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Lyapunov stabilityAnalyisis
 Lyapunov stability is named after AleksandrLyapunov, a Russian
 mathematician who published his book "The General Problem of Stability of
 Motion" in 1892
 http://en.wikipedia.org/wiki/Aleksandr_Lyapunov
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Two Methods of Lyapunov Stability
 • First Method: considers the modifications necessary in nonlinear systems to the linear theory of stability based on linearizing near a point of equilibrium .It is not applicable for characteristic equation without real parts.
 • Second Method :This is applicable for non-linear time varying systems.
 • Equilibrium point is a point at which the derivative of the state variables vanish at X=Xe.
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Stability
 • Asymptotically stable– Consider a system represent in state space:
 • Bounded-Input Bounded-Output stable– (Input-output stability)
 tastxif
 xxAxx
 0)(
 )0( 0
 MtyNtu )()(
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Stability condition
 • Asymptotically stable– All the eigenvalues of the system have
 negative real parts (i.e. in the LHP)
 • BIBO stable– All the transfer function poles be in the LHP
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AsI
 BAsICadjBAsIC
 sD
 sNsT
 ][)(
 )(
 )()( 1
 0)( sD
 0 AsI
 Find all the transfer function poles
 Characteristic function of the system
 Find all the system eigenvalue
 In the absence of pole-zero cancellations, transfer function poles are identical to the system eigenvalues, hence BIBO stability and asymptotically stability are equivalent.
 If the system is controllable and observable, then BIBO stable is equal to asymptotically stable.
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Stability testing method• Asymptotically stable
 • BIBO stable– Routh-Hurwitz criterion– Root locus method– Nyquist criterion– ....etc.
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Revision of StabilityLet us consider the following system.X(K+1) = Ax(k) + B u(k) ---- (1)Y(k)=Cx(k)+Du(k)Zero State Response: The output response of system (1) that is
 due to the input only (initial states are zero) is called zero state response.
 Zero Input Response: The output response of system (1) that is driven by the initial states only (in absence of any external input) is called zero input response.
 BIBO Stability: If for any bounded input u(k) , the output y(k) is also bounded, then the system is said to be BIBO stable.
 Bounded Input Bounded State Stability: If for any bounded input u(k), the states are also bounded, then the system is said to be Bounded Input Bounded State stable.
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• Zero Input or Internal Stability: If the zero input response of a system subject to a finite initial condition is bounded and reaches zero as k → ∞, then the system is said to be internally stable.
 The above condition can be formulated as • The above conditions are also requirements for
 asymptotic stability .
 To ensure all possible stability for an LTI system, the only requirement is that the roots of the characteristic equations are inside the unit circle.
 0)(
 KLIMY
 InfinityMY(K)
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Definitions Related to Stability for A Generic System
 • A general time invariant system (linear or nonlinear) with no external input can be modeled by the following equation
 • Equilibrium Point: The equilibrium point or equilibrium state of a system is that point in the state space where the dynamics of the system is zero which implies that the states will remain there forever once brought.
 • Thus the equilibrium points are the solutions of the
 following equation.
 )2())(()1( kxfkx
 )3(0))(( kxf
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• One should note that since an LTI system with no external input can be modeled by ,
 is the only equilibrium point for such a system.
 The equilibrium point at which the derivate of state variables vanish at x = xe
 Nonlinear systems can have multiple equilibrium points. Thus when we talk about the stability of a nonlinear system, we do so with respect to the equilibrium points.
 For convenience, we state all definitions for the case when the equilibrium point is at the origin. There is no loss of generality if we do so because any equilibrium point can be shifted to origin via a change of variables.
 0)(),()1( kxkAxkx
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Lyapunov stability
 A state of an autonomous system is called an equilibrium state, if starting at that state the system will not move from it in the absence of the forcing input.
 ex
 )),(),(( ttutxfx 0,0),0,( tttxf e example
 )(1
 1
 32
 10tuxx
 0
 00
 32
 10
 0)(
 2
 1
 2
 1
 e
 e
 e
 e
 x
 x
 x
 x
 tulet
 Equilibrium point
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example
 )(1
 2
 20
 00tuxx
 00
 20
 00
 0)(
 2
 1
 2
 1 k
 x
 x
 x
 x
 tulet
 e
 e
 e
 e
 Equilibrium line
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Definition: An equilibrium state of an autonomous system is stable in the sense of Lyapunov if for every , exist a such that for
 ex0 0)(
 ee xxtxxx ),( 00 0tt
 0x
 2x
 1x
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Definition: An equilibrium state of an autonomous system is asymptotically stable if
 (i) It is stable and (ii) exist if
 ex
 a tasxtxxx eae ,0)(0
 1x
 2x
 ex 0x
 a
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Asymptotically stable in the large ( globally asymptotically stable) (1) The system is asymptotically stable for all the initial states . (2) The system has only one equilibrium state. (3) For the LTI system, asymptotically stable and globally
 asymptotically stable are equivalent.
 )( 0tx
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Lyapunov’s function
 A function V(x) is called a Lyapunov function if(i) V(x) and are continuous in a region R containing the
 origin (E.S.)(ii) V(x) is positive definite in R. (iii) relative to a system along the trajectory of
 the system is negative semi-definite in R.
 ix
 xv
 )(
 )(xfx )(xV
 A scalar function V(x) is positive (negative) definite if (i) V(0)=0(ii) V(x)>0 (<0) for 0x
 A scalar function V(x) is positive (negative) semidefinite if (i) V(0)=0 and V(x)=0 possibly at same (ii)
 0x)0(0)( xV
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A function is not definite or semidefinite in either sense is defined to be indefinite.
 example
 23
 22
 2213211
 2321
 22
 213211
 )(),,(
 22),,(
 xxxxxxxV
 xxxxxxxxV
 23
 42
 413212 ),,( xxxxxxV
 )3(),,(
 3),,(23
 23
 22
 213213
 43
 23
 22
 213213
 xxxxxxxV
 xxxxxxxV
 positive definite
 positive definite
 3
 3
 3
 3
 xif
 xif p.d.
 p.s.d.
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23
 2213214 )(),,( xxxxxxV
 23213215 ),,( xxxxxxV
 p.s.d.
 indefinite
 Quadratic form
 AXX
 x
 x
 x
 aaa
 a
 aaa
 xxx
 yxaxV
 T
 nnnnn
 n
 n
 ji
 n
 i
 n
 jij
 2
 1
 21
 21
 11211
 21
 1 1
 )(
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nnnnnn
 nn
 nnnn
 n
 aaaaa
 aa
 aaaaa
 aaa
 a
 aaa
 )(2
 1)(
 2
 1
 )(2
 1
 )(2
 1)(
 2
 1
 2211
 2112
 11211211
 21
 21
 11211
 Symmetry matrix Q
 )(2
 1 TAAQ
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Q: symmetric matrix then
 (1) Q is p.d. V(x) is p.d.
 (2)Q is n.d. V(x) is n.d.
 (3)Q is p.s.d. V(x) is p.s.d.
 (4)Q is n.s..d. V(x) is n.s..d.
 (5)Q is indefinite. V(x) is indefinite.
 (6) Q is p.d. eigen values of Q are positives
 (7) Q is n.d. eigen values of Q are negatives
 QxxxV T)(
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Sylvester’s criterion A symmetric matrix Q is p.d. if and only if all its n leading principle minors are positive.
 nn
 Definition The i-th leading principle minor of an matrix Q is the determinant of the matrix extracted from the upper left-hand corner of Q.
 niQi ,,3,2,1 nnii
 QQqq
 qqQ
 qQ
 qqq
 qqq
 qqq
 Q
 32221
 21112
 111
 333231
 232221
 131211
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Remark(1) are all negative Q is n.d. (2) All leading principle minors of –Q are positive Q is n.d.
 nQQQ ,, 21
 example
 3
 2
 1
 321
 3
 2
 1
 321
 2332
 2131
 21
 132
 330
 202
 100
 630
 402
 6342)(
 x
 x
 x
 xxx
 x
 x
 x
 xxx
 xxxxxxxxV
 024
 06
 02
 3
 2
 1
 Q
 Q
 Q
 Q is not p.d.
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Lyapunov Stability Theorem
 Consider the system defined by mX(k+1) = F (x(k)) ; F(0) = 0 Sufficient conditions of stability as follows ; There exists a scalar function V (x(k)) which for
 some real numberЄ > 0 satisfying the following for all x in the region
 Abs(x) <= є(1) V(x) > 0 ; x in not equal to 0 (2) V(0) = 0(3) V(x) is continuous for all x i.e V(x) is positive definite.
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Condition 1 is asymptotically stable , if the difference V (x(k)) < 0 ie negative definite function and no trajectory can stay for ever at the points , or on the line , other than the origin at whick V(x(k)) = 0
 Condition 2 is asymptotically stable in the larger
 V(x) tends to ∞ as abs(x) tends to ∞Condition 3 is stable in the sense of
 Lyapunov , if V (x(k)) is identically zero along the trajectory.
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Lyapunov’s methodConsider the system If in a neighborhood R about the origin a Lyapunov function V(x) can be found such that is n.d. along the trajectory then the origin is asymptotically stable.
 )(xV
 0)0(),( fxfx
 Consider linear autonomous system
 0 AifAxx ..0 SEx Let Lyapunov function pxxxV T)(
 Qxx
 xPAPAx
 PAxxPxAx
 xPxPxxxV
 T
 TT
 TTT
 TT
 )(
 )(
 )( PAPAQ T
 If Q is p.d. then is n.d.)(xV
 0x is asymptotically stable
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example
 21
 13
 2
 1
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 11
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 2212
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 IQletT
 050311 Pp
 System is asymptotically stable
 The Lyapunov function is: )()(
 )223(21)(
 22
 21
 2221
 2
 1
 xxxV
 xxxxPxxxV T
 P is p.d.
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