1): Choose ϕ = ϕ−1
 B ◦ ϕA s.t. ϕA is a P-RM mapping A to O.
 To find ϕA: Recall that for A′ ∈−→OA we have A′ = ρΓ(A) iff
 (∗) for the point P ∈ Γ with AP ⊥ OAthe angle ∠OPA′ is a right angle. γ
 O
 Γ
 A A′
 P
 γP
 By switching O,A′: O = ργ(A) for the circle γ with center A′, radius A′P.So, we can choose ϕA = ρP
 γ , the P-reflection in γP.Note: γP is a perpendicular P-bisector of the P-segment OA
 P. Γ
 O
 `
 `P
 E
 B
 A
 C
 D(2):−→EA
 P ϕE7−→−→OC
 Pand−→EB
 P ϕE7−→−→OD
 P
 For the angle bisector ` of ∠COD (in ΠF ),−→OC
 P σP`7−→−→OD
 P
 Thus, ϕ−1E ◦ σP
 ` ◦ ϕE maps−→EA
 Pto−→EB
 P.
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The Poincaré Model Has (ERM)
 Theorem. The Poincaré model has (ERM), i.e.,(1) for any P-points A,B there exists a P-RM ϕ that maps A to B;
 (2) for any P-rays−→EA
 P,−→EB
 Pthere exists a P-RM ϕ that fixes E
 and maps−→EA
 Pto−→EB
 P; and
 (3) for any P-line λ there exists a P-RM ϕ that fixes every P-pointon λ, and interchanges the two P-sides of λ.
 Proof.(3): Choose ϕ = P-reflection in λ.(1): Choose ϕ = ϕ−1
 B ◦ ϕA s.t. ϕA is a P-RM mapping A to O.
 To find ϕA: Recall that for A′ ∈−→OA we have A′ = ρΓ(A) iff
 (∗) for the point P ∈ Γ with AP ⊥ OAthe angle ∠OPA′ is a right angle. γ
 O
 Γ
 A A′
 P
 γP
 By switching O,A′: O = ργ(A) for the circle γ with center A′, radius A′P.So, we can choose ϕA = ρP
 γ , the P-reflection in γP.Note: γP is a perpendicular P-bisector of the P-segment OA
 P. Γ
 O
 `
 `P
 E
 B
 A
 C
 D(2):−→EA
 P ϕE7−→−→OC
 Pand−→EB
 P ϕE7−→−→OD
 P
 For the angle bisector ` of ∠COD (in ΠF ),−→OC
 P σP`7−→−→OD
 P
 Thus, ϕ−1E ◦ σP
 ` ◦ ϕE maps−→EA
 Pto−→EB
 P.
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The Poincaré Model Has (ERM)
 Theorem. The Poincaré model has (ERM), i.e.,(1) for any P-points A,B there exists a P-RM ϕ that maps A to B;
 (2) for any P-rays−→EA
 P,−→EB
 Pthere exists a P-RM ϕ that fixes E
 and maps−→EA
 Pto−→EB
 P; and
 (3) for any P-line λ there exists a P-RM ϕ that fixes every P-pointon λ, and interchanges the two P-sides of λ.
 Proof.(3): Choose ϕ = P-reflection in λ.(1): Choose ϕ = ϕ−1
 B ◦ ϕA s.t. ϕA is a P-RM mapping A to O.
 To find ϕA: Recall that for A′ ∈−→OA we have A′ = ρΓ(A) iff
 (∗) for the point P ∈ Γ with AP ⊥ OAthe angle ∠OPA′ is a right angle. γ
 O
 Γ
 A A′
 P
 γP
 By switching O,A′: O = ργ(A) for the circle γ with center A′, radius A′P.So, we can choose ϕA = ρP
 γ , the P-reflection in γP.Note: γP is a perpendicular P-bisector of the P-segment OA
 P. Γ
 O
 `
 `P
 E
 B
 A
 C
 D(2):−→EA
 P ϕE7−→−→OC
 Pand−→EB
 P ϕE7−→−→OD
 P
 For the angle bisector ` of ∠COD (in ΠF ),−→OC
 P σP`7−→−→OD
 P
 Thus, ϕ−1E ◦ σP
 ` ◦ ϕE maps−→EA
 Pto−→EB
 P.
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The Poincaré Model Has (ERM)
 Theorem. The Poincaré model has (ERM), i.e.,(1) for any P-points A,B there exists a P-RM ϕ that maps A to B;
 (2) for any P-rays−→EA
 P,−→EB
 Pthere exists a P-RM ϕ that fixes E
 and maps−→EA
 Pto−→EB
 P; and
 (3) for any P-line λ there exists a P-RM ϕ that fixes every P-pointon λ, and interchanges the two P-sides of λ.
 Proof.(3): Choose ϕ = P-reflection in λ.
 (1): Choose ϕ = ϕ−1B ◦ ϕA s.t. ϕA is a P-RM mapping A to O.
 To find ϕA: Recall that for A′ ∈−→OA we have A′ = ρΓ(A) iff
 (∗) for the point P ∈ Γ with AP ⊥ OAthe angle ∠OPA′ is a right angle. γ
 O
 Γ
 A A′
 P
 γP
 By switching O,A′: O = ργ(A) for the circle γ with center A′, radius A′P.So, we can choose ϕA = ρP
 γ , the P-reflection in γP.Note: γP is a perpendicular P-bisector of the P-segment OA
 P. Γ
 O
 `
 `P
 E
 B
 A
 C
 D(2):−→EA
 P ϕE7−→−→OC
 Pand−→EB
 P ϕE7−→−→OD
 P
 For the angle bisector ` of ∠COD (in ΠF ),−→OC
 P σP`7−→−→OD
 P
 Thus, ϕ−1E ◦ σP
 ` ◦ ϕE maps−→EA
 Pto−→EB
 P.
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The Poincaré Model Has (ERM)
 Theorem. The Poincaré model has (ERM), i.e.,(1) for any P-points A,B there exists a P-RM ϕ that maps A to B;
 (2) for any P-rays−→EA
 P,−→EB
 Pthere exists a P-RM ϕ that fixes E
 and maps−→EA
 Pto−→EB
 P; and
 (3) for any P-line λ there exists a P-RM ϕ that fixes every P-pointon λ, and interchanges the two P-sides of λ.
 Proof.(3): Choose ϕ = P-reflection in λ.(1): Choose ϕ = ϕ−1
 B ◦ ϕA s.t. ϕA is a P-RM mapping A to O.
 To find ϕA: Recall that for A′ ∈−→OA we have A′ = ρΓ(A) iff
 (∗) for the point P ∈ Γ with AP ⊥ OAthe angle ∠OPA′ is a right angle. γ
 O
 Γ
 A
 A′
 P
 γP
 By switching O,A′: O = ργ(A) for the circle γ with center A′, radius A′P.So, we can choose ϕA = ρP
 γ , the P-reflection in γP.Note: γP is a perpendicular P-bisector of the P-segment OA
 P. Γ
 O
 `
 `P
 E
 B
 A
 C
 D(2):−→EA
 P ϕE7−→−→OC
 Pand−→EB
 P ϕE7−→−→OD
 P
 For the angle bisector ` of ∠COD (in ΠF ),−→OC
 P σP`7−→−→OD
 P
 Thus, ϕ−1E ◦ σP
 ` ◦ ϕE maps−→EA
 Pto−→EB
 P.
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The Poincaré Model Has (ERM)
 Theorem. The Poincaré model has (ERM), i.e.,(1) for any P-points A,B there exists a P-RM ϕ that maps A to B;
 (2) for any P-rays−→EA
 P,−→EB
 Pthere exists a P-RM ϕ that fixes E
 and maps−→EA
 Pto−→EB
 P; and
 (3) for any P-line λ there exists a P-RM ϕ that fixes every P-pointon λ, and interchanges the two P-sides of λ.
 Proof.(3): Choose ϕ = P-reflection in λ.(1): Choose ϕ = ϕ−1
 B ◦ ϕA s.t. ϕA is a P-RM mapping A to O.
 To find ϕA: Recall that for A′ ∈−→OA we have A′ = ρΓ(A) iff
 (∗) for the point P ∈ Γ with AP ⊥ OAthe angle ∠OPA′ is a right angle.
 γ
 O
 Γ
 A A′
 P
 γP
 By switching O,A′: O = ργ(A) for the circle γ with center A′, radius A′P.So, we can choose ϕA = ρP
 γ , the P-reflection in γP.Note: γP is a perpendicular P-bisector of the P-segment OA
 P. Γ
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 `
 `P
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 B
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 C
 D(2):−→EA
 P ϕE7−→−→OC
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 P ϕE7−→−→OD
 P
 For the angle bisector ` of ∠COD (in ΠF ),−→OC
 P σP`7−→−→OD
 P
 Thus, ϕ−1E ◦ σP
 ` ◦ ϕE maps−→EA
 Pto−→EB
 P.
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The Poincaré Model Has (ERM)
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The Poincaré Model Has (ERM)
 Theorem. The Poincaré model has (ERM), i.e.,(1) for any P-points A,B there exists a P-RM ϕ that maps A to B;
 (2) for any P-rays−→EA
 P,−→EB
 Pthere exists a P-RM ϕ that fixes E
 and maps−→EA
 Pto−→EB
 P; and
 (3) for any P-line λ there exists a P-RM ϕ that fixes every P-pointon λ, and interchanges the two P-sides of λ.
 Proof.(3): Choose ϕ = P-reflection in λ.(1): Choose ϕ = ϕ−1
 B ◦ ϕA s.t. ϕA is a P-RM mapping A to O.
 To find ϕA: Recall that for A′ ∈−→OA we have A′ = ρΓ(A) iff
 (∗) for the point P ∈ Γ with AP ⊥ OAthe angle ∠OPA′ is a right angle. γ
 O
 Γ
 A A′
 P
 γP
 By switching O,A′: O = ργ(A) for the circle γ with center A′, radius A′P.So, we can choose ϕA = ρP
 γ , the P-reflection in γP.Note: γP is a perpendicular P-bisector of the P-segment OA
 P. Γ
 O
 `
 `P
 E
 B
 A
 C
 D(2):−→EA
 P ϕE7−→−→OC
 Pand−→EB
 P ϕE7−→−→OD
 P
 For the angle bisector ` of ∠COD (in ΠF ),−→OC
 P σP`7−→−→OD
 P
 Thus, ϕ−1E ◦ σP
 ` ◦ ϕE maps−→EA
 Pto−→EB
 P.
 The Poincaré Model MATH 3210: Euclidean and Non-Euclidean Geometry

Page 43
                        

(C1) and (C6) Hold in the Poincaré Model
 (C1) holds: For arbitrary P-segment CDP
 and P-ray−→AX
 Pthere exists
 a unique P-point B on−→AX
 Psuch that AB
 P ∼=P CDP.
 Γ
 OA
 X
 Y
 Proof.There exists a P-RM ϕ such that ϕ(A) = O. Thus,
 •−→AX
 P ϕ7→−→OY
 Pfor some P-point Y ;
 • statement in (C1) holds for−→AX
 Piff it holds for
 −→OY
 P.
 Therefore, we may assume that A = O.
 • Problem on WSH26⇒ statement in (C1) holds for A = O.
 (C6) [=(SAS)] holds: If for two P-triangles 4PABC and 4PDEF wehave AB
 P ∼=P DEP, AC
 P ∼=P DFP, and ∠PBAC ∼=P ∠PEDF , then the
 two P-triangles are P-congruent (i.e., the third P-sides and theremaining corresponding P-angles are also P-congruent).
 Proof. We proved earlier:
 (I1)–(I3), (B1)–(B4), (C1)–(C2), (C4)–(C5), (ERM) ⇒ (C6).
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Debts Paid: About axioms (A), (E), and Prop. (I.1)Recall that the Poincaré model is constructed on the set of points inside a circle Γ in aCartesian plane ΠF over a Euclidean ordered field F .
 Theorem. The Poincaré model satisfies Archimedes’ axiom (A) if andonly if the field F is Archimedean.
 Corollary. If F is Archimedean (e.g., if F = R), then the Poincarémodel is an Archimedean Hilbert plane in which (P) fails.
 Theorem. In the Poincaré model,(1) every P-circle is a circle (in ΠF ) contained in the inside of Γ, and(2) every circle (in ΠF ) contained in the inside of Γ is a P-circle.
 Corollary. Axiom (E) holds in the Poincaré model.
 Hence, Euclid’s proposition (I.1) on the existence of equilateral triangles holds in theP-model. To obtain a Hilbert plane in which (I.1) fails, one has to modify theconstruction of the P-model as follows:Work in a Cartesian plane ΠF , with a circle Γ with equation x2 + y2 = d where� F is Pythagorean, but not Euclidean, and Γ may be ‘virtual’ (i.e.
 √d /∈ F );
 � F is close enough to being Euclidean so that the Plane Separation Theoremholds in the modified P-model; but� F is far enough from being Euclidean so that (I.1) fails in the modified P-model.
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