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 Abstract. The geometry of a space curve is described in terms of a Euclidean invariant frame field, metric,connection, torsion and curvature. Here the torsion and curvature of the connection quantify the curve geometry. Inorder to retain a stable and reproducible description of that geometry, such that it is slightly affected by non-uniformprotrusions of the curve, a linearised Euclidean shortening flow is proposed. (Semi)-discretised versions of the flowsubsequently physically realise a concise and exact (semi-)discrete curve geometry. Imposing special orderingrelations the torsion and curvature in the curve geometry can be retrieved on a multi-scale basis not only for simplyclosed planar curves but also for open, branching, intersecting and space curves of non-trivial knot type. In thecontext of the shortening flows we revisit the maximum principle, the semi-group property and the comparisonprinciple normally required in scale-space theories. We show that our linearised flow satisfies an adapted maximumprinciple, and that its Green’s functions possess a semi-group property. We argue that the comparison principlein the case of knots can obstruct topological changes being in contradiction with the required curve simplificationprinciple. Our linearised flow paradigm is not hampered by this drawback; all non-symmetric knots tend to trivialones being infinitely small circles in a plane. Finally, the differential and integral geometry of the multi-scalerepresentation of the curve geometry under the flow is quantified by endowing the scale-space of curves with anappropriate connection, and calculating related torsion and curvature aspects. This multi-scale modern geometricanalysis forms therewith an alternative for curve description methods based on entropy scale-space theories.
 Keywords: linearised shortening flow, frame field, metric, connection, torsion, curvature, scale-space, similarityjet
 1. Introduction
 Our aim is to describe in a robust manner a planaror space curve coinciding with a discontinuity set ofa surface of an object embedded in three-dimensionalEuclidean space. The curve is assumed to be extractedfrom a stereo-image acquired by a bi-perspectivecamera system (Koenderink, 1992) exploring the vi-sual fields, or from a three-dimensional medical imagesuch as a vessel tree acquired by a topological or
 geometric method (Salden et al., 1995, 1998a, 1999;Salden, 1996, 1999; Kalitzin et al., 1998). The orderingof the points of the curve is consistent with a particularchain encoding (Jain, 1989). Having such a represen-tation of a space curve one is immediately confrontedwith several problems related to a robust curve descrip-tion, namely:
 • How to describe curve geometry? How to handle thefact that the formation of the curve left and right from
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30 Salden, ter Haar Romeny and Viergever
 any point is different implying no order of contact atall? Here order of contact refers to the order of dif-ferentiability of the curve with respect to an arbitraryparameter. Increasing even the resolution propertiesof the camera system one is still confronted with thefact that at any level of scale the formation of thecurve left and right from a given curve point remaintotally different. The notion of scale denotes boththe highest spatio-temporal and dynamic resolutionproperties of the used camera system with respect toan external electromagnetic field activity.• How can one retain a robust (stable and repro-
 ducible) description of the curve geometry despitenon-uniform noise in the chain encoding? The chainencoding namely varies because of change in view,changes in resolution properties between the usedcamera systems and fluctuations in the electromag-netic field activity.• As at every scale the curve geometry is quite un-
 predictable due to the above mentioned influences,how can one still derive a concise (finite, irreducibleand complete) description of curve geometry for abounded scale range generated by varying the reso-lution properties of the camera system? Which prin-ciples have then assumed to be underlying goingfrom one scale to another? Especially, the questionarises whether the nonlinear Euclidean shorteningflow proposed for simply closed planar curves areappropriate for other type of curves such as opencurves, branching curves, self-intersecting curvesand knots. Summarising, which conditions does afilter bank have to obey in order to scale a specificphysical object, and in order to limit the computa-tional load in deriving the robust description of thecurve geometry?• Accepting that a multi-scale approach to the problem
 of describing curve geometry yields a robust andconcise curve representation how can one quantifythis multi-scale representation of curve geometry inan invariant manner?
 Smoothings or better relaxations of geometric ob-jects modelling physical objects such as shapes orgrey-valued images, endowed with structures such as ametric and a connection, retained by a flow, e.g.,Euclidean shortening flow of simply closed planarcurves, have thoroughly been studied and reportedin the mathematical literature (Brakke, 1978; Gage,1983, 1984; Huisken, 1984; Gage and Hamilton, 1986;Abresch and Langer, 1986; Gerhardt, 1990; Angenent,
 1991a, 1991b, 1991c; Angenent et al., 1998; Altschulerand Grayson, 1992; Schwartz, 1992). As such smooth-ings ask for the solution of nonlinear Cauchy problems,i.e., initial-boundary value problems, it is necessary toquasi-linearise these problems in order to obtain an ex-act approximative Green’s function (Eidel’Man, 1962;Salden, 1996). Convolving the initial geometric ob-ject with this Green’s function yields an approxima-tive solution to the considered flow problem. The limitgeometric objects under the different flows at high-est scale are up to now not fully classified. For exam-ple, for a simply closed planar curve it’s well knownthat the curve evolves to an infinitesimally small cir-cle. For knots (Reidemeister, 1932), however, almostnothing is known except that one might conjecture thatthe largest-scale knot types may persist under certainflows. As knots, links and braids can be viewed asbranching curves for a particular gradient field of agrey-valued image, it is clear that the shortening flowsstudied in the mathematical literature and applied to,e.g., knots are not the most general flows one can comeup with for grey-valued images such as those of ves-sels and finger prints. Smoothing grey-valued imagesby means of nonlinear flows that preserve discontinuitysets of not necessarily constant co-dimension or equiv-alences such as knot type have, however, already beenproposed and investigated (Salden et al., 1995, 1999;Salden, 1996, 1999).
 In order to describe geometric objects modern geom-etry has been extensively studied and developed in thepast (Cartan, 1937b; Santalo, 1976). The evolution ofthose objects and their properties under flows are nor-mally again described in terms of geometry (Cartan,1955) or in terms of deformation theory (Yano, 1955;Pommaret, 1978). Note that these descriptions are car-ried out in the context of modern geometry and topo-logy meaning that the space of observations whateverthey may be can be endowed with a non-flat connec-tion, i.e., observation space is essentially twisted andcurved not only in a geometric sense but perhaps also ina topological sense (Salden, 1999; Salden et al., 1999).This statement sounds quite cryptic but will becometransparent in the sequel.
 Also in the computer vision community the shorten-ing flows attained a lot of attention. They were ap-plied to mainly planar curves that were either im-plicitly defined by a level-set of a two-dimensionalgrey-valued input image (Kass et al., 1987; Kimiaet al., 1992, 1995; Alvarez et al., 1992; Sapiro andTannenbaum, 1993; Rougon, 1993; Salden et al., 1993;
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Linearised Euclidean Shortening Flow of Curve Geometry 31
 ter Haar Romeny, 1994; Salden, 1996) or that weredefined by an ordered set of extracted point-sets orpolygons from one or more grey-valued input images(Koenderink and van Doorn, 1986; Mokhtarian andMackworth, 1986, 1992; Mokhtarian, 1988a, 1988b,1988c, 1989, 1993; Bruckstein et al., 1995; Brucksteinand Shaked, 1997; Geraets et al., 1995; Salden, 1996).In the first approach to the shortening flow problem theproblem is translated into an equivalent flow problemfor the level-sets of a grey-valued image or derivedimage, whereas in the second approach one formu-lates the flow problem directly on the actually extractedpolygonal configurations or point sets. But the deepstructure of the multi-scale representations of the geo-metric objects have scarcely been addressed in com-puter vision (Salden, 1996). In computer vision thetendency is quite often to be satisfied with an apparentvisual improvement of the representation of the inputdata set. An improvement, however, cannot be viewedas a goal in the proposed scaling mechanisms as theresolution properties of the camera system are just al-ways limiting factors. Thus subpixel accuracy attainedby filtering schemes cannot be taken seriously at all.What matters is that the assessment of the geometricobjects under study becomes more and more reliablewith increasing scale. In (Koenderink and van Doorn,1981; Eberly, 1994; Salden et al., 1995, 1998a; Salden,1996, 1999; Kalitzin et al., 1998) the authors proposelogical, topological and geometric machines to readout the deep structure of scale-spaces of the geometricobjects. Given the fact that an ensemble of geometricobjects may deviate due to various noise contributionsexcludes one to hope their scale-spaces to be equivalenteven in a topological sense. For the partial topologicalequivalence and modern geometry of such an ensembleof scale-spaces the reader is advised to consult (Saldenet al., 1995, 1998a, 1999; Salden, 1996, 1998, 1999).
 As our paper is mainly concerned with the geometryof the multi-scale representations of curves and theirformation, let us briefly elaborate on the different pro-posed solution methods to shortening flows problemsfor curves pointing out their objectives, assumptionsand implications.
 • Level-Set Solution Methods:
 The geometric planar curve shortening flows (ter HaarRomeny; Salden, 1996) based on the nonlinear evo-lution of grey-valued images are developed in orderto smooth images, such that certain symmetries of the
 landscape of isophotes and flowlines are being pre-served under the flow. One assumes that one of theisophotes is a representative for the curve under study.But normally one applies edge detectors to extract thecurve and associates to the interior a positive grey-valueand to the exterior a negative grey-value. The borderbetween the positive and negative grey-valued regionsin the two-dimensional image is then identified with acontour of a planar object in space.
 Further assumptions are that the flow on the imageis invariant under Euclidean movements of the imageplane or projection center, causal and invariant underspatial homogeneous grey-value transformations to re-strict the class of possible flows. Of course, the admit-ted grey-value transformations and Euclidean move-ments should still allow an accurate extraction of thecontour on the basis of, e.g., the grey-value characteris-tics between Mach bands in the images (Jain, 1989). A“faithful” representation of the contour under all thesetransformations is severely limited by the resolutionproperties of the camera system, and the physics of theelectromagnetic field activity, e.g., symmetry relationsof the BRDF’s (Wolf et al., 1992).
 The scale-space of the curve, which is an embeddinginto a family of simplified curves, is proposed to be re-cursively obtained from the input curveC by means of asequence of filtersTτ satisfying a semi-group property:
 T0C = C,
 Tτ+σC = Tτ (TσC), σ, τ ∈ R+0 ,
 whereT0 is the identity operator andτ andσ are scaleparameters. The scale-space is here generated by solv-ing the Cauchy problem related to the curve shorteningflow problem. The simplification of the curve at coarserscales can then be expressed as, e.g., the decreasingnumber of corners that can be detected as extrema inthe curvatures of the curve. Another assumption un-derlying the nonlinear morphological processing of aplanar curve is the so-called comparison principle:
 C1 ≤ C2,
 TτC1 ≤ TτC2, ∀τ ∈ R+0 .
 The latter principle which says that a planar curved con-tained in the closure of the interior of another curve hav-ing possibly points tangent to it remains that through-out the filtering process; the coinciding points abovea certain scale will move for the interior curve faster
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 to the limit curve. This topological principle can alsobe stated in terms of similar relations for the corre-sponding evolution of a grey-valued image with twoparticular isophotes coinciding with the curves above.
 The Cauchy problems related to these curve short-ening flows are subsequently solved by means of theOsher-Sethian finite difference or level-set method(Osher and Sethian, 1988; Alvarez and Morel, 1994)or by means of a mathematical morphological method(Sapiro et al., 1993). Both methods do not yield an ex-act approximation of the Green’s functions consistentwith the Cauchy problems (Eidel’Man, 1962; Saldenet al., 1995). Of course, the regions in the image, wherean exact approximation to the Green’s function can beapplied, must allow the flow problem to be stated interms of a parabolic Cauchy problem in the sense ofPetrovskiy. But with some tricks the standard solutionmethod for the Cauchy problem can be carried overto the other regions where Petrovskiy inequality doesnot hold (we will not address the specific method ofcontinuation in this paper).
 Another possibility is regularising the derivativeswith respect to, e.g., the gauge coordinatev (a co-ordinate axis along the tangent vector to an isophotein a two-dimensional grey-valued image), such thatderivatives become convolutions,∗, with anisotropicGaussian derivatives:
 ∂
 ∂v
 ∥∥∥∥(x0,y0)
 ≈(
 dG(x, y, s)
 dy− dG(x, y, s)
 dx
 )∗ ,
 with
 G(x, y, s) = 1
 4πse−(x
 2+y2)/4s,
 G(x, y, s) = 1
 4πse−(x
 2+y2)/4s,
 where
 x = (Gx ∗ L)√(Gi ∗ L)(Gi ∗ L)
 (x0, y0, s0)x,
 y =√(Gi ∗ L)(Gi ∗ L)
 (Gx ∗ L)(x0, y0, s0)y,
 x =√(Gi ∗ L)(Gi ∗ L)
 (Gy ∗ L)(x0, y0, s0)y,
 y = (Gy ∗ L)√(Gi ∗ L)(Gi ∗ L)
 (x0, y0, s0)x.
 Note that the anisotropy is directly controlled by theacquired information about the image gradient fieldat a level of scales0. Furthermore, that the adaptedGreen’s functions to operationalise the blurring satisfynormalisation and that Einstein summation conventionis used (summing over twice occurring subindices).Finally, that in the case of vanishing image gradientsthe rule of l’Hopital should be applied.
 All the above approximating flows yield an in-finitesimally small circle-like curve for simply closedplanar curves in the case of Euclidean shortening flows.Self-intersecting curves develop normally cusps, e.g.,x2 = y3, but need not to have infinitesimally smallcircles as limit shapes (see for more details (Abreschand Langer, 1986); the limit shapes obviously dependon the curve shortening flow under study). Recall thata true cusp arises from, e.g., the projection of a smoothspace curve, such as an illuminated iron strip, on oneof its normal planes (Koenderink, 1990).
 In order to break up a planar curve in its constituentparts a so-called entropy flow on planar curves has beenproposed (Kimia, 1991). The goal of the author is togenerate a partial ordered set of the segments that on thebasis of topological criteria belong to different curveformation processes. The result of the entropy flow isthat topologically interesting sites, where the changesin curve formation are predominant, are highlightedand classified.
 Recently one has extended the level set approach forhypersurfaces (Ambrosio and Soner, 1994) to surfaceswith arbitrary co-dimension. This extension impliesthat the above approach for smoothing planar curvesor (not necessarily) one-dimensional discontinuity ornon-isolated singularity sets, in a two-dimensionalgrey-valued image can be formulated also for spacecurves in three-dimensional grey-valued images. Theevolution of a space curve (with co-dimension two)is then governed by a nonlinear differential equationwith respect to the three-dimensional input grey-valuedimage. The local flow imposed on a level set envelop-ing the curve is geometrically determined by its small-est principal curvature multiplied with the unit normalvector. The co-dimensional flows higher than one alsosatisfy the comparison principle but disjointness is vio-lated. For example, two circles that are linked initiallywill after finite time develop a nonempty intersection,and subsequently become fat and stay joined.
 Of course, one could also consider space curvesas intersections of the level sets of two scalar func-tions (Evans and Spruck, 1991; Salden et al., 1993).
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 Applying the ordinary level set approach for surfacesin three-dimensional grey-valued input images thesmoothing of the shapes of interest occurs by smooth-ing the two level sets and determining their intersection.As this generalisation of the mean curvature flow yieldsa degenerate system of partial differential equations thetheory of viscosity solutions cannot be employed foranalysing this system. This approach yields defini-tively no fatting of linked shapes: the above circleswill join and disconnect over time before vanishinginto separate points.
 It seems as if the higher co-dimensional flows ongrey-valued images (Ambrosio and Soner, 1994) aremore proper flows in a topological sense (satisfyinginclusion relations) than those proposed by Evans andSpruck (1991) and Salden et al. (1993). But accordingto these authors this is only a matter of taste. However, areason can be given in which the latter flows (as well asthose considered in this paper) may be more attractiveand advantageous even in a topological sense. Havinga knot in three space the higher co-dimensional flowwill yield intersections and cause fattening. But per-turbing the knot slightly may influence the knot type.However, the fattening and joining of segments of theknot under higher co-dimensional flow on the contrarywill not lead to a reasonable topological simplificationof the knot. The number of self-passages affecting theself-linking number of the knot, caused by the pertur-bation, will be preserved under the flow and also bepresent in the limit shape. The change in self-linkingnumber due to the perturbation causes consequentlythe number of joints generated over scale to be insta-ble. The other proposed flow and the one we are pre-senting in this paper permit self-passages and removalof kinks of a knot, and thus allow also to smooth inan Euclidean setting topological aspects, such as theself-linking number, in the knot formation. We addedthe phrase Euclidean setting because in the case ofabsence of a metric structure on three-space talkingabout infinitesimally small knotted segments of spacecurves makes no sense, and would alleviate our objec-tions to the higher co-dimensional flows. According tothese authors whether or not obstructions on a flow areimposed should therefore be motivated. On the basisof physical grounds one might impose or reject, e.g.,the conservation of knot invariants, such as the (self)-linking number, under the flow.
 Alternatively, one can apply anisotropic scale-spacetheories (Weickert, 1996) and dynamic scale-space the-ories (Salden et al., 1995, 1999; Salden, 1996, 1999).
 Both theories allow to smooth space curves in higherdimensional grey-valued images preserving or enhanc-ing them as much as possible. The dynamic scale-spacetheories, however, allow in addition also to smooth theimage formation, i.e., the topological transformationsof a reference state of a camera system yielding a par-ticular not necessarily smooth image gradient vectorfield. On the basis of the curvatures of image for-mation that substantiate the existence of a space curvesuch as a knot or some other discontinuity set, in the dy-namic scale-space theories the smoothing, recombina-tion and splitting of such shapes can be operationalised.Changes in knot type or the co-dimensionality of com-ponents of other type of discontinuity sets can thenpartially be constrained by subjecting the flow to par-ticular user-defined fusion and fission rules.
 • Locally Linear and Euclidean Invariant Scale-SpaceMethod:
 Koenderink in (Koenderink and van Doorn, 1986) pro-posed a linear flow for planar curves in order to smootha bounded not necessarily differentiable planar opencurve of (in)finite length, and in order to find a hier-archical structure of a curve analogously that for two-dimensional grey-valued images (Koenderink, 1984).Thus his objective was to find a stable and reproduciblegeometric and topological structure of a curve evenwhen this curve would be subjected to small scaleprotrusions. Small scale has in his view only mean-ing in relation to the ratio of the smallest and largestlength measurable by a camera system. Thus infinitiesin length measurements can never occur as the reso-lution capacities of the system are finite. Thus apply-ing a flow to fractal curves makes physically no senseat all, but realising that such a curve can be gener-ated by a certain rule one could instead try to smooththe instruction itself as done for curve and image for-mation in (Salden, 1996, 1999; Salden et al., 1997)because then length measurements do not come intoplay.
 The linear curve flow is based on a Euclidean in-variant, not canonical, local description of a curve withrespect to its local Frenet frame field, i.e., the curve isgiven by(x, y(x)) with x- and y-axis locally tangentand orthogonal to the curve, respectively, andx a pa-rameter measuring the Euclidean distance between apoint on the curve and a point of the curve projectedonto thex-axis. Furthermore, the scale parameter isassumed to be completely not influenced by the curve

Page 6
                        

34 Salden, ter Haar Romeny and Viergever
 description, whereas this is the case for the curve short-ening flows mentioned above. Note that the Euclideanarclength parameter is a function of the scale parameterand thex-coordinate, whereas thex-coordinate is ofcourse not. Furthermore, that only a flow on the localdescription is applied, and that the global effects of theflow on the curve cannot be discerned on the basis of alocal analysis.
 The linear curve filtering is modelled by the isotropicordinary diffusion equation and by the local curvedescription as initial condition (Koenderink and vanDoorn, 1986). The solution space to this linear Cauchyproblem is generated by convolution of the initial con-dition with the so-called fuzzy-derivative operatorsGn = dnG
 dxn , with G the normal distribution, that sat-isfy the following semi-group and cascade property:
 Gp(·, τp) ∗ Gq(·, τq) = Gp+q(·, τp + τq),
 ∀p,q ∈ Z+0 , τp, τq ∈ R+0 , where∗ denotes again ordi-nary convolution. The linear scale-space of the inputcurve can only be established if the input curve satisfiesthe following growth condition:∣∣∣∣( y0
 G
 )(x, τ )
 ∣∣∣∣ ≤ M > 0, ∀τ ∈ R+0 .
 It’s worthwhile to compare Koenderink’s semi-group and cascade property with that of the nonlinearcurve shortening flow above. The difference betweenthem is that in the linear curve flow the scale parame-ter τ is a real free parameter, whereas in the nonlinearcurve shortening flow it’s intrinsically coupled to theinitial condition, i.e., the intrinsic geometry of the in-put curve. Another aspect of the linear curve flow isthat all the solutionsyn = y0 ∗ Gn satisfy a so-calledmaximum-principle:
 inf(yn(x, 0)) ≤ yn(x, τ ) ≤ sup(yn(x, 0)),
 (x, τ ) ∈ E×R+0 . This maximum-principle resemblesa lot the comparison principle applied in the nonlinearcurve shortening flows above. The maximum-principledirectly concerns the evolution of a functionyn, i.e.,a nth order fuzzy derivative of the local curve repre-sentation. The comparison principle on the contraryconcerns the conservation of the inclusion relations fortwo curves under the nonlinear curve shortening flow.However, the comparison principle also holds for thelinear curve flow considering the evolution of the or-dinary ordering relations≤ for two fuzzy derivativefunctionsyn andzn.
 Open, unbounded, and not self-intersecting curvestend for infinite scales to straight lines, i.e., thex-axes. For bounded and/or disconnected segments andpoints forming a “curve” the local limit shapes are againx-axes. Concerning the global effects of the linear curveflow one might for, e.g., bounded non-closed curvesegments expect that each evolves towards anx-axisobtained by just averaging the tangents over the seg-ment.
 A remark made by Koenderink (1990), chap. 9, con-cerns the relation between the physical field, i.e., theoptic field activity, and the initial curve defined by thatfield. He proposes not to blur directly the curve butinstead to relax the luminance field over the image do-main. It means that he advocates rather to follow theevolution of a discretised curve represented by a set ofpixels with particular energy values, such as ridges orruts, than the evolution of the curve under its own prop-erties. However, the latter does not mean that the non-linear shortening flows formulated above for a densityfield do not make sense. The only difference betweenthe linear scale-space flow on an image and these flowswith respect to grey-valued images is that they are in-variant under a larger group of transformations. Thelatter property of the nonlinear flows can become in par-ticular situations advantageous, e.g., whenever camerasystems possess different sensitivity profiles and onewants to perform with these systems recognition tasksyielding similar results despite those different cameraproperties. If such invariance conditions have to beimposed, then it is obvious that the nonlinear curveshortening flows are to be favoured and that it makesno difference whether to define it actually on the curveor on the grey-valued image, as the density field valueson isophotes are irrelevant and information exchangeamong isophotes is undesirable. Note, however, thatthe dynamic ordering relations along the flowlines canbe still be taken advantage off: they still sustain a largeclass of possible flows. Allowing even the group ofdiffeomorphisms to interact with the observation pro-cess the class reduces significantly and mainly limitsto topological flows on the net of ridges, ruts and in-flection lines (Salden et al., 1995, 1999; Salden, 1996,1999).
 • Locally Linear and Euclidean Canonical Scale-Space Method:
 Mokhtarian in (Mokhtarian and Mackworth, 1986,1992; Mokhtarian, 1988a, 1988b, 1988c, 1989, 1993)
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 proposed analogous to Koenderink a local linear curveflow for smoothing path-based parametric representa-tions of space curves. His objective was to obtain ahigher degree of match between so-called curvaturescale-space images, i.e., curves of vanishing Euclideancurvatures, of the input curve and that of the same inputcurve perturbed by (non)uniform noise. On the basisof these images Mokhtarian hoped to give a stableand reproducible description of contours of three-dimensional objects such that object and pattern re-cognition tasks became more robust.
 The initial curve is represented at every point on thecurve in a canonical form, i.e., the component functionsx andy are given in terms of the Euclidean arclengthparametersat every scalet . The flow is defined as in thenonlinear curve shortening flows but now with respectto the initial local curve parametrisation. The smooth-ing is performed by means of a Green’s functionG ofs such that(x, y)(s, τ ) = ((x0, y0) ∗ G)(s, τ ). In or-der to compare the curvature field at different scales anormalisation of the flow is carried out. The latter nor-malisation differs considerably from the global normal-isations such as conservation of enclosed area or totallength proposed in the nonlinear curve shortening flows(Huisken, 1984; Salden et al., 1993; Sapiro, 1995).
 As can be concluded from the previous discussion onthe comparison-principle and the maximum-principlethis linearised (normalised) flow satisfies the latter prin-ciple together with a related semi-group property. Itshould be emphasised that again the semi-group prop-erties of this flow and the above flows are not the same.Here the semi-group property concerns the local nor-malised vectorial flow.
 Under the local linear curve shortening flow ofMokhtarian a planar curve shrinks to an infinitesimallysmall circle, for space curves one obtains (normalised)torsion and curvature scale-space images, and an analy-sis of the formation of cusps for self-intersecting planarcurves under the flow is feasible.
 • Globally Linear and Euclidean Invariant Scale-Space Methods:
 Bruckstein in (Bruckstein et al., 1995; Bruckstein andShaked, 1997) developed curve shortening flows forclosed planar polygons governed by a circulant matrix(linear) transformation in order to simplify the con-vergence analysis (shrinking to polygonal circles, el-lipses, etcetera), and to overcome problems like non-convexity and self-intersection.
 The number of vertices of the polygonal curve isassumed to be constant, the curve parametrisation andcanonical representation are assumed to be periodic andto be invariant under classical transformation groups,namely the group of Euclidean movements, the groupof (unimodular) affine movements and the group ofprojectivities in the plane. With respect to the ini-tial polygonal curve are not made further stipulationsmeaning that the curve can be, e.g., self-intersecting.The authors’ approach is related to the seminal workof Darboux (1878), but not completely. Darboux’s lin-ear curve flow takes into account a sense of walkingaround the curve and yields instead a planar ellipse aslimit curve for (space) curves.
 The considered curve flows are shown to yield forall classical groups perfectly symmetric infinitesimallysmall polygons. In the case when one sticks to onlyEuclidean flows and rescales the symmetric polygonsby imposing conservation of length they are nothingbut equal-sided polygons, i.e., the discrete analoguesof circles of fixed radii.
 Although adding to these mathematical and com-puter vision approaches a new curve shortening flowparadigm seems to be superfluous (for curve flowparadigms more adapted to its formation itself andin line with the thoughts of Darboux see (Darboux,1878; Salden, 1996, 1999; Salden et al., 1999), sev-eral questions arise when one has studied in depth theabove curve shortening flows. Let’s repeat these re-search questions already made manifest in the begin-ning of this introduction:
 • As a curve consists of segments that are possiblyglued together how to describe the differential and in-tegral geometry of the defects in the order of contactof the curve? This question has almost never beenaddressed in the computer vision literature, exceptin (Kimia, 1991; Salden, 1996), where one ratherlingers on doing classical differential and integral ge-ometry of curves and surfaces (Koenderink, 1990).But it would be bold to say that the latter author is notaware of this image or curve formation descriptionproblem.• How to build a multi-scale representation of a curve
 that is self-intersecting, open, ending, branchingand/or knotted, and has defects in the order of con-tact? Especially, how to combine Mokhtarian’s ap-proach and that of Bruckstein in order to obtain anon-local flow that takes into account the globalinitial Euclidean arclength parametrisation without
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 normalising the flow in the Moktharian manner? orwhat distinguishes their approach from that of Saldenand Geraets (Salden, 1996; Geraets et al., 1995). Inwhich sense does Darboux’s flow (Darboux, 1878)differ from our proposed linearised Euclidean curveshortening flow in the case of knots? In this contextit is important to point out the difference between theproperties of the linearised and nonlinear version ofthe Euclidean shortening flow. In particular the ques-tion arises how we have to interpret and to comparecausality, semi-group property, maximum principleand the comparison principle in those flows.• How to build a multi-scale representation of the
 curve formation using our proposed linearisedEuclidean shortening flow? Another method thanthat proposed by Kimia (1991) for extracting themost relevant constituent parts of a curve then comesavailable. Also the description of the so-called cusps(Mokhtarian and Mackworth, 1986) that are nor-mally encountered as the projection of the rim ofa surface or of space curves, and that of junctionsthat are the projections of outer contours of surfacesbefore and behind one another can be revisited. Inthe case of cusps it is, e.g., from the point of view ofcurve formation (probably due to the surface forma-tion of disconnected patches), not logical to assumethat the cusp can be described left and right from itin one of the standard canonical forms (Koenderink,1990), e.g.,y3 = −x2. Assuming the rim of a sur-face near such a cusp, in an orthographically pro-jected image, to be described by a very crude planarcurve forgetting about correspondences how can onequantify such visual events?• How to obtain a complete geometric analysis within
 a finite scale range? Working in a continuous set-ting confronts us with the problem of digging intoand exploring an infinite set of data, whereas the dis-cretisation of the curve already suggests that we areoverdoing the analysis quite a bit by choosing a con-tinuous setting for it. How to build a fully discretescale-space on the basis of the continuous flow?• Last but not least how to describe the modern geo-
 metry of a multi-scale representation of a curve or theformation of a curve? Upon the flow on the curve sev-eral important events in the scale-space occur suchas “cusp” annihilation that need to be quantified orhighlighted.
 In the past we have, independently of Bruckstein,already considered linearised versions of Euclidean,
 affine and projective shortening flows for planar curveswithin the context of an international project on View-point Invariant Visual Acquisition (Geraets et al., 1995;Salden, 1996). In these contributions the emphasis wasmainly on the continuous flows and on the study of theclassical geometries of the smoothed curves. In thispaper we treat in addition the modern geometry of theformation of a space curve and its linear scale-space.In order to be self-contained we also treat the classicalgeometries of which that for space curves under theflow is added. In respect to the modern and classicalgeometric descriptions of the linear scale-space of aspace curve our work is comparable to that for grey-valued images (Salden et al., 1995, 1998a; Salden,1996, 1999). Furthermore, we briefly indicate in thiscontribution how to obtain (semi-)discrete versionsof the linearised Euclidean shortening flows just fol-lowing our work on linear scale-space theory appliedto grey-valued images (Salden, 1996; Salden et al.,1998b). This fully discretisation of the flow is per-formed in order to follow the transition in knot typeand to point out the difference between our semi-group property and maximum principle and those inthe higher co-dimensional flows formulated in termsof level-sets for space curves. In this respect alsoattention is paid to Darboux’s flow to make the con-nection with our dynamic scale-space paradigms pro-posed in (Salden et al., 1995, 1999; Salden, 1996,1999).
 Our paper is organised in two main sections: thefirst on Euclidean geometry and the other on lin-earised Euclidean curve shortening flow, respectively.Readers already familiar with modern geometry canskip Section 2 and turn immediately for the results toSection 3.
 In Section 2, Euclidean differential and integral geo-metry of space curves and their formation is sum-marised. Classical and modern geometry are treated inorder to quantify the differential and integral intrinsicproperties of curves that may be defected in Section 3.Examples of modern geometric entities of defectedgrey-valued images are given to point out the differencebetween classical and modern geometry. These exam-ples are chosen such that they immediately carry overto the problem of quantification of curve formation.
 In Section 3, our linearised Euclidean shorteningflow is presented for non-closed, branching, knot-ted and self-intersecting curves. The evolutions of thespace curves, the classical and modern geometric in-variants are computed.
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 It is shown that the initialisation of the curvecomes about by using the initial Euclidean arclengthparametrisation of the curve, at every level of scale,as a basis for smoothing the initial curve by meansof ordinary Green’s functions. The curves are repre-sented by periodic point-sets or polygons, analogous(Bruckstein et al., 1995), that are acquired by chain en-coding (Jain, 1989), or polygonal approximations ona square or cubic lattice before being parametrised bytheir Euclidean arclength. The linearised flows are alsoused to generate a multi-scale representation of the de-fects in the formation of a curve. The latter is done byputting an a-symmetry into the curve flow via a specialpoint ordering relation on the curve. Besides these ini-tialisation and boundary condition issues the propertiesof the linearised and nonlinear curve shortening floware being revisited. More precisely, Euclidean invari-ance, morphological invariance, causality, semi-groupproperty, maximum principle, curve simplification andEuclidean invariant parametrisation are reconsidered.
 Subsequently (semi-)discretised versions of thecurve (formation) flows are proposed to reduce thecomputational load. A comparison between Darboux’sflow and ours is made in order to point out some re-markable phenomena in the multi-scale representationsof tame knots, i.e., knots that can be approximated bypolygons. These experiments serve then also as a re-assessment of the comparison principle used in math-ematical morphology and the maximum principle con-sidered in our linearised shortening flow.
 Finally, the differential and integral geometry of themulti-scale representation of a curve and its formationare proposed to be quantified in terms of twists andcurvatures. This is done in order to have an alterna-tive topological classification method at hand than theentropy scale-space approach (Kimia, 1991) or func-tional methods (ter Haar Romeny, 1994) that introduceundeterminate parameters and Lagrangian multipliers,respectively.
 2. Euclidean Geometry
 In Section 2.1, the differential geometry of arbitraryspace curves is treated, whereas in Section 2.2 their in-tegral geometry is studied. Here the geometry of spacecurves is studied in a classical and modern geometricsetting. For the classical geometry of space curvesthe ordinary curvature functions and the Euclideanarclength parameter suffice to define all relevant differ-ential or integral properties of a smooth space curve. If
 the order of contact of the curve is finite, then the mod-ern geometry of space curves can be captured in termsof a torsion two-form, curvature two forms, covariantderivatives of the corresponding tensors and related ir-reducible density fields. The latter geometry is crucialin describing the curve formation. Besides these lo-cal curve (formation) properties one can also constructtopological or integral invariants for the curve (forma-tion) such as rotation indices and self-linking numbersin the case of tame knots. Although such curve (forma-tion) invariants play an important role in characterisingthe dynamics of curve flows in Section 3.2 a thoroughtreatment will follow in a forthcoming paper (see, e.g.,Salden et al., 1999).
 2.1. Differential Geometry
 Firstly, the system of Cartan structure equations for amanifold with a (metric) connection are stated. Thedifferential geometry is caught by the frame field, theconnection one-forms, the torsion two-form, the cur-vature two-form and the Bianchi identities over themanifold. Secondly in the subsequent paragraphs, thetheory is applied to describe the classical differentialgeometry of smooth curves and to describe the moderndifferential geometry of the distortion or formation ofcurves for which there might be no order of contactat all. The reader should be cautious not to considerclassical and modern differential geometry to be on anequal footing as he would be inclined to claim uponreading, e.g. (Koenderink, 1990) where much empha-sis is put on making the classical one comprehensible.How to make the jump from classical to modern dif-ferential geometry will also be one of the endeavoursin this section by giving very simple examples for theformation of grey-valued images that immediately canbe applied to that of curves with no or a finite order ofcontact. A complete and extensive exposition on dif-ferential geometry, however, is out of the context of thispaper. Therefore, the reader not familiar with differ-ential geometry in all its beauty is referred to standardtextbooks like (Cartan, 1937a, 1937b, 1955; Favard,1957; Spivak, 1975). In the sequel only the elemen-tary notions are defined, theorems stated and examplesgiven (for more sophisticated applications of differen-tial geometry see (Salden, 1996; Salden et al., 1999).
 Let M be an-dimensional base manifold and con-sider the affine frame bundleL ≡ P(M, π, A(n,R))whereP is the total space consisting of all affine framesVp at each pointp ∈ M , π : P→ M is the projection
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 and A(n,R) = GL(n,R)BT(n,R) the full affinegroup, whereGL(n,R) is the general linear group andT(n,R) the translational group, acting semi-directlyon the right to each local affine frameVp.
 Definition 1. A local affine frameVp at a pointp ofan-dimensional manifoldM is defined as
 Vp = (x, e1, . . . ,en); x, ei ∈ TpM,
 whereTpM is the tangent space to the manifoldM atpoint p.
 In order to compare and relate the local affine framesover the manifoldM an affine connection0 is specifiedwhich defines in turn the so-called covariant derivativeoperator.
 Definition 2. An affine connection0 on a n-dimensional manifoldM is defined by one-formsωi
 andω ji on the tangent bundleT M:
 ∇x = ωi ⊗ ei ,
 ∇ei = ω ji ⊗ ej ,
 where⊗ denotes the tensor product, and∇ the covari-ant derivative operator.
 Thus for any space of observations, whether it is agrey-valued image or some spatial configuration, a par-ticular concept of a manifold, a related frame fieldand connection is chosen or inflicted by the obser-vations themselves. Recall thatωi (ek) ∈ T(n,R) orone-formωi is a machine quantifying translations, notnecessarily distances, in the tangent spaces, and thatω
 ji (ek) ∈ GL(n,R) or one-formsω j
 i are machines forquantifying general linear transformations in the tan-gent spaces. Furthermore, that the whole affine groupcan be represented by a subgroup of the projectivegroup. But giving such a projective representationwould certainly not facilitate the interpretation of thedifferent aspects of the curve formation.
 Now the connection one-formsωi andω ji satisfy
 so-called Cartan structure equations:
 Theorem 1. The Cartan structure equations for anaffine connection0 are given by:
 Dωi = dωi + ωik ∧ ωk = Äi ,
 Dω ji = dω j
 i + ω jk ∧ ωk
 i = Ä ji ,
 where d denotes the ordinary exterior derivative, Dthe covariant exterior derivative operator, α ∧ β theexterior product of tensorsα and β, Äi the torsiontwo-forms andÄ j
 i the curvature two-forms.
 Proof: (See Spivak, 1975). 2
 The torsion two-formsÄi and the curvature two-formsÄ j
 i are machines that can read out the inhomo-geneity in the affine group action over the manifold.The torsion two-formsÄi and the curvature two-formsÄ
 ji are related to the componentsTi
 jk and Rjikl of the
 more well known torsion tensorT and curvature tensorR as follows:
 Äi = 1
 2Ti
 jkωj ∧ ωk,
 Äji =
 1
 2Rj
 iklωk ∧ ωl ,
 with
 T = Tijkω
 j ⊗ ωk ⊗ εi ,
 R = Rjiklω
 i ⊗ ωk ⊗ ωl ⊗ ε j .
 Let’s make the function of these geometric machinesmore explicit by studying within a two-dimensionalsubmanifoldS, parametrised byuh = uh(t, τ ), of man-ifold M the variation of the frame field in the tangentspaces aroundp0 for an infinitesimally small closedcircuit C = (p0 p1 p2 p3 p0) in S by quantifying thisvariation with respect to the local frameVp0 (see Fig. 1).
 Figure 1. A closed circuitC = (p0 p1 p2 p3 p0) on the manifoldMand the frame fieldV along this circuit.
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 Now in general the local frameVp2 is not equal tolocal frameVp2. If d = dt ∂
 ∂t andδ = dτ ∂∂τ
 are vectorfields generating fromp0 the circuitC, then the changeof the frame field along the upper partC+ = (p0 p3 p2)
 and the lower partC− = (p0 p1 p2) of the circuitC canbe expressed as:∫
 C−Vp −
 ∫C+
 Vp = [δ, d] Vp = (δd − dδ)Vp,
 which in terms of the torsion two-form and the curva-ture two-forms reads:
 [δ, d] x = Äi (d, δ)ei ,
 [δ, d] ej = Äij (d, δ)ei .
 The following two simple examples show that the exis-tence of such modern geometric machines as the torsionand curvature two-form in the human visual system areindeed very likely.
 Example 1. In image perception (Jain, 1989) one dis-tinguishes notions like luminance and brightness of ob-jects and relates the Mach band effect to the impulseresponse of the human visual system. Here first weexplain the Mach band effect as a manifestation of theconnection on the system activity due to the perceivedluminance pattern. Next we compute the curvature as-sociated with this connection and put it in a topologicalcontext of image formation. But let us start recallingsome of the basic notions above.
 The luminance of an object in the context of imageperception is not determined by the luminances of theother objects and that of the background, whereas thebrightness is. A white object within a black or greybackground has different levels of brightness for thosebackgrounds. Note that in these formulations clearlytotal luminances associated to particular regions in theimage are meant.
 There exist several luminance to contrast models inthe literature (Jain, 1989) to quantify the just notice-able difference in luminance between an object and itssurrounding. One of these models being Weber’s law1
 states that if the luminanceIo of an object is just notice-ably different from the luminanceIs of its surrounding,then the following ratioρ should be constant:
 ρ = 4 log I = |Is − Io|Io
 , I ≥ I e,
 whereI e is the ground energy state of the detector. Theconstantρ is assumed to be proportional to the change
 in contrastc, i.e.,c = a1+ a2ρ, whereai , i = 1, 2 areconstants.
 Apparently the brightness across the interface of twolevels of luminance (two strips in the image domainwith two different almost homogeneous intensity lev-els) are extremal at the Mach bands. Over the imagedomain the frame field can be taken equal to(I n)(x)wheren is the unit normal field belonging to the de-tector array and is dual toν, i.e., ν(n) = 1. Doing soone recognises that the frame field physically just em-bodies a flux-field. As a definition for the brightnessof objects we now propose:
 Bkk+1(x) = [log Ik +4k,k+1 log I ](x),
 with
 4kk+1 log I = Ik − Ik+1
 Ik,
 wherek parametrises, adjacent, overlapping or disjointneighbourhoods along the flowlines, i.e., the integralcurves of the image gradient field. In the case of agrey-level bar chart these neighbourhoods are rectan-gular windows containing detectors reading out the to-tal luminances. Furthermore, the window sizes neednot to have the same dimension as the thickness of oneof the bars and thus may vary. Last but not least theorder(kk+ 1) does matter; contrast can apparently beassociated a parity. Reversing the order one noticesthat there are two brightness values attributed on eitherside of the interface, e.g., ifk = 1, then on the left andright these are:
 B12 = log I1+ I1− I2
 I1,
 B21 = log I2+ I2− I1
 I2,
 respectively. Note that the order actually relates to thepaths (strips) on the detector array generated by thevector fieldsd andδ (see also Fig. 2). For a humaneye these vector fields can be constructed by means ofspherical frame fieldseθ andeφ if the distance from thecenter of the lens to the retina is taken unity. For theimage below the paths are generated by the ordinaryframe fieldsex andey on a two-dimensional Euclideanspace.
 The contrast can now be interpreted as a manifesta-tion of the connection on the grey-level bar chart. This
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 Figure 2. Circuit integral aroundC⊂ E2, where E2 two-dimensional Euclidean space, reading out the curvatureÄ12 = −Ä21
 in the grey-valued image formation.
 connectionω we define as:
 ωkk+1 = (4kk+1 log I )ν.
 The impulse response of the human visual systemcan subsequently be easily understood in terms ofour brightness definition where the lateral inhibitionis caused by the brightness left and right from the im-pulse, whereas the brightness in the center is due to justa superposition of the brightness on either side of themiddle. Alternatively, the impulse response or propa-gator for the system activity is caused by the connectionωon the array of detectors induced by the external lumi-nance field. More interesting, of course, is to measurethe change in connection across the interface of twolevels of luminance (see Fig. 2) and express it in termsof a curvatureÄ12 , e.g., ifk = 1 as:
 Ä12 = (I1− I2)
 (1
 I1+ 1
 I2
 )(ω ∧ d I ⊗ ∂
 ∂ I
 )n.
 In homogeneous regions in the grey-valued image thismachine gives vanishing output but at interfaces be-tween noticeably different levels of luminance a mea-surable output. One might object that one has builda sophisticated edge- or polarisation-detector. Indeed,but one that has incorporated the full geometry involvedin the image formation. Note that the curvatureÄ12
 can be conceived as a directed topological current inwhich the conductivity is determined by Ohm’s law for
 parallel resistors. Here topological current stands forthe transition going from one detector state to anotherexperienced across their interfaces. Total (perceived)luminances can in this context be understood as well astopologically conserved quanta. Finally, that the cur-vatureÄ12 changes sign upon reversing the directionfor transversing circuitC which can be viewed as aform of duality in formation processes in general.
 Another aspect is that the circuit integral in Fig. 2forgets what happens at other interfaces ending in thepoint of analysis and maps whole sets of numbers ofgeometric and topological quanta onto one number(Salden et al., 1995; Salden, 1996, 1999). In the caseof occlusions yielding, e.g., junctions in a grey-valuedimage path dependency is crucial to read out and quan-tifying the cutting and pasting procedures involved inthe formation of the image. The ordering of the inter-faces can be obtained by means of a geometric andtopological operation, in which along a circuit aroundthe junction the magnitudes of above curvatures andothers define the ordering of the edges connected tothe junction (Salden et al., 1995). According to theseauthors the non-vanishing of covariant derivatives ofthe curvature is a common thing to happen in ordi-nary images or shapes and should be appreciated andwelcomed, if one would like to unravel the geomet-ric and topological aspects in the dynamics involvedin image or shape formation processes. Some read-ers may object that junctions are destroyed by certainscale-space filtering schemes, e.g., linear scale-spacefiltering, but forget that the borders between the differ-ent grey-values can still be retrieved by applying mod-ern geometry to the smoothed images (Salden, 1996;Salden et al., 1998a). Localisation and dynamic quan-tification can still be guaranteed (Salden et al., 1998c;Salden et al., 1999).
 In Sections 3.1 and 3.4 we represent curve formationas well as that under the linearised Euclidean shorten-ing flow in similar geometric terms.
 Applying the covariant exterior derivative oper-ator D=∇∧ to the Cartan structure equations inTheorem 2.1 yields the integrability conditions for theaffine connection0, i.e., the Bianchi identities.
 Theorem 2. The Bianchi identities for the affine con-nection0 of the manifold M are given by:
 DÄi = Äij ∧ ω j ,
 DÄ ji = 0.
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 Proof: (See Spivak, 1975; Okubo, 1987). 2
 The geometric meaning of these identities will be-come more transparent in Section 2.2 on integral geo-metry. Note that these identities also occur for the for-mation currents in the linear scale-space of space curves(see Sections 3.1 and 3.3).
 Up to now we didn’t introduce a metric which in ap-plications in computer vision froms normally a basicelement for setting up any image analysis and process-ing scheme. Besides the existence of a metric the pres-ence of a connection consistent with this metric is quiteusual. In order to define a so-called metric connection(Salden, 1996) assume in the sequel that the connec-tion one-formsωi determine a metric tensorγ , that theconnection one-formsωi and the frame vector fieldsei
 are each duals, and that the covariant derivative of themetric tensorγ vanishes identically.
 Definition 3. A metric tensorγ on an-dimensionalmanifold M with affine connection (Definition 2) isdefined by:
 γ = ωi ⊗ ωi .
 Definition 4. For a n-dimensional manifold withaffine connection (Definition 2) the connection one-formsωi and the frame vector fieldsej are dual, if andonly if:
 ωi (ej ) = δij ,
 whereδij is the Kronecker delta-function.
 Definition 5. A n-dimensional manifold with ametric-affine connection is a manifold with anaffine connection (Definition 2) and metric tensor(Definition 3) for which the following compatibilitycondition holds:
 ∇γ = 0.
 The latter compatibility condition means that the an-gles between and lengths of vectors measured by themetric tensorγ under parallel transport associated withthe affine connection0 are being preserved. The readeris warned not to conclude from this that the torsion ten-sor has to vanish identically (Kleinert, 1989; Salden,1996).
 The question arises how to express the connectionone-formsωi
 j in terms of the one-formsωi and the
 frame vector fieldsej given an-dimensional manifoldwith a metric connection (Definition 5) and satisfyingthe duality constraint (Definition 4). In order to estab-lish this relationship quantify with respect to a localreference frameV0
 p = (x0, e0i ), which is attached to
 the camera system, the component functionsepi of the
 frame vector fieldsei , as:
 ei = e0pep
 i ,
 and the componentsejq of the one-formsω j , through
 the duality constraints, as:
 eipep
 j = gij ,
 epi ei
 q = gpq ,
 wheregpq are the components of the metric tensor liv-ing on the reference tangent bundle spanned locallyby the reference frame vector fieldse0
 p. On the basisof the definition of an affine connection (Definition 2)and the above representations of the frame vector fieldsei it is easily verified that the connection one-formsωi
 jare directly related to so-called connection coefficients0i
 jk :
 ωij = 0i
 jkωk,
 with
 0ijk = (ej (log E))ki ,
 E = (eip
 ).
 Here again the interpretation conveyed in Example 1 isforced upon us, namely, that Weber fractions are justparticular connections. Furthermore, that a connectionis a generalisation of a Weber fraction.
 Now the components of the torsion tensorT and thecurvature tensorR can be expressed by means of theframe vector fieldsei and the connection coefficients0i
 jk as follows:
 Tkjk =
 1
 2
 (0i
 jk − 0ik j
 ),
 Rijkl = ek0
 ij l − ej0
 ikl +0m
 jl0imk− 0n
 kl0in j .
 In Section 3.4 we propose such a metric connection inorder to quantify curve geometry under the linearisedEuclidean shortening flow. In Example 2 below a grey-value curvature is presented that in Section 3.4 will
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 Figure 3. Image I with branch-cut discontinuities onQ for thenormalised image gradient field.
 be used to measure the polarity of the cusp formationunder that flow.
 Example 2. Consider the following two-dimensionalgrey-valued imageI (see Fig. 3):
 I (x, y) = <[√(x − x0)+ iy) ∗√(x + x0)− iy)
 ],
 wherex0 > 0, i 2 = −1 and< is the real part of acomplex number. Performing the circuit integral withrespect to the normalised image gradient vector fieldalong the upper partC+ and the lower partC− of thecircuit with p2 ∈ Q = (−x0, x0)× {y = 0} one expe-riences onQ a curvatureÄ12 of this field, namely:
 Ä12 = −Ä21 = 2ey,
 whereey is the unit vector in the direction of the posi-tive y-axis. The normalised image gradient vector fieldclearly reverses direction at the the branch-cut seg-ment Q. Furthermore, one observes that at the end-points(x0, 0) and(−x0, 0), i.e., the boundary∂Q ofthe branch-cut, that only once a reversion of the imagegradient along the circuit occurs, whereas at the pointsin the interiorQo there occurs along each connecting
 component a reversion. Thus the curvature at the end-points of the branch-cut is half as large as those on theinterior of it. This observation implies one can use theaffine displacement operator to asses the dimension-ality of components of discontinuity and singularitysets.
 More general branching or bifurcation sets than, e.g.,junctions in fingerprint or vessel images exist. The for-mation of these kinds of shapes of not necessarily con-stant co-dimension can also be described by means ofdifferential geometry. But the cutting and pasting pro-cedure should then be unravelled by means of differentgeometric and topological machines (see also Salden,1996, 1997b, 1999; Salden et al., 1998a; Kalitzinet al., 1998). Nevertheless, in order to trace end-pointsof the branch-cut and alike other type of curvaturesobtained by, e.g., linear scale-space methods (Saldenet al., 1998a) can still be used.
 These methods allow us to discern between differ-ent dimensional singular simplexes and to constructso-calledCW-complexes for grasping the topologicalaspects involved in the image or shape formation (seefor elaborate expositions on these matters also text-books on differential topology (Hirsch, 1976) and al-gebraic topology (Greenberg and Harper, 1981).) Inthis context it can be interesting to study ridges andcourses (Koenderink and van Doorn, 1993; Eberly,1994; Salden et al., 1998a; Salden, 1996) as natu-ral skeletons and boundaries of objects or processes(Salden, 1997a, 1999; Salden et al., 1999). It is advan-tageous to conceive then an image or shape as themanifestation of the topological transformations of thereference state of a camera system. The reader con-structs easily any kind of knot or link as a ridgein a three-dimensional grey-valued image by puttingGaussian blobs along the parametrisation of those ob-jects and ensuring that the width of the blobs is sig-nificantly smaller than the distance between a pair ofdifferent points on the objects. At some distance fromthe cutline (ridge) the natural borders of the influencezone of the cutline show up (taken infinity or the bound-ary of the image domain also as borders). We have soto speak constructed a ribbon knot touching on itselfand covering the whole image domain. Similarly tak-ing real or imaginary parts of holomorphic functions onhigher dimensional complex spaces and taking super-positions of them (see, e.g., Example 2) may yield evenmore complex structures than the ribbon-like structuresas special singularity sets of a scalar field. Again our
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 modern geometric analysis can clearly detect the cut-lines. Note that other nonlinear techniques (Gerig et al.,1993) can also be applied to find these discontinuity orsingularity sets. However, our modern geometric ap-proach allows a straightforward generalisation of themachines needed (Salden, 1996; Salden et al., 1999).
 In the sequel a curveC is a set of vectorsx ofn-dimensional manifoldM parametrised by an arbi-trary parameterp ∈ R:
 C ≡ {x ∈ M | x = x(p)}.
 In the first paragraph the classical differential geomet-ric description of a curve immersed in Euclidean spaceis recalled. The torsion and curvature tensor of sucha curve appear to vanish, and the description of thecurve is completely determined by the frame field andthe connection one-forms. For an extensive exposi-tion on classical geometry with numerous pictures ofcurves and surfaces the unfamiliar reader has to turn to(Koenderink, 1990). In the second paragraph require-ments of smoothness and single-valuedness imposedon the generation of the curve are dropped in orderto define a non-flat connection, which implies a non-zero torsion and curvature tensor in the curve forma-tion. The latter approach is quite common in defect andgauge field theory (Kadi and Edelen, 1983; Kleinert,1989). Thus in the sequel classical geometry is used todescribe smooth curves locally (see Section 2.1.1), andmodern geometry is reserved for the quantification ofcurve formation (see Section 2.1.2). These geometriesof curves will be needed in Sections 3.1 and 3.4 whereseveral experiments are carried out.
 2.1.1. Classical Geometry.In order to come to theclassical differential geometry of a curve assume thecurve to be immersed in Euclidean spaceEn, which canbe identified withRn endowed with the ordinary innerproduct. If curveC is a map ofS1 into En, parametrisedby Euclidean arclength parameters, then, in the neigh-bourhood of regular points, the Euclidean Frenet frameV , a positively oriented orthonormal basis, is given by:
 V = (x; e1, . . . ,en),
 with
 e1 = dx
 ds,
 ds=(
 dxi
 dp
 dxi
 dp
 ) 12
 dp,
 where the unit frame vector fieldse2, . . . ,en are ob-tained by applying the Gramm-Schmidt orthonormali-sation process todx
 ds, . . . ,dxn−1
 dsn−1 .Now the connection is determined by the frame field
 Vp, and the connection one-formsωi andωij . The lat-
 ter forms are obtained through the structure equationsgiven by:
 ω1 = ds, ω2 = · · · = ωn = 0,
 ωji = −ωi
 j ; ωkk+1 = kkds,
 ωkl = 0, ∀l > k+ 1,
 where
 ωji = ds
 d log E
 ds,
 E = (e1 · · ·en).
 In this case the connection is flat, i.e., the torsion two-formÄi and the curvature two-formÄi
 j are vanishingon the curve:
 dωi + ωik ∧ ωk = Äi = 0,
 dω ji + ω j
 k ∧ ωki = Ä j
 i = 0.
 Note that this is the point of view in Koenderink’sSolid Shape (Koenderink, 1990), namely choosing theconnection flat in accordance with Euclidean space.In Cartan’s work (Cartan, 1955) non-flat connectionsare studied by allowing structures above the base-manifold, i.e., Euclidean space, to be twisted andcurved (see also Section 2.1.2).
 Higher order Euclidean differential geometric invari-ants of the curve are subsequently straightforwardlyderived by taking derivatives of the found curvatureskk with respect to the arclength parameters. Thesecurvatures are then Euclidean invariant zero-forms orfunctions on Euclidean space. It should be empha-sised not to confuse these curvatures with the covari-ant derivatives of the torsion or curvature tensor. Thescalar-valued curvatures are just factors, invariant func-tions, in the connection one-formsω j
 i living on a spacecurve.
 The curve can subsequently be given a Euclideancanonical description as follows:
 x(s) =∞∑
 k=0
 1
 k!
 (dkx
 dsk
 )sk,
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 which can readily be expressed in terms of the derivedcurvatures and the Euclidean frame through the useof the above structure equations. Although the con-struction of a frame has become unfeasible at inflectionpoints, the higher order Euclidean curvatures are stillcomputable. In the two examples below the differentialgeometry of planar and space curves are summarisedfor later convenience. For more illustrative matters thereader is again referred to (Koenderink, 1990).
 Example 3. The classical differential geometry for aplanar curve can be captured by the Euclidean framefield V given by:
 V = (x; e1, e2),
 with
 e1 = dx
 ds,
 e2 =(
 de1
 ds· de1
 ds
 )− 12 de1
 ds,
 and connection one-formsωi andωij given by:
 ω1 = ds, ω2 = 0,
 ωji =
 (0 kds
 −kds 0
 ) j
 i
 ,
 where the Euclidean curvaturek is given by:
 k = de1
 ds· e2.
 Example 4. The classical differential geometry for aspace curve can be captured by the Euclidean framefield V given by:
 V = (x; e1, e2, e3),
 with
 e1 = dx
 ds,
 e2 =(
 de1
 ds· de1
 ds
 )− 12 de1
 ds,
 e3 = e1× e2,
 and connection one-formsωi andωij given by:
 ω1 = ds, ω2 = ω3 = 0,
 ωji =
 0 kds 0
 −kds 0 tds
 0 −tds 0
 j
 i
 ,
 where the Euclidean curvaturek and torsiont are givenby:
 k =√(
 e1× de1
 ds
 )·(
 e1× de1
 ds
 ),
 t = −e2 · de3
 ds.
 The curvatures and the torsion in both, Examples 3and 4, appear to be useful in Section 3.1 to demonstratethe simplification property of the linearised Euclideanshortening flow.
 In practice the problem of coordinatisation of a curvemight arise. The coordinatisation, of course, dependson the particular geometry of the camera system. Inthe case of a binocular camera system (Koenderink,1992) the parametrisation of a space curve can initiallybe available in terms of elevation angles (see Fig. 4).
 The Cartesian coordinates(x, y, z) fixed to a bi-perspective camera system are related to those of the
 Figure 4. Bi-perspective projection in binocular camera systemwhere P is the projection onto thexy-plane of the point in three-space.
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 binocular system,(φL , φR, ε), whereφ is the anglebetween the positivey-direction and the viewing lineprojected ontoxy-plane, andε is the elevation anglebetween the positivez-direction and the viewing lineprojected onto theyz-plane (Koenderink, 1992):φL
 φR
 ε
 =
 arctan(
 x+ay
 )arctan
 (x−a
 y
 )arctan
 (zy
 ) .
 Herea is half the distance between the projection cen-ters of the two cameras.
 After manipulating the bi-perspective coordinatesthe parametrisation of space curves can be given interms of the elevation angleε:
 x(ε) = (xi (φR(ε), φL(ε), ε)).
 Using symbolic packages one readily computes theEuclidean differential geometric invariants of the spacecurves in terms of entities measured by the binocu-lar system. But in each camera the projected curvepoints (see Fig. 4) have affine coordinates,(x, z) =(x/y, z/y), in the image plane given by:
 (x, z) = −R(tanφ, tan ε),
 where φ = φR, φL , R is the Euclidean distancebetween the projection center and the image plane, andwhere the Cartesian coordinatex-axis andz-axis in theimage plane are in line with thex-andz-axis of the ref-erence frame fixed to the camera-system. This meansthat a parametrisation of space curves can still com-pletely be given in terms of the elevation angle (seealso Sections 3.1 and 3.4).
 The type of curves that can be described in bi-perspective coordinates is limited to those coincidingwith discontinuities in the properties of surfaces of realobjects that persist themselves in both views obtainedby the camera system. One might think of discontinu-ities in the surface shape that cause under homogeneouslightning conditions discontinuities in the brightnesslevels across them in both views. Other possibilitiesare that the colour or texture properties on the surface,and thus also in both views, are changing abruptly.
 A flaw in the above parametrisation might seem theimportance of the gauging of the camera system, i.e.,the distance (translation vector) between the projec-tion centers, the focal lengths and the angles that thesurface normals to the image planes make with each
 other should be known to the system. These authorsdo not deny the fact that such a calibration of thecamera system asks for more architectural efforts thanthe epi-polar geometry of a camera system advocatednowadays by so many researchers (Faugeras, 1994). Asmentioned in (Salden, 1996) one should be very care-ful with the latter choice of geometry, since it becomesalmost impossible to point out how the discontinuitysets of the perceived luminance field in the imagesdo merge and split in order to achieve a reasonable“match” between the views. The reason lies in the factthat some important camera parameters such as thefocal distances are unknown. Even more cumbersomeit becomes to track the morphisms of the images, if theviewing angles are unknown in particular in relation tothe finiteness of the resolution properties of a camerasystem. In the latter case the similarity rules for findingmatches become yet more untractable. Another prob-lem not taken into account is the fact that the physicsinvolved in the image formation are completely differ-ent in the two views. This difference in the formationof the left and right image is caused by the reflectanceand absorption properties of their surfaces in relation tothe position of the camera system and light sources andby the interposition of the objects themselves leadingto occlusions. Having a completely calibrated camerasystem one knows which “point” in space-time is fix-ated and to which points in the images it corresponds.Occlusions and alike can subsequently better be quan-tified in terms of so-called topological currents andcurvatures (Salden, 1996, 1999; Salden et al., 1999),coming about by Euclidean movements of the camerasystem, and conceiving every pair of view as a productspace of visual events. But if one is only heading for thelarger scale information (the most pronounced surfacediscontinuities projected in corresponding structures inthe images), then epi-polar geometry (Faugeras, 1994)or elliptic geometry (Salden, 1996) can still be moreadvantageous than bi-perspective geometry. However,in Section 3.3 we encounter a case where the three-dimensional imbedding becomes indispensable in or-der to scale curves of different knot types according tothe true or scaled three-dimensional layout of the shapeconfiguration. In doing so we can ensure that singu-lar parts of knots are diffused away instantaneously,whereas the finite not tied up segments are surviving.In applications of epi-polar geometry one forgets aboutthe inter-ocular distancea and thus looses real depthinformation; instead a disparity field for conjugatedpairs of points in both images for a continuum of views
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 is retained. Retrieving from a disparity field a stableand reproducible depth ordering representation is ob-viously much harder to achieve in practice (Salden,1996).
 2.1.2. Modern Geometry. The above classical dif-ferential geometry of space curves hinges on a localanalysis, whereas Cartan (1955) already noted that amulti-local analysis can yield a non-flat connection.Such a non-flat connection implies a non-vanishing tor-sion and curvature tensor of the curve formation. Forexample, a polygon or a curve consisting of piecewisecontinuous segments not necessarily glued together butstill parametrised by a Euclidean parameter can displaya jump in their connection at its vertices or discontinu-ities. At those locations the Lie group action consistentwith the frame field and the connection one-forms isinhomogeneous. The twist and curvature involved inthe curve formation can then be captured by the struc-ture equations satisfying the Bianchi identities, or bycomputing the difference in connection on either sideof a point of the curve.
 Example 5. Consider two disconnected smooth seg-ments of a curve “parametrised” by Euclidean arc-length s with respect to a barycentric coordinatesystem. Analogous (Example 1) taking the distance tothe geometric center as level of energy one observesthat at the transition at the end-points between consec-utive segments a very sharp jump occurs in the cur-vatureÄ. Choosing a Euclidean frame field and flatconnection as in Examples 1 and 2 for each segmentseparately again the twist and curvature in the curveformation can be quantified at the transition of the dis-connected segments. Note that the segments need notbe disconnected, only the order of contact should befinite to retrieve curvatures in the curve formation.
 2.2. Integral Geometry
 In this section integral invariants are defined for anarbitrary curve with a local Euclidean metric connec-tion 0 that is twisted and curved. Firstly, the integralgeometry of manifolds of arbitrary dimension with ametric connection is discussed. Secondly, the theory isapplied to the above type of curves.
 Firstly, consider an-dimensional manifoldM witha metric connection0 as defined in Section 2.1. Twofundamental integral invariants, based on the connec-tion one-forms(ωi , ωi
 j ) and the frame vector fieldsek,
 are the affine translation vector and the affine rotationvectors belonging to an affine displacement around aninfinitesimally small contour (Cartan, 1955):
 Definition 6. The affine translation vectorb and theaffine rotation vectorsfi are defined by:
 b =∮
 C∇x,
 fi =∮
 C∇ei ,
 whereC is an infinitesimally small closed loop on atwo-dimensional submanifoldS of M with the sameinduced affine connection0.
 One may obtain the submanifoldS by settingD − 2of the connection one-formsωi equal to zero. UsingStokes’ theorem and the structure equations given inTheorem 1 the affine translation and rotation vectorscan be written as (Cartan, 1955):
 b =∫
 Sc
 Äi ⊗ ei ,
 fi =∫
 Sc
 Äji ⊗ ej ,
 whereSc ⊂ S is an infinitesimally small patch withboundaryC. The nonvanishing of the translation vectorb indicates the presence of torsion on the given mani-fold, whereas that of the affine rotation vectorsfi in-dicates the presence of curvature. The above vectorsconstitute the integral versions of the Cartan structureequations in (Theorem 1) and form measures for theinhomogeneity of the affine group action.
 The Bianchi identities (Theorem 2) imply that thevectors satisfy superposition principles or conservationlaws (Kleinert, 1989):
 Theorem 3. The translation and rotation vectors, band fi , satisfy superposition principles:
 Bout =∑
 bin,
 Fouti =
 ∑f ini ,
 where the sums are taken over the currents indexed by“in” arriving at a point of interest in space being theintersection of several submanifolds S on M.
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 Note that these currents are associated with an ori-entation or direction. This superposition principle justreflects the fact that the formation of parts of objects isthe result of an indeterminate sum of morphisms relatedto the formation of the other parts. These superpositionprinciples have physical counterparts in the conserva-tion laws for topological currents, such as Kirchhoff’slaw for electric currents (Kleinert, 1989). Note thatthe affine displacement or affine transport is not thesame as parallel transport as encountered in ordinarytextbooks (Cartan, 1955): parallel transport hides so tospeak the torsion of observation space.
 Now it’s easy to define for an arbitrary curve theEuclidean translation vector and the Euclidean rotationvectors as:
 b = ∇x(+)−∇x(−),fi = ∇ej (+)−∇ej (−),
 where the plus and minus sign denote the segments ofthe curve on either side of the point of interest. Theabove vectors depend on the sense of traversing thecircuit. Euclidean physical observables independent ofthe sense of traversing the circuit come about by tak-ing their lengths. In Sections 3.1 and 3.4 we encounterseveral instances of the above translation and rotationvectors. Also in regards to the above superpositionprinciple or conservation law, Section 3.1 providesseveral examples. One may state that the linearisedEuclidean shortening flow obeys and is based on suchsuperposition principles or conservation laws.
 Other integral invariants, such as rotational indices1
 2π
 ∫C k dsfor planar curves (Spivak, 1975), and (self)-
 linking numbers, Vassiliev invariants and M¨obius ener-gies for space curves (Calugareanu, 1961; Pohl, 1968;Vassiliev, 1990; Bar-Natan, 1995; Freedman et al.,1994) can readily be defined. Although these topolo-gical invariants and energies come into play in tracingthe transitions of the knot type and the limit curves un-der curve flows, as will be demonstrated in Section 3, athorough treatment of such properties of curves is outof the context of this paper. An exact treatment of theproblem of what a shape will be in the limit under a par-ticular flow requires very difficult mathematical con-cepts such as those of spectral sequences encounteredin knot theory (Vassiliev, 1990; Thurston, 1995). Onemay even doubt whether one actually applies the rightflow for the task one likes to accomplish. As discussedabove the space curves or knots can be just compo-nents of more general bifurcation sets of non-constant
 co-dimension in, e.g., vessel images. The flows to en-sure a certain relaxation of the shape or image forma-tion in that case do not only affect the knot componentbut also the complementary components possibly ofanother dimensionality (Salden, 1996). Both objectscan influence the transitions of the topological aspectsof the bifurcation set in a (non)-cooperative manner(Salden, 1999; Salden et al., 1999).
 Nevertheless, the affine transport defined by Cartanallows also to read out the curvature of other geometricor topological objects such as the integral invariants re-lated to the image or shape formation mentioned above.For Example, various orders of curvature in, e.g., knotand link invariants for sets of knots, implicitly definedon Euclidean space by a particular grey-valued image,can be computed by taking successive circuit integralsof these invariants. Again this shows the importanceof such affine transports in the description of the topo-logical aspects in the image or shape formation. Need-less to say that those integral invariants deployed togenerate knot invariants and alike are intimately relatedto the affine displacement proposed by Cartan (Saldenet al., 1999).
 3. Linearised Flow
 In Section 3.1 the Euclidean shortening flow of curvesis linearised by freezing the Euclidean arclength para-meter. The flow is subsequently generated by just aconvolution of a normalised Gaussian with the inputcurve that is represented as a vector distribution on theinitial arclength parametrisation. Certain aspects of thiscontinuous flow are addressed among which the bound-ary conditions, initialisation, and properties of the flow.Next it is demonstrated that through this flow an exactquantification of the differential and integral geome-try for ordered point-sets and polygonal curves thatare closed, open, (self)-intersecting and/or branchingis feasible. In order to achieve some of these flowsreflective boundary conditions and periodicity require-ments are realised by imposing suitable ordering rela-tions on the curves. Subsequently, it is pointed out howto use our linearised shortening flow paradigm to find asmoothed version of the curve formation process. Theflow yields a multi-scale representation of the torsionand curvature involved in the curve formation.
 In Sections 3.2 and 3.3, the linearised shorteningflow for curves is proposed to be (semi-)discretised inorder to speed up the numerical algorithms and to re-duce the computational load. In particular Darboux’s
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 flow is compared with our discretised linearisedEuclidean shortening flow for knots.
 In Section 3.4, the geometry of the curve and itsformation under linearised Euclidean shortening flowis proposed to be quantified in the geometric termspresented in Section 2.
 3.1. Continuous Flow
 Let’s recall the nonlinear Cauchy problem (ter HaarRomeny, 1994) governing the Euclidean shorteningflow of smooth curves:
 Definition 7. The Euclidean shortening flow of asimply closed planar curveC, that is sufficient dif-ferentiable with respect to an arbitrary parameter, isgoverned by:
 ∂C
 ∂τ= 4C; 4 = ∂2
 ∂s2, τ ∈ [0, T ],
 with initial condition
 C(·, 0) = C0,
 whereC0 is the initial curve,τ is the Euclidean evolu-tion parameter,T ∈ R is the lifetime of the curveC0
 ands is the Euclidean arclength parameter along thecurve.
 It is clear that the arclength of the curve evolves un-der the flow, for it is coupled to the evolution of thecurve (ter Haar Romeny, 1994). Instead of using theevolved arclength parameter to smooth the curve, in ourapproach the initially established Euclidean arclengthparameters = s0 is frozen in order to define a lin-earised version of the flow analogous (Mokhtarian andMackworth, 1986; Bruckstein et al., 1995). Freezingthe Euclidean arclength parameter is not so strange, ifone realises that one also freezes, e.g., thex andy co-ordinates in the linear scale-space theories with respectto grey-valued images on flat spaces (we demonstrateshortly that this freezing plays a crucial role in order toensure a semi-group property of the flow).
 This linearisation yields a linear Cauchy problem,i.e., a linear diffusion equation with initial condition.A so-called linear scale-space of the input curveC0 canthen readily be derived (Salden, 1996):
 Definition 8. A linear scale-space of an input curveC0 is a one-parameter family of curvesC given by:
 x(s, τ ) = (x0 ∗ G)(s, τ ),
 with
 G(s, τ ) = 1√4πτ
 exp
 (− s2
 4τ
 ),
 where the representation of the initial curveC0 is givenwith respect to a barycentric coordinate system, that isa Cartesian coordinate system with originXc given by:
 Xc =∫
 C0x0(s) ds∫C0
 ds.
 Example 6. Consider a circle of radiusR para-metrised by x0(s)= R(cos( s
 2πR), sin( s2πR)). Under
 the linearised Euclidean shortening flow the linearscale-space of this curve can be expressed as:
 x(s, τ ) = x0(s) exp
 (− τ
 4π2R2
 ).
 In Section 3.1.1 up to Section 3.1.3, initial condi-tions, boundary conditions and properties of the lin-earised Euclidean curve shortening flow are presentedand examined. In Section 3.1.4, special ordering rela-tions are proposed that are useful in the smoothing ofcurves and that of their formation.
 3.1.1. Initial Conditions. In order to apply the lin-earised Euclidean shortening flow paradigm to a set ofdetected points a representationx0 is needed with re-spect to a barycentric Cartesian coordinate system. Inthe case of a finite numberN of points the originXc ofthis coordinate system is given by:
 Xc = 1
 N
 N∑q=1
 Xq,
 where Xq are the coordinates of the detected pointswith respect to a Cartesian coordinate system fixed toa camera system (see Section 2).
 The two simplest representations of a curve under-lying the detected points come about by conceivingthe curve as a set of ordered points or as a poly-gon parametrised by Euclidean arclength. This initialparametrisation is realised by measuring the Euclideandistance between successive points, or measuring this
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 distance along line segments between two successivevertices of the polygon. Furthermore, in order to over-come the infiniteness of the support of the Green’s func-tion the representation of the input curve is assumed tobe periodic.
 Consequently, the canonical Euclidean descriptionof an ordered point-set with respect to a barycentriccoordinate system can be given by:
 x0(s) =∞∑
 q=−∞Xqδ(s− sq),
 with
 Xq = Xq − Xc,
 satisfying periodicity condition:
 x0(s) = x0(s+ nL), n ∈ Z.
 Similarly, the canonical Euclidean description of apolygon with respect to a barycentric coordinate sys-tem can be given by:
 x0(s) =∞∑
 q=−∞Xq(s),
 with, for sq ≤ s ≤ sq+1,
 Xq(s) = Xq + sXq+1− Xq√
 (Xq+1− Xq) · (Xq+1− Xq)
 ,
 satisfying periodicity condition:
 Xq(s) = Xq(s+ nL), n ∈ Z.
 Note that the support of the Green’s functionG is infi-nite implying that the representation of, e.g., a simplyclosed curve has to be chosen periodic,s ∈ R andτ ∈ R+0 . Thus there are no boundary conditions im-posed on the linearised flow. The boundary conditionscan, nevertheless, be hidden in the order relations onthe curve as will be shown in Section 3.1.2.
 However, the initial curve still has to satisfy a naturalgrowth constraint for each component of the vectorfunction as encountered in linear scale-space theoryfor grey-valued input images:∥∥∥∥(x0
 G
 )(s, τ )
 ∥∥∥∥ ≤ M > 0, ∀τ ∈ R+0 ,
 in which ‖ ‖ is the standard norm on Euclidean spaceEn.
 Subsequently, the input curve represented on a finitelattice can be smoothed and can be associated a linearscale-space of curves. Uncertainties in localisation ofthe points of the curve can be captured by allowing, e.g.,each point on the lattice to fluctuate within a cell en-veloping it. Of course, this freedom in the localisationcan be restricted and can be taken care of by associat-ing to each curve point right from the start a Gaussiankernel of a width comparable to the lengths of theedges of the one- or two-dimensional faces in the two-or three-dimensional images, respectively. Associatingto the middle of each edge, i.e., a vertex, a Gaussiandistribution of amplitude equal to the distance betweengeometric center and that middle and of width equal tohalf the length of the supporting edge, one can comeup with a curve representation that can be perturbedby varying slightly the amplitudes and widths. On thepropagation of noise in this linear scheme and alike thereader is referred to (Blom et al., 1993).
 3.1.2. Boundary Conditions. In the continuous flowabove the curve was taken to be of infinite lengthby wrapping a rope as it were infinitely many timesaround the curve, i.e., the periodicity condition onthe initialised curve. It can, however, happen that thecurve has finite length or has an open end. In the se-quel we cope with these two situations by supplement-ing the Cauchy problem with proper boundary condi-tions that preserve the total information under the flow.The Green’s functions associated to these new Cauchyproblems are simply given.
 Assuming that a curve of infinite length has one end-point ats = 0, then it is necessary to supplement theCauchy problem for the linearised Euclidean shorten-ing flow with a boundary condition. Imposing conser-vation of total probability (Salden, 1996) leads to theaddition of a reflexive boundary condition ats = 0.The Green’s functionGH
 r,t with domain of convolutionH = R+0 , and centered at a distancet from the end-point is for this Cauchy problem given by Salden (1996)and Salden et al. (1998b):
 GHr,t (s, τ ) = G(s− t, τ )+ G(s+ t, τ ),
 whereG is the normalised Gaussian kernel.For an open bounded curve with two end-points at
 s = 0 ands = L, the Green’s functionGIr,t , with do-
 main of convolutionI = [0, L], centered at a distancet
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 from s= 0, is the same as that for the Cauchy problemwith reflective boundary conditions at both end-points.This Green’s function is given by (Salden, 1996; Saldenet al., 1998c):
 GIr,t (s, τ ) =
 ∞∑m=−∞
 (G(s− t − 2mL, τ )
 +G(s+ t − 2mL, τ )).
 3.1.3. Properties. In the following we briefly indicatethe properties of the linearised flow (for comparisonwith those of the nonlinear flows the reader is asked toconsult (Alvarez and Morel, 1994).
 3.1.3.1. Euclidean Invariance.The vectorial distri-bution for the initial curve with respect to a barycen-tric coordinate system is not affected by the group ofEuclidean movements. Note that due to a Euclideanmovement the components of the vectorial distributionmay change, but that the vector with respect to the ge-ometric center, of course, remains the same.
 3.1.3.2. Morphological Invariance.Changing thecontrast in the grey-valued images the linearised ornonlinear Euclidean shortening flow are not influenced.It’s clear that the shape in a grey-valued image that isstaying the same under a change in contrast is the netof flowlines and isophotes or any shape constructedfrom it. In this context it seems worthwhile to restrictourselves to a smaller set of shapes, e.g., ridges, rutsand other discontinuity sets (Salden, 1996), as they willremain identifiable under gauge field transformationscomprising anamorphoses (Salden et al., 1995; Salden,1999). Our selected initial curve in the grey-valued im-ages consisting of such singular simplexes as ridges isthen morphologically invariant and identifiable.
 3.1.3.3. Causality and Semi-Group Property.Freez-ing the Euclidean arclength parameter for all scalesτ
 and taking it equal tos = s0 is not crucial in order tosatisfy these principles. As already mentioned in theintroduction the semi-group property says thatCτ2 canbe obtained fromCτ0 or from anyCτ1, τ0 < τ1 < τ2.Having Cτ0, the initial curve, parametrised bys0, thesmoothed versionsCτ1 andCτ2 are obtained by con-volution of the initial curve with Green’s functionsG(s0, τ1) andG(s0, τ2), respectively. Now the semi-group property for scale-spaces implies that it shouldbe possible to go fromCτ1 toCτ2 without knowing any-thing aboutCτ0. Thus forgetting about the dependence
 of Cτ1 and Euclidean invariant parameters1 on thecanonical Euclidean arclength parametrisations0 andscaleτ0 the semi-group property cannot be guaranteed:
 Cτ2 = (Cτ0 ∗ G)(s0, τ2)
 6= ((Cτ0 ∗ G)(s0, t1)) ∗ G(s1, t2− t1)
 = C(τ1) ∗ G(s1, t2− t1).
 In the nonlinear shortening flows this seemingly ba-sic concept of scale-space theories is alleviated by re-quiring the Euclidean arclength parameter to equal thecanonical Euclidean arclength parameter.
 However, starting off with an initial curve one hasnever any information on the formation of the curveCτ1 from a curveτ0 whether it’s due to a linearisedor nonlinear shortening flow. Having the Euclideancanonical arclengths0 as an integral part of the initialcondition of the linearised flow, one can neverthelessstate, that the semi-group property for the convolutionoperation with Green’s functions is still satisfied:
 Gp(·, τp) ∗ Gq(·, τq) = Gp+q(·, τp + τq),
 Gn = dnG
 dsn
 ∀p,q ∈ Z+0 , τp, τq ∈ R+0 , where∗ denotes the test-ing (convolution) of a vector valued distribution. Con-sequently, we have dropped the requirement of non-linearity of the flow demandings to be the canonicalEuclidean arclength parameter at every level of scale.Again it should be viewed just as a matter of tastewhether one adds this nonlinearity requirement to thebasic concepts of scale-space theories or not.
 The reader is warned to conclude from the abovereasoning that the knowledge about the dependenceon s0 of geometric objects such as curvatures is lostunder nonlinear Euclidean curve shortening flow. AsExample 7 shows it’s only hidden in the nonlinearscale-space of the initial curveCτ0.
 Example 7. Consider a circleC0 of radiusR ∈ R+:
 x(s) = R
 (cos
 (s
 2πR
 ), sin
 (s
 2πR
 )),
 in which s is the initial canonical Euclidean arclengthparameter. As the radiusR is constant the evolutionof the curvature simplifies to (ter Haar Romeny, 1994;
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 Salden, 1996):
 ∂k
 ∂τ= k3.
 Applying some elementary theory of differential equa-tions the evolution of the curvex can be expressed asa function ofs andτ as follows:
 x(s, τ ) =√
 R2− 2τ
 R2x(s), τ ∈
 [0,
 1
 2R2
 ].
 Clearly, the whole flow of the circle between in-termediate levels of scales can be expressed in termsof the initial parameterss andτ . Thus the statementthat there is a loss of information abouts, i.e., how itdefines together withτ and R the curvature at higheror intermediate scales, is not justified as the flow iscompletely deterministic and causal. Writing down aCauchy problem, linear or nonlinear, one is always inthis position. Furthermore, if one forgets about thescaling track betweenτ0 andτ1, then one is permittedto apply either the nonlinear or linearised version of theEuclidean shortening flow because just of the fact thatthat scale range stays in the dark. But more importantproperties of a scale-space paradigm to compare arethe maximum principle and the comparison principlewell-known from mathematical morphology.
 3.1.3.4. Maximum-Principle. Considering the Eu-clidean distance to the geometric centerXc the fol-lowing inequalities hold for the points on a spatiallybounded curve:
 0≤ ‖xn(s, τ )‖ ≤ sup(‖xn(s, 0)‖),
 (x, τ ) ∈ En×R+0 . Note that the comparison principlefor morphological scale-space theories (Alvarez andMorel, 1994) cannot be formulated for our linearisedEuclidean curve shortening flow. One may even doubtwhether it’s really geometrically and topologically ad-vantageous to require a comparison principle, similarto that in higher co-dimensional flows (Ambrosio andSoner, 1994) on grey-valued images, as already hasbeen pointed out in the introduction and will be inSection 3.3. The requirement of a comparison prin-ciple can become quite a nuisance in the case of knots,links and braids, for which it may lead to no topolog-ical simplification at all in the case one applies one ofthe higher co-dimensional flows reformulated in termsof a level-set method.
 3.1.3.5. Curve Simplification.All the points at infinitescale tend to the geometric centerXc:
 limτ→∞‖x(s, τ )− Xc‖ = 0, ∀s,
 because the convolution then coincides with a simpleaveraging used to determine that center. Computingthe curvatures of the curve as function of the initialEuclidean arclength parameters one can show that:
 limτ→∞ |k1(s1, τ )− k1(s2, τ )| = 0, ∀s1, s2,
 limτ→∞
 dpki
 dsp(s, τ ) = 0, i = 2, . . . ,n− 1, p ∈ N,
 whereki are the scalar-valued curvatures mentionedin Section 2.1.1. The latter can be explained by thefact that the plane spanned by the position vector withrespect to the geometric center and the tangent vectoraveraged over all points will be unique. The positionvector lying consequently in a plane for each initialEuclidean arclength can then be described in terms ofpolar coordinates. Preserving the total length it is clearthat the limit curve is a circle. Of course, for very sym-metric curves the limit behaviour will differ as will bedemonstrated shortly.
 3.1.3.6. Similarity Invariance. This invariance is bymany authors (ter Haar Romeny, 1994) often confusedwith notions like scale-invariance or normalisation ofthe linear scale-space of curves. In the sequel we tryto clarify this matter for once and for all.
 Let’s first define the similarity group related to thelinearised Euclidean shortening flow (Salden, 1996;Salden et al., 1998b).
 Definition 9. The similarity group corresponding tothe linearised Euclidean shortening flow is defined asa one-parameter group of transformations given by:
 (s, τ , x) = (λs, λ2τ, λ2ax), λ ∈ R+, a ∈ R+,
 wherea is a free parameter.
 Now the key to understanding the true physical andgeometric meaning of the above invariance lies in thereduction of the linear diffusion equation governing ourlinearised flow to a Weber differential equation (Olver,1986; Salden, 1996; Salden et al., 1998b) after requir-ing the solution space to our flow problem to be in-variant under the similarity group. Choosing the free
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 parametera = − n+12 the solution space of the reduced
 flow problem consists of a complete set of Hermitefunctions. Expressing them in terms of the originalvariabless andτ one obtains the Green’s functionsGn
 as solutions to our linear Cauchy problem.It’s self-evident that the observations latent in the
 linear scale space that are invariant under the similaritygroup can only be constructed on the basis of its ownconstituting elements. This (self)-similar observationspace, which we’ve coined similarity jet (Salden, 1996;Salden et al., 1998b) is defined as follows.
 Definition 10. The similarity jet j∞ξ0 of an inputcurve is defined by:
 j∞ξ0 = {σ, ξn} ,
 with
 σ = s√2τ,
 ξn = τ n+12 xn,
 where
 xn = x0 ∗ Gn, n ∈ Z+0 .
 From a physical point of view this jet represents anobservation space consisting of topological quanta, i.e.,observed conserved densities, invariant under the simi-larity group. Analogous for the similarity jet of a grey-valued image (Salden, 1996; Salden et al., 1998b), inwhich the entity3 is a total energy associated witha labelled spatio-temporal region in the image plane,the entityξ denotes a vectorial amplitude and no den-sity field as that is tested or observed by the Green’sfunctionG. One could say we have a vectorial integralinvariant not affected by the similarity group as wellas the group of Euclidean movements. Note that thesetopological quanta occur also in the solution of nonlin-ear shortening flow problems. Furthermore, that thesequanta are also a consequence of similar superpositionprinciples as those mentioned in Section 2.2 for thetranslation vectorb and rotation vectorsfi .
 3.1.3.7. Euclidean Invariant Parametrisation.Uponblurring the initial Euclidean arclength parameters be-comes a Euclidean invariant parameter for the evolvedcurve. Thus the evolution of Euclideanly invariant geo-metric entities under the linearised flow can be derived
 by identifyings, for everyτ ∈ R+0 , with a Euclidean in-variant parameter, which is not the Euclidean arclengthparameter. It is clear that for computing the curvaturesone has to correct for this typical parametrisation (seealso Section 2.1.1).
 As the relevant intrinsic properties are Euclideandifferential geometric invariants and these propertiesare themselves already invariant under the similaritygroup, they need not to be further considered in thesequel of this section. However, in Section 3.4, wherethe deep structure of the linearised Euclidean shorten-ing flow of the geometry of the curve and its formationare studied, it becomes really necessary to take care ofthe similarity group actions.
 3.1.4. Ordering Relations. In order to perform lin-earised Euclidean shortening flows with reflexiveboundary conditions at end-points it is advantageousto impose periodicity requirements and ordering rela-tions consistent with these boundary conditions and re-moving the problem of performing (an infinite numberof) convolutions with shifted ordinary Gaussians. Forexample, an open curve with two reflexive end-pointsis parametrised as a simply closed curve with a period-icity constraint, namelyx0(s) = x0(2nL ± s), n ∈ Z.For a branching curve with end-points and loops similarparametrisations can be carried out.
 It’s obvious that the provided ordering relations arenot unique and different orderings yield different evo-lutions under the linearised shortening flow. Insteadof using the above ordering relations in the case of abranching curve the branching point can be used asgeometric center for a separate linearised Euclideanshortening flow of each branch. The geometry of thecurve at the bifurcation point is latent in the multi-valuedness of the transitions going from one segmentto one of the others.
 As noticed in Section 2 the formation of an arbitrarycurve definitely involves twists, curvatures and higherorder covariant derivatives of these entities. These geo-metric objects were effectively quantified in terms ofsuitable integral invariants (see Section 2.2). Theseproperties can now be smoothed by just assuming lo-cally a reflexive boundary condition to the left and tothe right of the curve. This local reflexive boundarycondition firstly requires that two representations areconstructed locally, namelyx(+) and x(−) for thecut curve starting at the point of interest,P, wrappedaround the curve in positive and negative sense, re-spectively. Secondly, the condition requires the local
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 symmetry relationx(δs) = x(−δs) to hold for eitherx(+) or x(−). After one turn around the curve andarriving at P again one has to return, and so forth.Thus we have actually an open bounded curve of whichwe compare the behaviour of the end-points. Forget-ting about the base-points in the Euclidean space onecan still compare analogous (Griffiths, 1983) the multi-valuedness of the tangent and cotangent geometric ob-jects, such as the curvature fields at points.
 In the following paragraphs the continuous lin-earised Euclidean shortening flow is applied to planarcurves, an unknotted space curve and planar curve for-mation.
 3.1.4.1. Applications to Planar Curves.In the sequelthe continuous linearised Euclidean shortening flow isapplied to planar curves represented as vectorial point-set distributions (see Section 3.1.1) with particular or-dering relations (see Section 3.1.4). These orderingrelations are crucial, because they allow us to deal withvarious types of curves including simply closed, openor branching curves. The ordering relations correspondto physical structures in the underlying grey-valued im-age. For example, the texture information latent in thegrey-value data can dictate which type of ordering isapplicable. In Figs. 5–7 the grey-values inside the twocurves having the origin in common are assumed to bethe same. The only difference between the latter two isthat the other input curve is really symmetric in the ori-gin and stays a lemniscate over all scales, whereas thesecond input curve develops a cusp before becomingegg shaped. If, however, the grey-values enclosed byboth curves are different, then it’s reasonable to con-sider the flows on the curves touching each other in theorigin to be independent yielding disconnected curvesfor non-zero scales tending to infinitesimally small cir-cles. In the experimental setup the number of times the
 Figure 5. Ordered point-set representing a closed planar curve thatis touching itself at the origin, and its smoothed version obtainedupon applying a continuous linearised Euclidean shortening flow.
 Figure 6. Ordered point-set representing a self-intersecting planarcurve symmetric in the origin, and its smoothed version obtainedupon applying a continuous linearised Euclidean shortening flow.
 Figure 7. Ordered point-set representing a self-intersecting planarcurve a-symmetric in the origin, and its smoothed version obtainedupon applying a continuous linearised Euclidean shortening flow.
 curve is wrapped around itself is restricted to two in ei-ther direction as then the errors made were negligible.
 In Figs. 8–11 special periodic ordered point-sets arechosen to represent a simply closed symmetric curve,a simply closed a-symmetric curve, open curve and abranching open curve, respectively. Only the coordi-nates of the vertices, end-points and branching pointsof the shapes are used in the initial canonical Euclideanarclength parametrisation of the curve with respectto corresponding barycentric coordinate systems (see
 Figure 8. Ordered point-set representing a simply closed planarcurve symmetric in the origin.
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 Figure 9. Ordered point-set representing a simply closed planarcurve a-symmetric in the origin.
 Figure 10. Open bounded polygonal curve with two end-pointsrepresented by an ordered periodic point-set.
 Figure 11. Branching polygonal curve with one bifurcation andthree end-points represented by an ordered periodic point-set equi-valent to a simply closed curve wrapped around the polygonal curvesuch that each point is covered twice.
 Section 3.1.1). After having established this initialcurve parametrisation several representatives of the lin-ear scale-spaces of those input curves are computed.The scales are chosen such that the simplification ofthe curve is evident. The smoothed versions of the ini-tial curves above are displayed in Figs. 12–15. Thesmoothed curves were obtained by measuring the orig-inal length of the enveloping polygons, sampling the
 Figure 12. The smoothed versions of the planar curve represen-tation in Fig. 8 obtained upon applying the continuous linearisedEuclidean shortening flow.
 Figure 13. The smoothed versions of the planar curve represen-tation in Fig. 9 obtained upon applying the continuous linearisedEuclidean shortening flow.
 evolved distributions of the curves for a finite num-ber and equally distant initial Euclidean arclengths be-tweensi , the initial value of the Euclidean arclength,and sf = si + L, the final arclength withL the to-tal length of the initial curve. Next the found pointsare joined by straight line segments. Subsequently, for
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 Figure 14. The smoothed versions of the planar curve represen-tation in Fig. 10 obtained upon applying the continuous linearisedEuclidean shortening flow.
 Figure 15. The smoothed versions of the planar curve represen-tation in Fig. 11 obtained upon applying the continuous linearisedEuclidean shortening flow.
 the same scales and at the same sampling points theEuclidean curvature fields of the initial curves werecomputed (see Example 3 in Section 2.1.1 for the defi-nition of Euclidean curvaturek). In Figs. 16–19 thesefields are depicted for the mentioned curves. Of course,the numbern of windings in the periodic representa-
 Figure 16. The Euclidean curvaturek as a function of the initialEuclidean arclength parametrisation corresponding to the smoothedcurves in Fig. 12.
 Figure 17. The Euclidean curvaturek as a function of the initialEuclidean arclength parametrisation corresponding to the smoothedcurves in Fig. 13.
 tion, taken into account in the computation of the flowand the intrinsic properties, depends on the scaleτ
 relative to the squared total length of the curve (for rel-atively low scales one can restrict one-self ton = 1 toensure negligible numerical errors in performing theflow and computing the intrinsic properties of thecurve). Here we have chosenn = 2 to suppress theerrors as much as possible.
 For the simply closed symmetric curve in Fig. 8the chosen scales are such that forτ = 400 one
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 Figure 18. The Euclidean curvaturek as a function of the initialEuclidean arclength parametrisation corresponding to the smoothedcurves in Fig. 14.
 Figure 19. The Euclidean curvaturek as a function of the initialEuclidean arclength parametrisation corresponding to the smoothedcurves in Fig. 15.
 perceives actually eight maxima and eight minima inthe Euclidean curvature field (see Fig. 16) that clearlycorresponds to our chosen initial curve representation.If one would start off with a real polygonal representa-tion as defined in Section 3.1.1 one would, of course,never find these numbers of extrema. These numberswould be the same as those found for the point distri-bution at scalesτ = 1500, 5000, 10000 . Apparently,as also noticed in Section 3.1, the initial curve repre-sentation of the curve could be better given right fromthe start a certain inner scale related to the length of the
 edges connecting the vertices. Furthermore, the sim-plification of the initial curve is latent in the changingof the number of extrema as well as the fact that theEuclidean curvature over the curves varies less and lesswith increasing scale. Because of the pure symmetryof the initial curve with respect to the geometric centerthe number of extrema aboveτ = 1500 is not decreas-ing. But the same holds for nonlinear flows; only inthe limit both flows will deform the initial curve to aninfinitesimally small circle.
 For the simply closed a-symmetric curve in Fig. 9similar remarks can be made as for the simply closedsymmetric curve above, but now it is more evident thatreally the number of extrema in the Euclidean curvaturefield (see Fig. 17) with increasing scale is decreasing.Moreover, on the basis of the evolution of that fieldand that number both curves can be distinguished andrecognised.
 For the initial curve representation of the openbounded polygonal curve in Fig. 10 the periodic rep-resentation is such that the kernel wraps around theend-points, i.e.,x(s + ds) = x(s − ds) at the end-points with initial Euclidean arclengths. Evidently, thecurve evolves towards an infinitesimally small straightline segment. Furthermore, as on either side of thecurve segments their convexity is opposite, the cur-vature field at various scales depicted in Fig. 18 forinitial arclengths larger than the total length of the ini-tial curve change sign at both end-points. One couldsay that across the curve segment and thus also at theend-points the curvature field is double-valued. Thisin turn can be viewed as a manifestation of the twist orcurvature of the curve formation.
 For the branching curve in Fig. 11 one also reckonsthe same simplifications as for the other curves, butone also notices topological transitions in the numer ofend-points and branching points for all scales greaterthan zero.
 Instead of using the periodic representation onemight prefer to retain the branching point and considerit as the geometric center for representing three separatecurve segments represented as the one above and followthe evolution of this set of segments under the linearisedflow. The Euclidean curvature field (see Fig. 19) is thenmulti-valued for every scale at the branching point, i.e.,the geometric center for the curve segments. Again thegeometric properties in the curve formation going fromone segment to another can nicely be expressed in clas-sical and modern geometric terms (see also Section 2)on the application to curve formation. Note that the
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 Figure 20. Simply closed polygonal unknotted space curve.
 branching point splits into three end-points, but be-comes again one branching point for infinite scaleswith three infinitesimally straight edges connected toit. Each edge has a direction which is just the averageof the unit tangent vector field along the curve segmentbetween the branching point and the outer end-point.
 3.1.4.2. Application to Space Curve.The experimen-tal setup for a linearised Euclidean shortening flowanalysis of space curves is similar to that for planarcurves above. The initial curve representation is thatof a simply closed (unknotted) curve (see Fig. 20). Theevolution of the curve with respect to a barycentric co-ordinate system, the evolution of the Euclidean curva-ture field and that of the Euclidean torsion field are com-puted (see Figs. 21–23, respectively). Choosing properscale ranges one observes that again the numbers ofextrema in the Euclidean curvature and torsion fieldare decreasing with increasing scale (see Example 4 inSection 2.1.1 for the definitions of the Euclidean cur-vaturek and torsiont of a space curve). This demon-strates again the curve simplification properties of ourcurve flow. Furthermore, one need not to be afraidfor intersections of the curve under the flow causingself-passages. Still the curvature and torsion fields canbe computed at intersections, but apparently they aremulti-valued (see also paragraph in Section 3.3 for adiscussion related to self-passages of knots under ourflow).
 Figure 21. Smoothed versions of an equally distant ordered vec-torial point distribution of the simply closed polygonal space curvein Fig. 20 obtained by performing a linearised Euclidean shorteningflow.
 Figure 22. The evolution of the Euclidean curvaturek as a functionof the initial Euclidean arclength parametrisation for the vectorialpoint distribution for the simply closed space curve in Fig. 21.
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 Figure 23. The evolution of the Euclidean torsiont as a function ofthe initial Euclidean arclength parametrisation of the vectorial pointdistribution for the simply closed space curve in Fig. 21.
 3.1.4.3. Application to Curve Formation.Splitting acurve into parts by applying entropy scaling mech-anisms (Kimia et al., 1995) can alternatively be re-alised by using our linearised Euclidean curve shorten-ing flow. A-symmetries in the curve formation processare most predominant where the curve experiences themost dramatic changes in the order of contact, e.g.,cusps (Mokhtarian and Mackworth, 1992). Here weconsider not a space curve forming cusps in the projec-tion on the image plane. Instead we consider the curveformation under our flow on either side along a planarcurve at a cusp-like point (see Fig. 24).
 The initial curve representation is such that at thecusp the curve is cut yielding locally a curve like theone in Fig. 10. We choose the cusp once to be the ini-tial end-point of the curve segment upon traversing theoriginal curve anti-clockwise and once to be the ini-tial end-point of the curve segment upon traversing theoriginal curve clockwise. Furthermore, we choose theinitial curve representation for both segments analo-gous the one for the curve displayed in Fig. 10. Smooth-ing the curve formation along the clockwise and anti-clockwise parametrised curve segments at the cuspboils down to comparing the jump in order of con-tact at the cusp over scale. Analogous Example 2 inSection 2.1 we define the curvature of the connectionover scale as follows:
 Ä12 = −Ä21 = (k1− k2)
 (ds1 ∧ dx⊗ d
 dx
 ),
 Figure 24. Simply closed polygonal planar curve with two circularcurve segments tangent to each other at the cusp having oppositeconvexity.
 Figure 25. The strength of the curvatureÄ12 over scale at the cuspin Fig. 24.
 wherek1 and k2 are the Euclidean curvatures at thecusp-like point for the clockwise and anti-clockwisetraversed curve segments. In Fig. 25 we have plottedthe measured curvatureÄ12 at the cusp over scale. It’sclear that the most predominant curvatures occur wherethe circular segments of the curve are connected. Re-peating the same for the other points of the curve onewould obtain aÄ12-curvature field over scale with acertain characteristic deep structure.
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 In this context one could also consider the changeof convexity or more explicitly the change of sign ofthe inner product between the Euclidean radius vectorsadopting the viewpoint of Griffiths (1983). The latteranalysis allows us to distinguish between topologicallydifferent curve formation processes during the flow.At the cusp in Fig. 24 we observe clearly a changein convexity, whereas at the other joints between thecircular curve segments we observe a conservation ofthe polarity at that scale. As this change in polaritycannot be retrieved on the basis of the curvatureÄ12
 we postpone the examination of this aspect of curveformation over scale till Section 3.4.
 In order to achieve a real-time assessment of thegeometry of the curve and its formation under the lin-earised Euclidean shortening flow it becomes indis-pensable to discretise the continuous flow. For curvesthis can be done analogously for grey-valued images(Lindeberg, 1990, 1994; Salden, 1996) by firstly dis-cretising the spatial coordinates (see Section 3.2) andsubsequently the scale parameter (see Section 3.3).The initial and boundary conditions considered andthe properties mentioned in this section readily carryover to related conditions and properties for the (semi)-discretised flows. For comparison of discretisation is-sues involved in nonlinear (Euclidean) shortening flowswith those of our flow the reader is kindly requested toconsult in addition (Osher and Sethian, 1988; Alvarezand Morel, 1994).
 In the sequel the curve is always represented as a setof points or polygon along the edges and vertices ofa (square or cubic) lattice. The latter choice of repre-sentation will appear advantageous in realising (semi)-discrete derivative Green’s functions. Note that it ispossible to put the kernel at other positions than the lat-tice points or edges to compute the linearised Euclideancurve shortening flow. One then should not infer thatone has attained some hyperaccuracy, since the struc-ture formed under the flow is merely due to the availableinitial data of the flow.
 3.2. Semi-Discretised Flow
 Semi-discretising first the linearised Euclidean short-ening flow with respect to an input curve representedby an ordered set of sites on a (square or cubic) lat-tice yields as semi-discrete Green’s function ofG
 (Lindeberg, 1994; Salden, 1996; Salden et al., 1998b):
 Gsemi(s, τ ) = exp(−2τ)∑
 r≤0,s+r≤0
 τ 2r+s
 (s+ r )!r !,
 with r, s ∈ Z, τ ∈ R+0 .Then-th order semi-discrete derivative of the semi-
 discrete Green’s functionsGsemin are then recursively
 given by:
 Gsemin (s, τ ) = 1
 2Gsemi
 n−1(s− s0, τ )− 1
 2Gsemi
 n−1(s+ s0, τ ),
 Gsemi0 = Gsemi,
 where s0 is the Euclidean distance between nearestneighbouring lattice points along the lattice lines orfaces. Note that the difference of Gaussians (DOGS)here is the superposition of two semi-discrete Green’sfunctions, one shifted over a distance ofs0 in thepositive direction and the other in the opposite direc-tion. Taking now suitable scaling limits (Salden et al.,1998b) of the above semi-discrete Green’s functionsone obtains just the continuous versions listed in theprevious section. Furthermore, that the vectorial rep-resentation of the space curve can be viewed as the con-sequence of a superposition principle similar to thosementioned in Section 2.2.
 3.3. Discretised Flow
 Fully-discretising subsequently the semi-discretisedlinearised Euclidean shortening flow by modeling theevolution parameterτ by integer valuesZ+0 the Green’sfunctionG at scaleτ , centered at lattice sites0 and atlattice sites is equal to (Lindeberg, 1994; Salden, 1996;Salden et al., 1998a):
 GDiscr(s0, s; τ) =(
 τ12(τ + s− s0)
 )p
 12 (τ+s−s0)q
 12 (τ−s+s0),
 with s, s0 ∈ Z, τ ∈ Z+0 , p+ q = 1, p = 12.
 The fully-discretisednth order derivatives are givenby the same recursive relations as for the semi-discretised flown (Section 3.2). Furthermore, suitablescaling limits relate both the discretised and continuousscaling mechanisms (Salden et al., 1998a).
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 All these discretisation procedures now allow an ex-act analysis of the flow at a sensible computationalload, because the support of the kernels in the fully-discretised case involves a finite number of latticepoints for every finite scale valueτ . Moreover restrict-ing the winding numbern to a finite number then isphysically substantiated because the transport velocityof information in any direction is bounded.
 Application to Knots. Darboux’s flow (Darboux,1878) is defined as follows:
 Definition 11. Darboux’s flow is a discretised flowdefined by:
 x+(n, τ + 1) = 1/2 ∗ (x(n, τ )+ x(n+ 1, τ )),
 with
 x+(N, τ + 1) = 1/2 ∗ (x(N, τ )+ x(1, τ )),
 in whichn indicates thenth point in the ordered point-set of lengthN andτ ∈ N the scale parameter.
 Apparently Darboux’s flow is characterised by a pre-ferred direction for information exchange indicated bythe+-index. Thus one can distinguish positively andnegatively oriented Darboux’s flows. The limit curveis an inscribed semi-regular polygon of an ellipse de-pending on the odd or even number of points.
 It can be easily shown that the discretised linearisedEuclidean shortening flowX(n, τ ) and the Darboux’sflowsx+(n, τ ) andx−(n, τ ) are for even scales directlyrelated as follows:
 X(n, τ + 2) = 1
 2(x+(n, τ + 1)+ x−(n, τ + 1)).
 Note that the equality holds between the second itera-tion step in the discrete linear scheme and the first stepin the combined positive and negative oriented Dar-boux’s flows. Thus the comparison of both flows canbest be performed for only even scales.
 In the experiment below we considered both flowson a spatially discretised trefoil (Reidemeister, 1932)slightly disturbed by uniform noise in the coordinates.The discretised linearised Euclidean shortening flowwas computed by means of above Darboux’s flows.Realise that after two even iteration steps in the lin-earised flow one iteration step in Darboux’s flow isperformed.
 Figure 26. From top to bottom row a trefoil represented by a pe-riodic point-set and two scaled versions under positively orientedDarboux’s flow.
 Comparing both flows in Figs. 26 and 27 one imme-diately observes that a positively oriented Darboux’sflow leads to an irreversible transition of the knot type,i.e., from a knotted state (trefoil atτ = 400) to anunknotted state (triangle like curve atτ = 1500; seealso Fig. 28). The triangle like shape in the unknottedstate one can blame on the fact that the trefoil shows athree-fold symmetry for each orthogonal projection ona plane through the geometric center. The discretisedlinearised Euclidean shortening flow on the contraryappears to lead to a fluctuation between a knotted state(trefoil at τ = 2551; see also Fig. 29) and an unknot-ted state (circle like curve atτ = 2570). An explana-tion can be sought in the periodicity that seeminglyhampers the latter flow, i.e., at suitable even scales theinitial tame knot type felt at every vertex is amplifiedand recurrent. In Darboux’s flows the latter recurrenceproperty of discretised linearised Euclidean shorteningflow is absent due to the particular choice of directionfor exchange of information. So one might think ofDarboux’s flow as a more proper candidate for scal-ing the curve formation since the knot type obviouslycomes into play during knot formation and evidentlyDarboux’s flow prohibits recurrence (Salden, 1996).But up to which degree and how recurrence has tobe controlled is still an open question (Salden, 1999;Salden et al., 1999) as will be explained shortly.
 In order to demonstrate, however, that the discretisedlinearised Euclidean shortening flow and the positively
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 Figure 27. From top to bottom row a trefoil represented by a peri-odic point-set and six scaled versions under the linearised and fullydiscretised Euclidean shortening flow.
 orientated Darboux’s flow for the trefoil yield an un-knot for infinite scales we computed the evolution ofthe total curvature of a tame trefoil knot over large scaleranges. In Figs. 28 and 29 for each flow the evolutionof the total curvature are shown as function of scaleτ . Using a famous theorem of Milnor (1949), whichsays that for any non-trivial knot the total curvatureKhas at least to be larger than 4π , we conclude that thepositively orientated Darboux’s flow causes the trefoilto collapse into an unknot, whereas the discretised lin-earised Euclidean shortening flow ensures the unknot-ting to be reversed for scale ranges that become smallerand smaller for higher scales. For infinitely high scalesone may say that the probability of the trefoil being in a
 Figure 28. The evolution of the total curvature of the trefoil de-picted in Fig. 26 under Darboux’s flow. Here the horizontal axisdenotes the scale parameterτ and the vertical axis the weighted totalcurvatureK/2π .
 Figure 29. The evolution of the total curvature of the trefoil de-picted in Fig. 27 under the linearised and fully discretised Euclideanshortening flow. Here the horizontal axis denotes the scale parameterτ and the vertical axis the weighted total curvatureK/2π .
 knotted state will be of zero measure for the discretisedlinearised Euclidean shortening flow.
 Let us conclude this paragraph pointing out somesubjects for further study and research related to flowson knots, links and braids. In this context the readercan imagine that one can construct sewed knots, linksand braids by connecting suitable discontinuity or
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 singularity sets in grey-valued images (Salden, 1996,1997b, 1999; Salden et al., 1999) as also indicatedin Section 2.1. On the basis of our above analysis itis important to describe the transitions of the statesof such physical objects under a particular flow. Theknot, link and braid invariants, such as the self-linkingnumber and the Gauss integral, seem to be the ap-propriate candidates for characterising the topologicalstructure of the flow dynamics. One could, e.g., com-pute the (self)-linking numbers (or generalised Gaussintegrals) of knots and links living at two differentscales, and of so-called framed knots or links, in whichthe framing can be chosen to be dependent on higherEuclidean (self)-similar jet structures. The latter is al-lowed as we only require invariance under the groupof Euclidean movements and that of similarity trans-formations. Summarising the transition of knot, linkor braid invariants under a particular flow can help ussieve the knot, link and braid formation subjected to thisflow. Note that this kind of granulometry can actuallybe carried out for tame knots (polygonal curves or or-dered point-sets), because self-linking numbers and theGauss integral can be computed exactly (Calugareanu,1961). In a forthcoming article we address this granu-lometric classification of knots and alike in more depth.
 Having a similarity jet of a curve or an imageat our disposal one can even think about study-ing non-constant higher dimensional bifurcation sets.Again generalised Vassiliev invariants (Vassiliev, 1990;White, 1969; Tze, 1988) and alike can be consideredfor sieving structures and determining new flows.
 Concerning the type of flow no preference can bemade in advance. Whether (self)-passages of knots,links and braids should be prohibited depends on thegeometry and topology one would like to relax. Re-quiring their invariants to be preserved under the flowforces us to relax and study other physical entitiesliving on them than those involved in their forma-tion. One might, e.g., derive flows that minimise theso-called Mobius energies and preserve (self)-linkingnumbers simultaneously (Pohl, 1968; Vassiliev, 1990;Bar-Natan, 1995; Freedman et al., 1994).
 Alternatively one might, as in this paragraph, notwant to constrain the flow on knots, links and braidsin order to allow, e.g., the larger scale (large ball con-taining just) primitive knots (Reidemeister, 1932) at-tached to each other to survive as long as possible andthe smaller (singular) ones to be annihilated instanta-neously.
 Furthermore, one might be interested in relaxing orscaling the formation of knots, links and braids itself(Salden, 1996, 1999; Salden et al., 1999). In the lat-ter case one needs a quantification of the topologicalcurrents similar to the affine translation or rotation vec-tor fields mentioned in Section 2 to accomplish sucha scaling. In this context it would then be appropriateto read out robust curvatures of topological quanta thatare related to the formation of knots, links and braids(Salden et al., 1995, 1999; Salden, 1999).
 Instead of pursuing the latter more attractive scalingmechanism one can also unravel, as done in the nextsection, the geometry of the linearised Euclidean curveshortening flow, if the grey-valued image in which theknots, links and braids appear as special singularitysets, can freely be subjected to spatially homogeneousmonotonic grey-value transformations. Of course, thecurvatures in the curve formation can be incorporatedin the flow following (Salden et al., 1995, 1999; Salden,1996, 1999).
 3.4. Geometry of Linearised Flow
 Conceiving the multiscale representation of a curve asresult of a dynamical process (Cartan, 1955; Saldenet al., 1995, 1998a, 1999; Salden, 1999), the connec-tion on the similarity jet (Definition 10) of the curve canbe described analogous for grey-valued input images(Salden et al., 1998a; Salden, 1996) by a connectionthat is invariant under the similarity group. The geom-etry consistent with the connection can subsequentlybe captured by twists and curvatures as in Section 2.
 In order to quantify geometric objects determinedby the similarity jet (Definition 10) a local referenceframe is needed, that is itself at least invariant under thegroup of similarity transformations (see Section 3.1).The simplest dual local reference frame satisfying thisinvariance condition can readily be constructed on thebasis of only the spatial positions and scales.
 Theorem 4. A local dual reference frame V∗0 =(ξ, dξα0 ) constructed on the basis of the similarity jet(Definition10)and invariant under the similarity groupis given by the following one-forms dξα0 :
 dξ i0 =
 dxi
 √τ, i = 1, . . . ,n,
 dξn+10 = dτ
 τ.
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 Proof: Applying the similarity group (Definition 10)to the dual reference frame above the following equalitydξ α0 = dξα0 holds. 2
 The local reference frameV0, consisting of framevectorse0
 β , can be derived from the following dualityconstraint:
 dξα0(e0β
 ) = δαβ .Note that the Greek indices denote spatial positions andscale, whereas the Latin indices denote only spatialpositions. Furthermore, that the metric tensorg0 =dξα0 ⊗ dξβ0 constructed on the basis of the above one-formsdξα0 has componentsgαβ = δαβ .
 Now a frame fieldV on the multi-scale representa-tion of the curve invariant under the Euclidean groupand the similarity group is given by:
 V = (e1, . . . ,en, en+1),
 with the firstn frame vector fieldse1, . . . ,en havingzero scale components and spatial components are co-inciding with those of the unit Euclidean frame vectorfields of an-dimensional curve (see Section 2), and thelast frame vector fielden+1 is given by:
 en+1 =(τ∂2ξ i
 ∂s2; 1),
 wheres is the initial Euclidean arclength parameter.As non-vanishing connection one-formsωα andωαβ ,
 which are also invariant under the Euclidean and sim-ilarity group, one can choose:
 ω1 = ds,
 ω2 = · · · = ωn = 0,
 ωn+1 = ∂2ξ i
 ∂s2dξ i + dξn+1,
 ωαβ = 0αβγ ωγ , 0αβγ = (eβ(logV))αγ .
 Note that here no duality of the frame vector fieldsei
 and the connection one-formsωβ is imposed.This connection allows a geometric quantification
 of the similarity jet of the curve or its formation interms of torsion and curvature tensors and their covari-ant derivatives, and integral invariants as suggested inSection 2.
 Figure 30. To the left the polarity5 of the curve formation atthe cusp-like point in Fig. 24 under the linearised Euclidean curveshortening flow. To the right the scale localisation of the change inpolarity at the cusp in Fig. 24.
 Application to Curve Formation. Let us first definethe polarity5 of the curve formation under the lin-earised Euclidean curve shortening flow as the sign ofthe inner product of the Euclidean curvature vectorsEk1
 andEk2 for the clockwise and anti-clockwise traversedcurve segments, respectively. Computing this polarity5 for several scales at the cusp-like point there appearsa jump: at the first scales the curvature vectors are anti-parallel, whereas beyond a certain scale they becomeparallel. Calculating, subsequently, the curvature of thepolarity by means of a circuit integral performed onthe similarity jet of the curve we detect the scale atwhich this topological transition occurs (see Fig. 30).Of course, one could study these types of transitionsin the similarity jet not only for the cusp of the curve.Doing so also for all other points of the curve we ar-rive at a true hierarchical ordering of the topologicaltransformations involved in the forming of the initialcurve without introducing additional parameters as inthe entropy scale-space approach (Kimia, 1991).
 4. Conclusion and Discussion
 A robust method for a multi-scale description of (theformation of) curves is proposed that is based on alinearisation of the Euclidean shortening flow, specialordering relations on the curve and application of dif-ferential and integral geometry. Whether the curve isopen, closed, intersecting or branching does not pro-hibit us to quantify classical geometric properties, suchas curvatures, torsions and rotation indices, nor mod-ern geometric ones such as the twist, curvatures andhigher order properties of the curve formation pro-cess. A (semi-)discretisation of the flow is proposedon a lattice in order to realise a finite computationalload for establishing the geometry of the curve or thecurve formation. The similarity jet of the curve (forma-tion) under the linearised Euclidean shortening flow is

Page 36
                        

64 Salden, ter Haar Romeny and Viergever
 proposed to be described in similar geometric termsas that for the curve (formation) at one level ofscale.
 Our scale-space method deviates from those in(Bruckstein et al., 1995; Bruckstein and Shaked, 1997;Lindeberg, 1994) and in (Mokhtarian and Mackworth,1986) in that we choose a vectorial distribution pa-rametrised by Euclidean arclength with respect to ageometric mean of the space curve as initialisation.The barycentric coordinate system does not come intoplay in their local flows although in Bruckstein’s workthere is a globally linear flow formulation. We use sub-sequently continuous or (semi)-discrete Green’s func-tions of the linearised Euclidean shortening flow asfilters to simplify the curve formation aspects. Fur-thermore, our method differs significantly from thereaction-diffusion and functional approaches (Kimia,1991; ter Haar Romeny, 1994), respectively, used toextract stable and reproducible shape representations.We use, instead of counteracting flows or global inte-gral constraints, the linearised flow in combination withmodern geometry to retain similar representations.
 One of the reasons for our linearised approach is thatstill on the level of the Green’s function themselves asemi-group property holds. Forgetting about the ini-tial Euclidean arclength parametrisation one can, ofcourse, not obey this property at higher scales. Butsuch a semi-group requirement is quite unnatural, be-cause for any deterministic process nothing is knownabout the formation aspects involved during the ini-tialisation or read out of a physical field. A Euclideanarclength parametrisation of a space curve at any levelof scale is thus certainly not obligatory to ensure asemi-group property. A normalisation of the flow as in(Mokhtarian, 1988b) is, except for computational andvisualisation reasons, superfluous, because at least inour (semi-)discrete flows such a procedure is easily in-corporated. Furthermore, it does not add anything newto the scale-space interpretation that can be unravelledby means of modern geometry.
 A second reason is that for space curves there are inthe case of knots very good reason not to stick to theso-called comparison principle so much advocated bythe nonlinear (Euclidean) shortening flow community.Especially, the related higher co-dimensional level setapproach for space curves (Ambrosio and Soner, 1994)leads to unwanted unremovable intersections under theflow. Consequently irrelevant singular knot character-istics can be felt throughout the scale-space resultingin no topological simplification at all. In this context a
 topological simplification should not be confused witha morphological transformation that satisfies a super-position principle as mentioned in our paper. Ourapproach, on the contrary, does ensure self-passagesand removal of tied up space curve segments such thattrue topological transformations in respect to, e.g., knottype may come about. Moreover, it ensures recurrenceof the most predominant Euclidean and topologicalcharacteristics of spatial configurations. Thus our lin-earised flow establishes through the initialisation pro-cedure and the flow dynamically a memory function.In the case of Darboux’s flow recurrence is shown to beexcluded; demonstrating once more the importance ofthe orientation of space and time in the formation of anyphysical field. Darboux’s flow is intimately related tothose flows encounterd in our so-called dynamic scale-space paradigms (Salden et al., 1995, 1999; Salden,1996, 1999), that actually formalise any of the topo-logical flows needed for simplifying knots, links andbraids.
 For a similar reason we advocate to explore the lin-ear scale-spaces of space curves by means of mod-ern geometry for extracting the most salient formationaspects instead of using reaction-diffusion and func-tional methods that can be found in (Kimia, 1991;ter Haar Romeny, 1994), respectively. The counter-acting flows and Lagrangian multipliers in these ap-proaches not only increase the complexity of the analy-sis but may also unwantedly obstruct topological trans-formations in the case of space curves embedded inhigher dimensional grey-valued images. Furthermore,our deployed curvature machines for space curve ge-ometry can straightforwardly be redesigned for ex-tracting stable and reproducible physical objects suchas skeletons for the interior of shapes represented byhigher dimensional grey-valued images (Salden et al.,1998a). Thus we state that there is no direct need forcounteracting flows nor global integral constraints inachieving a robust shape description. This does notmean that integral constraints and alike could not beof major importance as local boundary conditions orstopping criteria to the flows (Salden et al., 1995,1999; Salden, 1996, 1999). Moreover, topological con-straints related to knot, link and braid invariants asmentioned in our paper can be used to define nonlo-cal Beltrami-Laplace operators similarly as those en-countered in general relativity and gauge field theoriesin order to scale or relax other or similar geometricor physical objects (Salden et al., 1995, 1999; Salden,1996, 1999).
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 Note
 1. The preference of a logarithmic law in the luminance to contrastmodel resides in the fact that the total luminance fallen onto adetector affects the total system state of the detector causing someneuronal activity yielding a grey-valued image. The total possibleactivities of the detector can be quantified in terms of a so-calledpartition function for the system state. Thus actually the oppositeof the logarithm of the perceived luminance, represented as amicro-canonical ensemble, can be considered as a free energyavailable to the detector (Salden, 1999).
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