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 NONLINEARPHENOMENA
 Interaction of Electromagnetic Waves with Plasmain the Radiation-Dominated Regime
 S. V. Bulanov1, 2, 3, T. Zh. Esirkepov2, 3, J. Koga2, and T. Tajima2
 1 Prokhorov Institute of General Physics, Russian Academy of Sciences, ul. Vavilova 38, Moscow, 119991 Russia2 Advanced Photon Research Center, Japan Atomic Energy Research Institute (JAERI-Kansai), 619-0215 Kizu, Kyoto, Japan
 3 Moscow Institute of Physics and Technology, Institutskiœ per. 9, Dolgoprudnyœ, Moscow oblast, 141700 RussiaReceived July 14, 2003
 Abstract—A study is made of the main regimes of interaction of relativistically strong electromagnetic waveswith plasma under conditions in which the radiation from particles plays a dominant role. The discussion isfocused on such issues as the generation of short electromagnetic pulses in the interaction of laser light withclusters and highly efficient ion acceleration in a thin plasma slab under the action of the ponderomotive pres-sure of the wave. An approach is developed for generating superintense electromagnetic pulses by means of up-to-date laser devices. © 2004 MAIK “Nauka/Interperiodica”.
 1. INTRODUCTION
 The interaction of a charged particle with an electro-magnetic wave is one of the most fundamental physicalprocesses. When the dimensionless wave amplitudea0 = eE0/meω0c is much smaller than unity, the electronoscillatory velocity is low in comparison to the speed oflight in vacuum, so that, in describing the interaction ofan electromagnetic wave with charged particles, rela-tivistic effects can be ignored. Here, E0 and ω0 are theelectric field and frequency of the electromagneticwave, m and e are the mass and charge of an electron,and c is the speed of light in vacuum. When the wave isrelativistically strong (a0 @ 1), i.e., when the kineticenergy of a charged particle in the wave field exceedsthe particle’s rest energy, the dynamics of the particlediffers qualitatively from that in the nonrelativistic limitin both classical and quantum mechanics (see [1, 2]).
 In the present paper, we mainly focus on the interac-tion of a charged particle with an electromagnetic wavein regimes in which the particle dynamics is dominatedby the radiative friction force. It is well known that theelectromagnetic field of a charged particle in a plasmacan be conditionally divided into two component. Thefirst, relatively long-wavelength component contributesto collective plasma fields, resulting in changes in thedispersion properties of electromagnetic waves andgiving rise to such plasma modes as Langmuir and ionacoustic waves. The second, relatively short-wave-length component is responsible for collisional pro-cesses (including bremsstrahlung) in the near zone,while in the wave zone, it corresponds to Thomson orCompton scattering. As the radiation intensityincreases, the role of collisional processes decreases, sothat they can be ignored in describing a plasma irradi-ated by a relativistically strong electromagnetic wave.As for Thomson scattering (which, in the relativistic
 1063-780X/04/3003- $26.00 © 0196
 interaction regime, is called nonlinear Thomson scat-tering [3–6]), it plays a dominant role when an electro-magnetic wave propagating in a plasma is sufficientlyintense, because the electromagnetic energy scatteredby a charged particle per unit time is proportional to thefourth power of the particle’s kinetic energy.
 In focusing a petawatt laser pulse with a wavelengthof 0.8 µm to a spot diameter of about one wavelength,the radiation intensity reaches values on the order of5 × 1022 W/cm2, in which case the dimensionless waveamplitude a0 is equal to 160. (Note that the value a0 = 1corresponds to an intensity of 1.38 × 1018 W/cm2.)Thus, the wave field of a petawatt laser is certainly rel-ativistically strong. Higher intensity laser radiationinteracts with plasma in a qualitatively new regime inwhich a significant part of the energy transferred fromthe wave to the particle is reemitted as high-frequencyradiation. Thus, the vector potential of a circularlypolarized electromagnetic wave propagating in a colli-sionless plasma is given by the expression
 (1)
 where k0ξ = k0x – ω0t and the energy of an electron is
 related to the wave amplitude by % = mec2(1 + )1/2
 [7].An electron moves along a circular orbit with fre-
 quency ω0 and emits radiation at frequencies that maybe as high as ωm = ω0γ3, where the relativistic gamma-factor is equal to γ = %/mec2 [7]. The moving electron issubject to a radiative friction force, which is estimated
 to be on the order of fR ≈ 8π2merec2γ2 , wherere = e2/mec2 = 2.8 × 10–13 cm is the classical electron
 A⊥ a0
 mec2
 e----------- ey k0ξcos ez k0ξsin–( ),=
 a02
 a02/3λ0
 2
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 radius and λ0 = 2πc/ω0 is the laser wavelength. Com-paring the radiative friction force with the Lorentzforce, equal approximately to eE0 = meω0ca0, we findthat the behavior of a charged particle becomes domi-nated by radiative friction when the amplitude of anelectromagnetic wave satisfies the inequality
 (2)
 Hence, the dimensionless parameter that describes therole of the intrinsic radiation of a particle (or, more pre-cisely, the role of Thomson scattering) is defined as
 (3)
 For a laser wavelength of λ0 = 0.8 µm, this parame-ter is equal to (1/408)3 = 1.48 × 10–8.
 Nonlinear effects occurring in the interaction ofcharged particles with electromagnetic waves are, onthe one hand, of great interest for numerous astrophys-ical problems (see [8, 9]) and, on the other hand, havereceived considerable attention in research on the inter-action between petawatt (and higher power) laserpulses with matter. With the advent of petawatt lasers inrecent years, it has become possible to investigate suchnonlinear interaction regimes experimentally [10].
 The paper is organized as follows: In Section 2, wesystematize different regimes of the interaction of laserradiation with plasma. We determine the parameterranges of such regimes as the relativistic interactionregime; the regime dominated by the radiative frictionforce; and the quantum regime, the upper bound ofwhich corresponds to fields that are so strong that theycan produce electron–positron pairs in vacuum. In Sec-tion 3, we discuss how the behavior of a charged parti-cle interacting with an electromagnetic wave in aplasma, under conditions such that the ponderomotivepressure force is balanced by the force of the charge-separation electric field, differs from the behavior of aparticle interacting with a wave in vacuum, where theponderomotive force is unneutralized. In Section 4, wepresent two examples of the results obtained fromnumerical simulations of the interaction between astrong electromagnetic wave and charged particles inthe regime dominated by the radiative friction force.Specifically, we consider the problem of the coherentelectromagnetic emission from a cluster in the field ofa laser pulse and the problem of the interaction of anelectromagnetic wave with a thin foil. In the first prob-lem, the cluster emits a short high-frequency electro-magnetic pulse, and, in the second problem, conditionsfavorable for highly efficient ion acceleration areachieved. In Section 5, we describe the results of com-puter simulations of the interaction between two laserpulses propagating in a plasma toward one another. Weshow that, owing to the nonlinear frequency upshiftingof the electromagnetic radiation and its focusing, it is
 a0
 3λ0
 4πre
 -----------
 1/3
 .>
 εrad
 4πre
 3λ0-----------
 .=
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 possible to amplify the radiation to intensities corre-sponding to the quantum regime. A fundamentallyimportant point here is that this amplification can beachieved in present-day laser devices. In the conclu-sion, we summarize the main results of our investiga-tions.
 2. EFFECT OF RADIATIVE LOSSES ON THE MOTION OF A CHARGED PARTICLE IN THE FIELD OF AN ELECTROMAGNETIC WAVE PROPAGATING IN A COLLISIONLESS
 PLASMA
 2.1. Motion of an Electron in the Field of a Circularly Polarized Electromagnetic Wave in Plasma
 Let us consider in more detail an electron movingwithout radiative losses in the field of a circularly polar-ized electromagnetic wave propagating in a plasma (seealso [11]). According to [7], the dependence of thewave phase velocity v ph = ω0/k0 in expression (1) on thewave frequency ω0 and wave amplitude a0 is given bythe formula
 (4)
 where ωpe = (4πn0e2/me)1/2 is the plasma frequency.
 The equations of motion of an electron have theintegrals of motion
 , (5)
 (6)
 where P⊥ = Pyey + Pzez = P⊥ [eycosk0ξ0 + ezsink0ξ0] isthe transverse canonical momentum, p⊥ = pyey + pzez isthe transverse momentum of the electron, and
 a⊥ (ξ) = a0(eycosk0ξ – ezsink0ξ). (7)
 The equations of motion for the longitudinalmomentum px and longitudinal coordinate x can bewritten in a Hamiltonian form:
 (8)
 (9)
 with the Hamiltonian
 (10)
 Since the Hamiltonian does not explicitly depend ontime, the condition for the function H(px , ξ) = mec2γ –pxv ph = mec2h to be conserved allows us to determine
 v ph cω0 1 a0
 2+( )
 1/4
 ω02
 1 a02
 +( )1/2
 ωpe2
 –[ ]1/2
 --------------------------------------------------------,=
 Py py mecay–=
 Pz pz mecaz,–=
 px∂H∂ξ-------,–=
 ξ ∂Hk0∂ px
 --------------,=
 H px ξ,( ) me2c
 4px
 2c
 2Py ay ξ( )–( )2
 c2
 + +[=
 + Pz az ξ( )–( )2c
 2 ]1/2
 pxv ph.–
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 the dependence of the longitudinal component px of theelectron momentum on the variable ξ:
 (11)
 Here, for the electromagnetic wave described byexpression (1), the function Π⊥ (ξ) has the form
 (12)
 and βph = v ph/c. It is obvious that, without loss of gen-erality, we can set ξ0 = 0. The phase plane for Hamilto-nian equations (8) and (9) is shown in Fig. 1. It can beseen that there are no separatrices or closed orbits.
 For each of the main plasma electrons, we haveP⊥ = 0 and h = 0. Such an electron moves in a circularorbit of constant radius, and the longitudinal compo-nent of its momentum remains zero.
 For an electron that is initially at rest, the parametersof the solution should be chosen as follows: Py = meca0,Pz = 0, and h = 1; i.e., P⊥ = meca0. These initial condi-tions may refer to the electrons that are produced in aplasma either by ionization [12, 13] or due to the cre-
 px
 mec--------- =
 h2βph
 2
 βph2
 1–( )2
 -----------------------1 Π⊥
 2 ξ( ) h2
 –+
 βph2
 1–------------------------------------+
 1/2hβph
 βph2
 1–----------------.–
 Π⊥2 ξ( )
 Py
 mec--------- ay ξ( )+
 2 Pz
 mec--------- az ξ( )+
 2
 +=
 = P⊥
 mec---------
 2 2eP⊥ A0
 me2c
 3------------------- k0 ξ ξ 0+( )( )cos
 eA0
 mec2
 ----------- 2
 + +
 –10 –5 0 5 10–25
 0
 25
 50p
 ξ
 Fig. 1. Phase plane for Eqs. (8) and (9).
 ation of electron–positron pairs [14–18]. The longitudi-nal component of the momentum of each such electron,
 (13)
 increases from zero to the maximum value pmax =
 mec[βg/(1 – )][ – 1]. Here, we tookinto account the fact that the phase and group velocitiesof an electromagnetic wave are related by the relation-ship v phv g/c2 = 1, which yields βg = 1/βph. Accordingly,the electron energy increases from mec2 to mec2 + pmaxc.The electron orbit is a helix with an axis forming a cer-tain angle with the wave vector of the electromagneticwave.
 2.2. Effect of Radiative Losses on the Interaction of a Charged Particle with an Electromagnetic Wave
 in Plasma
 In the equations of motion, the effects of radiativedamping in the interaction of a charged particle with anelectromagnetic wave are described by the radiativefriction force. We write the equations of motion in stan-dard form [1]:
 (14)
 where ui = dxi/ds = (γ, p/mec) is the velocity 4-vector,
 γ = (1 – v 2/c2)–1/2, s = , and Fik = ∂iAk – ∂kAi is
 the electromagnetic field tensor. The radiative frictionforce is equal to
 (15)
 The electric and magnetic fields are expressed in termsof vector potential (1) by the familiar relationships E =–c–1∂A/∂t and B = — × A.
 The radiative friction force gives rise to a longitudi-nal force, which is nothing more than a ponderomotiveforce. Here, we consider the case in which the ponder-omotive force acting on an electron is balanced by theforce of the charge-separation electric field. As a result,the longitudinal component of the total force vanishes:eEx + e(v yBz – v zBy)/c = 0. Setting the electron velocityin the wave equal to the speed of light and estimatingthe charge-separation electric field as Ex = 4πn0elx , wefind that the mean displacement of the electrons withrespect to the ions is lx ≈ E0/4πn0e = dea0(ω0/ωpe).Under these conditions, an electron does not movealong the x axis. In a perpendicular plane, the electron
 px
 mec---------
 βph2
 βph2
 1–( )2
 -----------------------2a0
 21 k0ξ( )cos–[ ]
 βph2
 1–--------------------------------------------+
 1/2
 =
 –βph
 βph2
 1–----------------
 βg2
 1 4a02
 1 βg2
 –( )+
 mecdu
 i
 ds------- e
 c--F
 ikuk g
 i,+=
 c t/γd∫
 gi 2e
 2
 3c-------- d
 2u
 i
 ds2
 ---------- uiu
 kd2uk
 ds2
 ----------–
 .=
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 moves along a circle with a frequency equal to the fre-quency of the electromagnetic wave.
 In order to analyze the solutions to Eqs. (14) and(15), we turn to the approach developed in [19–21].Since the energy of an electron is constant, the temporalcomponent of Eq. (14) has the form
 (16)
 This equation is equivalent to the condition that therebe a balance between the work done by the energy elec-tric field on the electron and the energy emitted by the
 electron per unit time, e(E · v) = εradω0γ2 /me, whereεrad is given by formula (3). The spatial components ofEq. (14) can be written as
 (17)
 We represent the electron momentum in a complexform, py + ipz = p⊥ exp(–iω0t), where p⊥ = pexp(iϕ) isthe complex amplitude and ϕ is the phase equal to theangle between the electron momentum vector and theelectric field vector in the wave. We then obtain
 (18)
 It can be seen that, for a0 ! arad = ( – 1)1/2 ≈ ,the electron momentum is proportional to the electro-magnetic wave amplitude, p ≈ a0mec, and the electron
 energy is equal to %⊥ ≈ mec2(1 + )1/2. In the limit a0 @
 arad = ( – 1)1/2 ≈ , we have p ≈ mec(a0/εrad)1/4
 [20]. Figure 2 shows the electron energy %⊥ = ( +p2c2)1/2 ≡ mec2γ as a function of the dimensionlessamplitude of the laser pulse a0 and the parameter εrad.
 The energy flux reemitted by the electron is equal toe(E · v) = εradω0γ2p2/me. The integral scattering crosssection by definition equals the ratio of the reemitted
 energy to the Poynting vector P = :
 (19)
 where the dependence of the electron energy mec2γ onthe wave amplitude a0 is given by relationship (18) and
 the Thomson scattering cross section is σT = =6.65 × 10–25 cm2. The dependence of the Thomson crosssection on the wave amplitude and the parameter εrad,which characterizes the wave frequency, is shown inFig. 3.
 It follows from expression (19) that, as the waveamplitude increases over the range 1 ! a0 ! arad, thescattering cross section increases according to the law
 0ec--F
 0kuk g
 0.+=
 p⊥2
 p⊥ a0mec–( ) iεrad p⊥ γ3.–=
 a02 p
 mec---------
 2
 – εrad2 p
 mec---------
 2
 1p
 mec---------
 2
 +3
 .=
 εrad–2/3 εrad
 1/3–
 a02
 εrad–2/3 εrad
 1/3–
 me2c
 4
 cE02/4π
 σ σTγ2
 1 εrad2 γ6
 +----------------------,=
 8πre2/3
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 σ = σT(1 + ) and reaches its maximum σm ≈ at a0 ≈ arad; for a0 @ arad, it decreases according to the
 law σ ≈ .
 When radiative losses are taken into account, wearrive at the following dependence of the characteristicfrequency of radiation from the electron on the electro-magnetic wave amplitude. For 1 ! a0 ! arad, the fre-quency is proportional to the wave amplitude cubed,
 ωm = . In the limit of high wave intensities such
 a02 σTarad
 2
 σTarad3
 /a0
 ω0a03
 1
 0.010
 2
 3
 4
 0.0080.006
 0.004 0.002 5 1015
 2025
 lnγ
 εradlna0
 Fig. 2. Dependence of the logarithm of the electron energyon the logarithm of the wave amplitude and on the parame-ter εrad.
 0
 5
 10
 0
 5
 10
 150.02
 0.04
 0.08
 0.10
 lna0εrad
 0.06
 σ
 Fig. 3. Dependence of the scattering cross section on thelogarithm of the wave amplitude a0 and on the parameterεrad.
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 that a0 @ arad, we have ωm = ω0(a0/εrad)3/4; i.e., the fre-quency increases far more gradually.
 Quantum electrodynamic effects come into play atelectron energies at which the energy of a photon emit-ted by an electron becomes comparable to the electronkinetic energy, i.e., "ωm ≈ %⊥ . In particular, theseeffects change the radiative loss function. In the quan-tum regime, it is necessary to take into account not onlyradiative damping effects but also recoil momentumeffects, which change the direction of motion of theelectron because the outgoing photon carries away themomentum km = ωm/c. Since photons are emitted in astatistically random way, the motion of an electron is asuperposition of the regular rotation in the wave fieldand a kind of Brownian random walk. This is a familiareffect in the electron motion in circular accelerators inthe limit where quantum electrodynamic effects play arole in synchrotron radiation from the particles [22].
 It has been shown above that, when radiative lossesare taken into account, an electron in the electromag-netic wave field acquires the energy %⊥ = mec2γ =mec2(a0/εrad)1/4. Such an electron emits photons with theenergy "ω0γ3 = "ω0(a0/εrad)3/4. This implies that quan-tum electrodynamic effects should be taken into con-sideration for electrons with energies on the order of%⊥ = mec2(mec2/"ω0) and higher or for electromagneticwave amplitudes equal to a0 = εrad(mec2/"ω0)2 and larger.The corresponding threshold Lorentz factor of an elec-tron irradiated by laser radiation with a wavelength ofone micron is about γ = (mec2/"ω0)1/2 ≈ 700. The elec-tromagnetic wave amplitude corresponding to thisthreshold is equal to
 (20)
 the equivalent value of the electric field in the wavebeing
 (21)
 We can see that the wave electric field is weaker thanthe limiting electric field ESchw in quantum electrody-namics by a factor of 3"c/e2 = 3/α, which is approxi-mately equal to 411. The limiting electric field, whichis also called the Schwinger electric field, is given bythe expression [23, 24]
 (22)
 The Schwinger electric field is so strong that, at adistance equal to the Compton length, it performs thework 2mec2, sufficient to create an electron–positronpair [23–27].
 aqua2e
 2mec
 3"2ω0
 -----------------reλ0
 3πÂc2
 ------------,= =
 Equa2eme
 2c
 2
 3"2
 ------------------re
 3Âc
 --------ESchw.= =
 ESchw
 2me2c
 3
 e"---------------.=
 In the radiation-dominated regime in the quantumlimit, we should to use, instead of Eq. (18), the equation
 (23)
 This equation is obtained from Eq. (18) by replacingthe energy lost by an electron with the quantum electro-dynamic function, which in turn equals the energyemitted by an electron per unit time. In other words, the
 expression ≈ should be replaced with the
 function U2(ϒ). The quantum-electrody-namic calculations of this function were performed inthe theory of synchrotron radiation [22] and in the the-ory of the interaction of charged particles with electro-magnetic waves [28]. In Eq. (23), we have introducedthe dimensionless variable ϒ = ("ω0/mec2)(p/mec)2. Thefunction U(ϒ) is expressed in terms of the Airy functionand its derivative. In the classical limit (ϒ ! 1), thisfunction is close to unity, U(ϒ) ≈ 1, whereas, in thequantum limit (ϒ @ 1), it is described by the approxi-mate formula U(ϒ) ≈ (128π/31/281)ϒ–2/3. Substitutingthis formula into Eq. (23), we determine the change inthe electron momentum in the quantum limit (a0 > aqua)as a function of the electromagnetic wave amplitude:
 (24)
 Let us make some estimates. In describing the inter-action between plasma and laser radiation with a wave-length of one micron, relativistic effects should betaken into account for a0 ≥ 1, which corresponds tolaser intensities of Irel = 1.38 × 1018 W/cm2 and higher.The threshold wave amplitude for the radiation-domi-nated regime is a0 ≈ arad with arad ≈ 400, which corre-sponds to a laser intensity of about Irad = 3 ×1023 W/cm2. The quantum effects come into play fora0 ≈ aqua ≈ 2500, which gives Iqua = 1.38 × 1025 W/cm2.For the nonlinear quantum electrodynamic regime withelectron–positron pair production in a vacuum, the lim-iting laser pulse field is equal to the Schwinger field
 ESchw = , which corresponds to the dimen-
 sionless wave amplitude aSchw = ≈ 106 andlaser intensity ISchw = 1029 W/cm2.
 Reemission of the energy of an electromagneticwave into higher harmonics, which freely escape fromthe plasma, causes wave damping in a homogeneousplasma or gives rise to a skin layer of finite depth (thedepth of penetration of the field into the plasma). Esti-mating the penetration depth from the balance condi-tion for the scattered energy flux, ∇ P = ne(E · v), weobtain lσ = 1/nσ. At a0 ≈ arad, the skin depth reaches its
 minimum value of 1/nσT ≈ 10–4(1023/n) cm. Thisindicates that, in the interaction of a laser pulse with a
 a02 p
 mec---------
 2
 – εrad2 p
 mec---------
 2
 γ6U
 2 ϒ( ).=
 εrad2
 p/mec( )8
 εrad2
 p/mec( )8
 p mec"ω0
 mec2
 ----------- 1/2
 0.34a0
 εrad-------
 3/8
 .≈
 2me2c
 3/e"
 2me2c
 2/"ω0
 arad2
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 solid target, the laser energy is fully converted into hardX radiation or gamma radiation in a target layer severalmicrons thick, provided that the laser intensity is equalin order of magnitude to Irad = 3 × 1023 W/cm2. That thisprocess is important was pointed out in [29].
 3. ROLE OF RADIATIVE LOSSES IN THE INTERACTION OF A CHARGED
 PARTICLE WITH A PLANE ELECTROMAGNETIC WAVE IN VACUUM
 For further discussion, we give here some informa-tion about the motion of a charged particle in the fieldof a plane electromagnetic wave in vacuum (see [1,30]). The equations of motion for charged particlesimply that the transverse component of the generalizedmomentum is constant, p⊥ – eA⊥ /c = const. The energyand the longitudinal momentum component are related
 by the relationship ( + + )1/2 – p||c = const.The form of this integral of motion stems from the factthat the vector potential A⊥ describing an electromag-netic wave in vacuum depends on the coordinate andtime through the combination x – ct. We consider theelectron motion in a frame of reference in which theelectron is at rest up to the time when it begins to beaffected by the electromagnetic wave. This choice ofthe reference frame determines the constants in theabove integrals of motion. As a result, we determinehow the kinetic energy K/mec2 = [1 + (p/mec)2]1/2 – 1 ofthe electron and its momentum depend on the vectorpotential A⊥ (x – ct): K = mec2 |a⊥ |2/2, p⊥ = meca⊥ , andp|| = mec |a⊥ |2/2. Here, we have introduced the functiona⊥ = eA⊥ (x – ct)/mec. These expressions are exact solu-tions to the equations of motion. Regardless of thestrength of the electromagnetic wave field, the kineticenergy of an electron is expressed through the trans-verse or the longitudinal momentum component as K =
 /2me or K = p||c. The Lorentz gamma-factor (theelectron energy normalized to mec2) is equal to γ =%/mec2 = [1 + (p/mec)2]1/2 = 1 + |a⊥ |2/2. From this, wecan determine the electron velocity: the longitudinaland transverse velocity components are equal to v || =c |a⊥ |2/(2 + |a⊥ |2) and v⊥ = 2ca⊥ /(2 + |a⊥ |2). It is seenthat, in the nonrelativistic limit (a0 ! 1), the transversecomponent of the electron momentum is much largerthan its longitudinal component. In the opposite(ultrarelativistic) limit (a0 @ 1), the longitudinalmomentum component is much larger than the trans-verse component. These relationships can be derivedfrom formulas (4)–(13) in the limit βph 1.
 In the accompanying frame in which the electron is,on average, at rest, the dimensionless wave amplitude isnearly the same as that in the laboratory frame of refer-ence, = a0; this is a consequence of the relativisticinvariance of the transverse component of the vector
 me2c
 4 p⊥2
 p||2
 p⊥2
 a0
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 potential. Here, the superior bar denotes the values ofthe quantities in the accompanying frame. In contrast,the parameter εrad, which is given by expression (3), isnot relativistically invariant. It is easy to show that
 = 4πre/ = εrad/(1 + )1/2. To do this, it is nec-essary to take into account the fact that, in the rest frameof the electron, the wavelength of the radiation is equal
 to = λ0[(c + v ||)/(c – v ||)]1/2 = λ0(1 + )1/2. Thebound of the radiation-dominated regime can be found
 from the condition a0 ≈ . In the laboratory frame,
 we obtain a0 ≈ . It can be shown that quantumeffects come into play for electromagnetic waveswhose amplitudes correspond to the limiting electricfield in quantum electrodynamics.
 An analytic description of the interaction of acharged particle with an electromagnetic wave in vac-uum runs into serious difficulties even for waves withcircular polarization. This is why we will consider theparticle motion in crossed constant electric and mag-netic fields. Ritus [28] noted that the dynamics of acharged particle in crossed fields exhibits the main fea-tures characteristic of both classical and quantum phys-ics. The reason for this is the following: In the accom-panying frame of reference, in which a relativistic (inthe laboratory frame) particle is at rest, an arbitraryelectromagnetic field is nearly transverse, with mutu-ally orthogonal electric and magnetic fields havingalmost equal magnitudes.
 We consider a charged particle that is initially atrest. We choose the reference frame in which the mag-netic field B points along the z axis and the electric fieldE is parallel to the y axis and assume that the electricand magnetic fields are equal to one another, E = B. Inthis case, it is convenient to express the radiative fric-tion force in terms of the external electric and magneticfields [1]. For particles with ultrarelativistic energies,we have
 (25)
 where we have retained only the lowest order terms inthe expansion in powers of the parameter γ in the limitγ ∞. Accordingly, in crossed electric and magneticfields, the radiative friction force is
 (26)
 As a result, the equations of particle motion can be writ-ten as
 (27)
 εrad 3λ0 a02
 λ0 a02
 εrad1/3–
 εrad1/2–
 g2re
 2
 3-------- p
 m3c
 3γ--------------- mcγE p B×+( )2 p E⋅( )2
 –[ ] ,–=
 g2re
 2
 3c--------E
 2v γpx
 mc-------–
 2
 .–=
 pxec--Ey
 2re2
 3c--------E
 2xγ2
 1 xc--–
 2
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 (28)
 We switch to dimensionless variables in which thecoordinates, momentum, and velocity are expressed inunits of re, mc, and c, respectively; the time is normal-ized to re/c; and the electric field is given in units of
 Ee = = e/ (i.e., in units of ESchw/2α). Weswitch from the independent variable t to the variablea = E(x – ct), which is merely the value of the vectorpotential of the wave at the particle’s position. In thesenew variables, Eqs. (27) and (28) reduce to
 (29)
 (30)
 where κ = 2E/3 and the prime denotes the derivativewith respect to a.
 In the limit of relatively weak fields (E ! 1),Eqs. (27) and (28) have a solution that coincides withthe solution presented in [1]:
 (31)
 This solution demonstrates the particular case of thedependence of the particle momentum that has beendiscussed above, namely, p⊥ = meca⊥ and p|| =mec |a⊥ |2/2. We see that, in the ultrarelativistic limit, thelongitudinal momentum component increases mostrapidly. The particle trajectory in the coordinate planeis implicitly determined by the equations
 (32)
 In the (x, y) plane, the trajectory has the form 9x2 –4Ey3 = 0. On infinitely long time scales (t ∞), theparticle energy changes in time according to the lawmec2γ ≈ (mec2/2)(6eEt/mec)2/3. This asymptotic formulais written in the above dimensional variables.
 Using relationships (31) and (32), we find that radia-tive losses begin to play an important role in the dynam-ics of a charged particle when a ≈ arad = E–1. In this limit,using the condition px @ py, we can represent the
 gamma-factor of the particle as γ = px + + ….Substituting this representation into Eqs. (29) and (30),we obtain
 (33)
 (34)
 py eE 1 xc--–
 2re2
 3c--------E
 2yγ2
 1 xc--–
 2
 .–=
 me2c
 4/e
 3re
 2
 px'py
 γ px–--------------– κ pxγ 1
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 ,+=
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 x a3/6E, y a
 2/E, Et a a
 3/6E+ + 0.= = =
 py2/2 px
 px'2 px
 py
 --------– κ py2,+=
 py' 1– κpy
 3
 px
 -----.+=
 which yield
 (35)
 This equation has the solution
 (36)
 where C is an arbitrary constant. In the limit κ ! 1, solu-tion (36) should yield the same relationship between px
 and py as that following from solution (31); in other
 words, we must have px = . This gives C = 1/4, inwhich case the second term on the right-hand side ofEq. (36) should be written with the plus sign. In theopposite limit py @ 1/2κ (i.e., for |a | @ 3/2E), Eq. (36)
 yields px ≈ . Using this relationship and Eq. (34),we obtain
 (37)
 On infinitely long time scales (t ∞), the particleenergy changes in time according to the law γ ~ t3/5.
 4. RADIATION-DOMINATED REGIMESOF THE INTERACTION
 OF AN ELECTROMAGNETIC WAVEWITH A CLUSTER AND A THIN FOIL
 Above, we considered the interaction of laser lightwith a charged particle in the point-particle approxima-tion. Another approximation in which the effects simi-lar to those caused by radiative damping play a key roleis associated with targets whose sizes are less than thelaser wavelength. It is well known that, in this approxi-mation, a target behaves as a particle whose charge isequal to the total charge of the target’s electrons. Exam-ples of such targets are cluster targets and thin foils.
 4.1. Interaction of an Electromagnetic Wave with a Cluster
 As was pointed out in [31], the interaction of a laserpulse with a cluster is accompanied by the conversionof laser energy into the energy of the scattered radia-tion. Under typical conditions, the cluster sizes aremuch smaller than the laser wavelength, so that thelaser radiation is scattered in the collective regime, inwhich the scattering cross section is larger than that inthe single-particle regime by a factor of N 2, where N isthe number of electrons involved in the scattering pro-cess. This can be explained in terms of the familiarexpression for the total cross section for electromag-netic wave scattering by a small spherical particle, σ =8π|α|2V2ω4/3c4 [32], which is valid for small-ampli-tude waves. Here, V is the particle volume andα = (3/4π)[(ε(ω) – 1)/(ε(ω) + 2)] is the polarizability, in
 d px
 d py
 --------px
 py
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 px κ py3
 –------------------------
 .=
 px κ py3
 py2 κ py( )2
 C+[ ]1/2
 ,±=
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 Fig. 4. Emission of a high-frequency radiation pulse in the interaction of an electromagnetic wave with a cluster: the distributionsof the z component of the magnetic field in the (x, y) plane at the times t = (a) 7 × 2π/ω0, (b) 8 × 2π/ω0, and (c) 9 × 2π/ω0; (d) anelectron cloud that forms under the action of laser radiation and the distribution of protons; and (e) the spectrum of high-frequencyradiation from the cluster.
 which the dielectric function ε(ω) for a plasma is equal
 to 1 – . For ω > ωpe, we obtain σ = σT(nV)2 =σTN2. The total number of electrons in a cluster can beestimated at N ≈ 108 for a cluster having a typical radiusof rcl ≈ 10–5 cm and at N ≈ 1011 for a micron-size cluster.Regarding the cluster as a macroparticle with an elec-tric charge of eN and using the above results, we candetermine the dimensionless amplitude of laser radia-tion at which it is necessary to take into account theeffects of the radiative friction force: arad =(4πNre/3λ0)–1/3. This amplitude, which is about500 times smaller than that in the case of scattering byone electron, corresponds to the laser intensity Icl =1018 W/cm2 at an operating wavelength of one micron.It has been shown above that, at this laser intensity, thescattering cross section is maximum. Hence, the caseunder consideration, on the one hand, can serve tomodel the radiation-dominated interaction regime and,on the other hand, is of interest for creating high-powersources of hard electromagnetic radiation.
 Under the action of a sufficiently strong electromag-netic wave, the electrons escape from the cluster. This
 ωpe2
 /ω2
 PLASMA PHYSICS REPORTS Vol. 30 No. 3 2004
 process is sometimes called cluster ionization. Obvi-ously, under conditions such that the kinetic energyacquired by the electrons in the wave field is higherthan the Coulomb potential of the ion cluster compo-nent, all electrons leave the cluster. At lower intensitiesof the laser electromagnetic radiation, only some of theelectrons are pushed away from the cluster by the laserwave (the corresponding limits are discussed in [33–36]). Note that, in the context of our analysis, the waveis regarded as being weak if its electric field is muchless than the electric field at the boundary of a fully ion-ized cluster, E0 < 4πnercl /3. At both strong and weakfields, an electron bunch forms whose dimensions aresmaller than the laser wavelength. During several peri-ods of the electromagnetic wave, the bunch is acceler-ated as a single entity and, consequently, emits radia-tion coherently. A relatively weak electromagneticwave gives rise to a bunch in which the number of elec-
 trons is equal in order of magnitude to δN ≈ .The electromagnetic radiation emitted by the bunch isillustrated in Fig. 4, which shows the results of a three-dimensional particle-in-cell (PIC) simulation of theinteraction of a laser pulse with a cluster.
 E0rcl2
 /e
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 Fig. 5. (a) Dependence of the momentum of an electron on the wave amplitude within the cluster and (b) surface in the (p, δ, a0)space that corresponds to this dependence.
 In this version of numerical simulations, a semi-infi-nite laser pulse propagates along the x axis. The dimen-sionless pulse amplitude a0 = 10 corresponds to anintensity of 1.37 × 1020 W/cm2 at the wavelength λ0 =1 µm. At the pulse front, the electromagnetic field var-ies on a scale of 3λ0. A spherical cluster 0.2 µm indiameter is at the center of the computation region,which has the form of a cube of side 10.2λ0. The clusteris assumed to be composed of an electron–proton(mp/me = 1836) plasma of density n0 = 100ncr. The num-ber of cells in the numerical grid is 10243, the totalnumber of macroparticles being 3 × 106. The simula-tions were carried out using the REMP code [37].
 In Fig. 4d, we can see that, in the course of severalperiods of laser radiation, all electrons escape from thecluster, leaving the net electric charge of the cluster’sions unneutralized. Under the action of repulsive forcesbetween like charges, the ion cloud begins to expand;this phenomenon is known as Coulomb explosion. Fig-ure 4e shows the spectrum of radiation from the cluster.It can be seen that the spectrum contains high harmon-ics of the laser carrier frequency.
 In the opposite limit, in which the wave amplitude isabout 4πnercl /3 or greater, the number of electrons thathave not been ejected from the cluster is relativelysmall in comparison with the total number of cluster’sions. Under the action of the electromagnetic field ofthe laser pulse, the electrons that remain in the clustercirculate within it. Taking into account the smallness ofthe cluster in comparison with the laser wavelength, wedescribe the motion of an electron bunch as the motionof a charged particle (macroelectron) with an electriccharge of eNe . The momentum of the electrons can bedetermined from Eq. (18), which must be modified toinclude the electric field of the ions, E = 4πner/3. This
 in turn requires that the condition Ne ! besatisfied. As a result, we obtain the equation
 (38)
 where δ = (ωpe/3ω0)2 @ 1 and = 4πreNe/3λ0. Thedependence of the momentum p on the electromagneticwave amplitude a0 is depicted in Fig. 5. For 0 < a0 < a1(where a1 ≈ δ), the momentum can take on three differ-ent values. This is characteristic of the nonlinear reso-nance described by Eq. (38). At a0 = a1, the momentumincreases in a jumplike manner from p1 ≈ mecδ1/3 top3 ≈ mec(a0/ )1/4, passing through the value p2 ≈mecδ. The upper branch of the solution shown in Fig. 5corresponds to the radiation-dominated regime.
 That processes similar to plasma resonance play animportant part in the interaction of strong electromag-netic radiation with cluster targets was pointed out in[38–41], though, in the first two of these papers, suchtargets were not referred to as cluster ones.
 4.2. Regime of Highly Efficient Ion Acceleration in the Interaction of a Laser Pulse with a Thin Foil
 It is well known that, in the interaction of laser radi-ation with thin solid targets (foils), fast ion beams aregenerated such that the number of ions in the beam isfairly large and the transverse beam emittance is small.The acceleration of ions is a direct consequence of theacceleration of electrons. Since the mass of the electroncomponent is small, the laser energy is converted pri-
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 marily into the kinetic energy of electrons. The electroncomponent is displaced and its density changes; as aresult, spatial regions appear in which the charge sepa-ration is great and the electric fields are strong. In thesimplest one-dimensional case, when a wide laser pulseis incident on a thin foil, an electron layer is displacedwith respect to the ion layer; as a result, the electricfield produced in the region between the layers acceler-ates the ions. In the non-one-dimensional situation, thehigh symmetry of one-dimensional processes is vio-lated by such factors as the finite transverse size of thelaser pulse, the instability of the wide wave packet ofelectromagnetic radiation in the plasma, and the Cou-lomb explosions of electron and ion layers. However, aswill be shown below, the process of ion acceleration inthe radiation-dominated regime of the interaction of anelectromagnetic wave with a target exhibits qualita-tively new features. In particular, the electromagneticpulse and the accelerated charged-particle beam do notbreak into smaller bunches. The electrons are acceler-ated under the action of the ponderomotive force of thewave. It should be noted that the ion acceleration mech-anism under discussion is closely associated with theion acceleration mechanism proposed by V.I. Veksler[42]. Veksler’s concept of the collective acceleration ofions in an electron–ion bunch moving under the actionof the ponderomotive force of an electromagnetic wavehas had a profound effect on the development of accel-erator physics and plasma physics. Below, we willpresent the results of numerical simulations that give(to the best of our knowledge) the first demonstration ofthis acceleration mechanism. Our numerical resultsshow that, in the radiation-dominated regime of theinteraction of an electromagnetic wave with a thinplasma slab, the ion layer moves with approximatelythe same velocity as the electron layer. This indicatesthat the ion kinetic energy is substantially higher thanthe electron kinetic energy. The ions are accelerated asa result of the action of the ponderomotive force on theelectron component and the energy transfer to themthrough the charge-separation electric field. The mainresults of two-dimensional PIC simulations are shownin Figs. 6–8.
 In this version of numerical simulations, a linearlypolarized (s-polarized) laser pulse interacts with a thinfilm. The pulse is assumed to be Gaussian, with effec-tive sizes of 10λ0 × 10λ0 and the amplitude a0 = 316.This amplitude value corresponds to a pulse intensity of1.37 × 1023 W/cm2 at the wavelength λ0 = 1 µm, inwhich case the electrons in the wave are ultrarelativis-tic. However, in accordance with the above parametervalues, radiation effects for individual electrons canstill be ignored. The thickness of the foil is equal to l0 =λ0/4, and its density is sixteen times higher than thecritical density, n0 = 16ncr.
 A foil interacting with a laser pulse becomesdeformed and changes into a “cocoon,” which, in turn,traps the electromagnetic wave (see Figs. 6, 7). The
 PLASMA PHYSICS REPORTS Vol. 30 No. 3 2004
 leading edge of the cocoon moves at a relativisticspeed. As a result of this process, a plasma layer withan overcritical density, moving at nearly the speed oflight, interacts with the electromagnetic wave andreflects it. In other words, electromagnetic radiation isreflected from a relativistic mirror. In the laboratoryframe +, the electromagnetic pulse and the mirrormove in the same direction. We denote the propagationvelocity of the relativistic mirror by V and make the
 Ez
 y
 x
 Fig. 6. Distribution of the z component of the electric fieldin the (x, y) plane at the time t = 87.5 × 2π/ω0. The wave-length of the reflected electromagnetic wave is seen to bemuch shorter than the wavelength of the driving electro-magnetic pulse. (In this and other figures, the driving pulsepropagates from right to left.)
 Ne
 Ni
 x
 y
 y
 Fig. 7. Distributions of the electron density (on top) and iondensity (on bottom) in the (x, y) plane at the time t = 87.5 ×2π/ω0. The electrons and ions are seen to move in essen-tially the same manner, forming a cocoon in which the elec-tromagnetic radiation is localized.
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 Lorentz transformation to the frame of reference } inwhich the mirror is at rest in the x' = 0 plane. The timeand coordinate (t ', x') in frame } are related to the timeand coordinate (t, x) in laboratory frame + by the rela-tionships
 (39)
 where γM = (1 – βM)–1/2 and βM = V/c. In the accompa-nying frame }, the wave frequency is equal to ω' =ω0[(1 – βM)/(1 + βM)]1/2 ≈ ω0/2γM, the wave vector being
 = ω'/c.
 In the mirror-at-rest frame }, the plasma density ishigher than the critical density calculated with allowancefor the relativistic dependence of the plasma frequency
 on the wave amplitude, n > ω'2me(1 + )1/2/4πe2 ≈
 [7], and the thickness of the plasmalayer is larger than the collisional skin depth. In thisframe, the wave is totally reflected from the mirror. Inthe Lorentz transformation to a moving frame of refer-ence }, the electric field strength in the wave is trans-formed according to the law E ' = E0(ω'/ω0); conse-quently, the pressure (the force per unit area of the mirror)
 is equal to (ω'/ω0)2/2π = ( /2π)(1 – βM)/(1 + βM).It is well known that this pressure is relativisticallyinvariant [43]. As a result, the equation of motion forthe leading edge of the cocoon in the laboratory frame+ can be represented in the form
 (40)
 x' γM x Vt–( ), t ' γM t Vx/c2
 –( ),= =
 kx'
 a02
 ω02mea0/γM
 2 πe2
 E02
 E02
 dpdt------
 E02
 2πn0l0----------------
 mp2c
 2p
 2+( )
 1/2p–
 mp2c
 2p
 2+( )
 1/2p+
 -------------------------------------------
 .=
 1000 2000 3000 4000 500010–7
 10–6
 10–5
 10–4
 10–3
 10–2
 10–1
 100
 1
 2
 N(ε)
 ε, MeV
 Fig. 8. Energy spectra of (1) protons and (2) electrons at thetime t = 87.5 × 2π/ω0.
 This equation has the solution
 (41)
 where the integration constant is chosen to satisfy thecondition p = 0 at t = 0. In parametric form, the timedependence of the momentum can be written as
 (42)
 where
 (43)
 In the limit t ∞, we have p ≈mpc( )1/3 or
 (44)
 Note that formulas (40)–(44) are clearly analogous tothe solution to the problem about the motion of acharged particle under the action of the ponderomotivepressure force of an electromagnetic wave (in the limitv c, the corresponding expression given in [1] canbe rewritten as ≈ (21/2/3)/(1 – v 2/c2)3/2, with
 = ). In the case at hand, the role of the effec-tive scattering cross section is played by the quantity2/n0l0.
 From relationships (41)–(44), it follows that, withthe parameter values chosen for numerical simulations,protons are accelerated to relativistic energies on acharacteristic time scale approximately equal to tenperiods of the electromagnetic wave. From Fig. 8, wesee that, by the time t = 87.5 × 2π/ω0, the maximumproton energy attains a value of about 34 GeV, theenergy of the electrons being about three times lower,≈1.2 GeV.
 The intensity of the wave reflected from the relativ-istic mirror is equal to Ir = I0[(1 – βM)/(1 + βM)]2 ≈I0/(16 ). In the limit γph @ 1, this intensity is negligi-bly low in comparison to the intensity of the originallaser pulse. Taking into account the change in the pulselength in the reflection process, we find the energy of thereflected wave in frame +: %r = %0(1 – βM)/(1 + βM).Since the energy of the electromagnetic pulse reflectedfrom the relativistic mirror in the laboratory frame + ismuch lower than the original laser pulse energy, thewave energy is absorbed by the plasma almost com-pletely. It can be seen in Fig. 8 that the ions are acceler-ated to energies that are considerably higher than theenergy acquired by the electrons. This is explained bythe fact that the velocities of the electron and ion layersare of the same order of magnitude, as is seen in Fig. 7.
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 Since the mass of the ions is much larger than the massof the electrons, the ion energy is appreciably higherthan the electron energy. Hence, the laser energy isalmost completely converted into the energy of the ioncomponent.
 Numerical simulations show that the accelerationprocess is highly stable. Its stability results from the rel-ativistic slowing down of the rate at which the trans-verse modes develop. In other words, since the longitu-dinal momentum of the particles is much larger thantheir transverse momentum, the transverse velocity ismuch lower than the longitudinal velocity. Conse-quently, the plasma in the interaction region expands ona time scale longer than the characteristic time for theacceleration of charged particles.
 5. AMPLIFICATION OF ELECTROMAGNETIC RADIATION IN ITS INTERACTION
 WITH A PARABOLIC RELATIVISTIC MIRROR FORMING IN THE WAKE WAVE OF A SHORT
 LASER PULSE
 The above regimes of the interaction of electromag-netic radiation with plasma can occur only when theelectric field in the electron’s frame of reference is suf-ficiently strong. However, such electric fields are sub-stantially stronger than those achievable at the presenttime (the only exception being the problem of a clusterin the field of laser radiation).
 The maximum electric field amplitudes that are ofinterest in the context of our discussion correspond tothe critical field at which nonlinear quantum electrody-namic effects in vacuum come into play. One possibleway of achieving this maximum was demonstrated inexperiments at Stanford University [44–46] on theinteraction between a beam of ultrarelativistic electronsand a laser pulse propagating toward it. In those exper-iments, the electromagnetic wave amplitude in the elec-tron’s frame of reference was as large as 25% of thecritical field in quantum electrodynamics.
 A feasible but technically complex method ofincreasing laser power through the compression ofmegajoule laser radiation by seven orders of magnitudewas discussed by Tajima and Mourou [47]. They sug-gested that this may be done at two laser sources thatare now under construction—the National IgnitionFacility (NIF) in the United States and the megajoulelaser system in France. It is expected that a power closeto 0.1 × 1021 W, or 0.1 ZW (zetawatt), can be achievedby compressing original laser pulses to a duration of10 fs with an efficiency of 70%.
 Another possible approach is to use high-frequencyelectromagnetic pulses and to focus them to a spotdiameter of about one wavelength. In this way, theexpected gain in laser intensity is to be achieved geo-metrically with X-ray lasers [48–50].
 Shen and Yu [51] proposed to generate electromag-netic fields of moderate strength, ≈1024 W/cm2, by
 PLASMA PHYSICS REPORTS Vol. 30 No. 3 2004
 exciting a quasi-soliton standing wave between twofoils by an external pump laser pulse of sufficientlylarge amplitude.
 One of the most attractive methods for solving theproblem of electromagnetic wave amplification is touse a combination of the two effects—field frequencyupshifting and laser pulse compression. That theseeffects can indeed be involved has been demonstratedin many experiments; but they were generally achievedby different mechanisms. Thus, the amplification of anelectromagnetic wave during its reflection from anoppositely propagating layer of relativistic electronswas discussed in [52–55]. The frequency upshiftingduring reflection from a propagating ionization frontwas investigated in [56–59]. A technique for frequencyupshifting that utilizes the reflection of an electromag-netic wave from a nonlinear Langmuir wave propagat-ing toward it was proposed in [60]. All these proposalsare based on the phenomenon of the frequency upshift-ing of an electromagnetic wave during its reflectionfrom a relativistic mirror. The problem of a uniformlymoving relativistic mirror was discussed as early as1905 by Einstein [61]. Note that an elegant solution tothe problem of reflection from a uniformly acceleratedrelativistic mirror was given in [30].
 There exists substantial literature on the amplifica-tion of electromagnetic pulses propagating toward oneanother in a plasma [62–65]. Under the conditions inquestion, the waves are amplified by parametric pro-cesses.
 It is well known that the frequency of an ultrashortelectromagnetic pulse can be upshifted in its interactionwith a Langmuir wave propagating in the same direc-tion. In [66], this phenomenon was called photon accel-eration. It received considerable attention in [67–69].However, in this interaction regime, the maximum fre-quency upshift and the maximum degree of waveamplification are appreciably smaller than those in thecase in which a pulse and a wave propagate toward oneanother.
 In the present paper, we propose to use highly non-linear wake waves to form parabolic relativistic mirrorswith the objective of achieving the following threeeffects simultaneously: during the reflection from themirror, the frequency of an electromagnetic radiationpulse is upshifted and the pulse is accordingly com-pressed in the longitudinal direction, which is accom-panied by a great pulse compression in the transversedirection at the expense of focusing. These three effectsact to form a narrow, ultrashort, highly directed pulse ofhigh-intensity high-frequency coherent radiation. Incomparison with the approaches discussed above, thisscheme is very stable (stiff). A brief description of thescheme was given in [70].
 The model proposed here makes use of the charac-teristic features of wake plasma waves generated byultrashort laser pulses (drivers) in a subcritical plasma.Since the group velocity of an electromagnetic pulse in
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 a subcritical plasma is close to the speed of light, thephase velocity v ph of a Langmuir wave generated by ashort electromagnetic pulse is equal to the group veloc-ity of the driver and thus is close to the speed of light[71]. In a nonlinear wake wave, the electron density ismodulated in such a way that the electrons form rela-tively thin layers moving with the velocity v ph. It isassumed that the second laser pulse (signal) propagatestoward the first laser pulse (driver) and, accordingly,toward the wake wave. Under certain necessary condi-tions, the signal is partially reflected from the wakewave, which thereby plays the role of a relativistic mir-ror. The Lorentz factor of the moving mirror is equal to
 γph = (1 – )–1/2 ≈ ωd/ωpe, where ωd is the driver fre-quency and ωpe is the Langmuir frequency. As the wakewave amplitude approaches the threshold for wavebreaking (i.e., when the electron velocity in the waveapproaches the wave phase velocity), the electric fieldprofile in the wave steepens nonlinearly and localizedpeaks form in the electron density profile [7]. At thebreaking point, the electron density formally tends toinfinity, which, however, is an integrable singularity,
 ≠ ∞ (see [33] for details). In the context of
 the question discussed in this section, an importantpoint is that the singularity does indeed exist; this cor-responds to partial reflection of the electromagneticpulse energy. The reflection coefficient depends on γph.Below, we will show that the amount of the reflected
 energy is proportional to . According to the familiartheory in [61], the frequency is upshifted by a factor of
 , (45)
 where ωs is the frequency of the incident electromag-netic signal and ωr is the frequency of the reflectedwave. Another important point is that, since the fre-quency of a relativistically strong Langmuir wavedepends on its amplitude, a laser pulse (driver) of finitewidth excites plasma waves in the form of paraboloidsof revolution [72–76]. Consequently, we are dealingwith reflection from a parabolic mirror. This leads notonly to the frequency upshifting of the reflected waveand its compression in the longitudinal direction butalso to its focusing, which results in an additional com-pression. During reflection from a moving parabolicmirror, the frequency of the reflected wave depends onthe angle of reflection according to the law
 (46)
 where θ is the angle between the line of sight and thepropagation direction of the driver. As is seen, for-mula (46) implies that the frequency of the reflectedwave is maximum at θ = 0 and that radiation at the max-imum frequency is highly directed (i.e., is confined
 βph2
 ne x( ) xdε–
 ε∫
 γph1–
 ωr
 ωs
 -----1 βph+1 βph–---------------- 4γph
 2≈=
 ωr θ( ) ωs
 1 βph+1 βph θcos–----------------------------,=
 within an angular range of ∆θ ≈ 1/γph). The abovedependence of the frequency of the reflected radiationon the viewing angle is an important feature of themechanism under discussion that is to be verifiedexperimentally.
 A parallel beam of light reflected from a parabolicmirror is focused to a region with a characteristic diam-eter on the order of one wavelength. This conclusionconcerns an immobile mirror. The frame of reference _in which a parabolic mirror is at rest moves with thespeed vph with respect to the laboratory frame +. In themirror-at-rest frame, the wavelength of both the inci-dent and reflected wave is equal to = λs[(1 – βph)/(1 +βph)]1/2 ≈ λs/2γph, where λs is the wavelength of the laserpulse (signal). We carry out the Lorentz transformationback to the laboratory frame + and take into accountthe shortening of longitudinal scale length and the factthat the transformation leaves the transverse sizes of thefocal region unchanged. As a result, we find that anelectromagnetic wave reflected from an oppositelypropagating parabolic mirror is focused into a focal
 region of radius ≈λs(2γph) and length ≈λs/(4 ).
 We now determine the energy of the reflected waveand its intensity. We again denote by %0 the energy ofthe electromagnetic pulse before its interaction with themirror in the laboratory frame +. In the accompanying
 frame _, the pulse energy is equal to = %0[(1 +βph)/(1 – βph)]1/2 ≈ %02γph. After reflection, the pulseenergy becomes κ%0[(1 + βph)/(1 – βph)]1/2 ≈ κ%02γph,where κ is the reflection coefficient to be calculatedbelow. Performing the Lorentz transformation back tothe laboratory frame, we see that the energy is equal to
 κ%0[(1 + βph)/(1 – βph)]1/2 ≈ κ%04 . If the volume ofthe original pulse is πD2L0 (where D and L0 are, respec-tively, the transverse and longitudinal sizes of the pulsebefore its interaction with the mirror), then the volume
 of the pulse near the focal region is (1 – βph)/(1 +βph). This, in turn, indicates that, as a result of longitu-dinal compression and focusing into a region with thetransverse size , the intensity of the radiation pulsereflected from a parabolic mirror increases by a factor
 of about κ[(1 + βph)/(1 – βph)]3(D/λs)2 ≈ κ64 (D/λs)2.
 Then, we calculate the reflection coefficient κ,which is defined as the ratio of the energy of thereflected wave flowing through a unit area of themedium to the energy of the incident wave flowingthrough a unit area in the laboratory frame +. We con-sider the interaction of a plane electromagnetic wavewith a localized maximum in the electron density thatforms during the breaking of the wake wave. Under theassumption that the wave amplitude is small, the wave-
 λ s'
 γph2
 %0'
 γph2
 πλs'2L0
 λ s'
 γph6
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 breaking process in the laboratory frame is describedby the equation
 (47)
 Here, Az(r, t) is the vector potential of the field of thesignal; ne(x – βpht) is the electron density profile; andγe = %e/mec2 is the gamma-factor of the electrons,which is equal to γph near the breaking point (i.e., nearthe maximum in the electron density profile).
 According to the results obtained by Akhiezer andPolovin [7], the density of the electron component andits velocity in a relativistic Langmuir wave are relatedby n = n0v ph/(v ph – v e). It can be seen that, at the break-ing point, at which v e = v ph (i.e., γe = γph), the electrondensity becomes infinite. Since, in a steady-state Lang-muir wave near the breaking threshold, the electronvelocity changes within the limits –v ph < v e < +v ph, theminimum electron density is equal to n0/2. In a nonlin-ear wave, roughly half of the electrons are in the narrowpeaks; the other half are equally distributed in theregions between the peaks and have the density ne =n0/2 (see, e.g., Fig. 1 in [76]). Hence, the function ne(x –βpht) can be approximated by the expression
 (48)
 where δ(x) is the Dirac delta function and λp is thewavelength of the wake wave. This approximation isvalid under the conditions for the breaking of a Lang-muir wave, i.e., when the wavelength of the electro-magnetic pulse is short and the skin depth c/ωpe is smallas compared to the thickness of the electron layer.
 Transforming to the reference frame _, whichaccompanies the wake wave, does not change the formof Eq. (47). The Lorentz transformation to this frame isgiven by Eqs. (39) with V = –v ph. Let us determine thecoefficient of reflection of an electromagnetic wavefrom a partially transparent relativistic mirror—a thinplasma layer moving with a relativistic velocity. Weseek a solution to Eq. (47) in the form Az(x', t') =!(x')exp[–i( + + + )], where =
 (ωs + kxv ph)γph, is the frequency in frame _, = (kx +
 ωsv ph/c2)γph and = k⊥ are the components of thewave vector k' = ( , ) in this frame, and > 0.Using these formulas, we reduce Eq. (47) in the movingframe to the form
 (49)
 where q2 = /c2 – – /(2γphc2) and χ =
 . The boundary conditions for the equationcan be specified as follows:
 (50)
 ∂tt Az c2∆Az–
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 for x' < 0 (which corresponds to an incident and areflected wave) and
 (51)
 for x' > 0 (which indicates that, in the half-space x' > 0,there is only a reflected wave). The problem as formu-lated is equivalent to the problem of scattering by apotential in the form of a delta function. The coeffi-cients ρ(q) and τ(q) are determined from the conditionthat the function A(x', t ') is continuous at the mirror,
 (52)
 and the condition that the jump in its derivative is equal to
 (53)
 As a result, we obtain
 (54)
 From this, it follows easily that |ρ(q)|2 + |τ(q)|2 = 1.
 The wavelength of a nonlinear Langmuir wavedepends on its amplitude [7]. For a wake wave excitedin a plasma by a short laser pulse, this dependence canbe represented as λp ≈ 4(2γph)1/2c/ωpe [33, 76], which isvalid in the limit of relativistically strong waves nearthe breaking threshold (γe ≈ γph). In this case, we haveχ = 4(2γph)1/2ωpe/c. Taking into account the relation-
 ships = and γph = ωd/ωpe, we find thereflection coefficient in the accompanying frame of ref-erence:
 (55)
 In the laboratory frame, the reflection coefficient for aplane wave incident normally on the thin plasma layerthat forms during the breaking of the wake wave takesthe form
 (56)
 With allowance for the change in the volume of theelectromagnetic pulse as a result of its focusing into aregion with a transverse size of ≈ = λs/2γph, we findthat the intensity of the reflected wave increases by afactor of
 (57)
 Using this relationship and taking into account the factthat the reflected pulse is compressed by a factor of
 ! x'( ) τ q( ) iqx'( )exp=
 ! x'( ){ } 0 ! +0( ) ! 0–( )– 0,= =
 d!dx'--------
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 ≈4 , we obtain the ratio of the energy of the reflectedpulse to the energy of the incident wave:
 (58)
 In future studies, the above estimates of the intensityof the reflected wave will have to be refined, in particu-lar, by accounting for both the nonlinear processes andthe effect of the non-one-dimensional geometry ofreflection on the value of the reflection coefficient.
 One of the nonlinear effects in question is associatedwith the ponderomotive force exerted by a signal elec-tromagnetic wave on the relativistic mirror produced bythe wake wave. As a result, the parameters of the mirrorshould change. Using the reflection coefficient given byexpression (55) or (56), we determine the strength ofthe ponderomotive force:
 (59)
 The time required for the ponderomotive force to per-form work comparable to the kinetic energy of thereflecting electron layer (≈n0mec2λpγph/2) is equal in
 order of magnitude to ∆t ≈ 2–1 (2γph)1/2. Thisrelationship restricts the duration and/or amplitude ofan incident laser pulse, for each of which the nonlinearprocesses occurring during reflection can legitimatelybe ignored. Another nonlinear effect stems from thetransparency of a relativistic dense plasma layer [7, 77]and takes place for relativistically strong electromag-netic waves with a dimensionless amplitude larger thanunity, a0, s > 1. Using the results obtained in [78] (seealso [79–81]), in which the coefficient of reflection of arelativistically strong electromagnetic pulse from a thindense plasma layer was calculated, we can show thataccounting for the effect at hand should reduce thereflection coefficient. As a consequence, expression (56)becomes κ(+) ≈ 8(ωd/ωs)2γph/a0, s.
 As an example, we consider the generation of awake wave in a plasma with the density ne = 1017 cm–3
 by a short electromagnetic pulse (driver) with a wave-length of one micron. The wavelength of the wake fieldthat corresponds to these parameters is equal to λp ≈100 µm, so that the Lorentz factor γph is γph = ωd/ωpe =100. Let a laser pulse (signal) propagating toward thedriver have a wavelength of one micron and the inten-sity Is = 1017 W/cm2 (which corresponds to a dimen-sionless amplitude of a0, s ≈ 0.27). In this situation, thesignal is partially reflected from the peak in the electrondensity in the wake wave and is focused by this wave.If the effective transverse size of the signal equals D =200 µm, then, from expression (57), it follows that theintensity of the reflected radiation in the focal region isapproximately equal to Isf ≈ 1.5 × 1029 W/cm2. For a
 γph2
 %sf
 %s
 ------- 2ωd
 ωs
 ------
 2 1γph------.≈
 P κ +( ) c4π------Es
 2 2cπ------Es
 2 ωd
 ωs
 ------
 2
 γph.≈=
 ωpe1–a0 s,
 2–
 driver generating a wake wave to be capable of produc-ing a wide parabolic mirror in the plasma, its intensitymust be sufficiently high and its transverse size must besufficiently large. Let the intensity of the driver be equalto Id = 1018 W/cm2 and let its diameter be Dd = 800 µm.In this case, we find that the more intense and lessintense laser pulses under consideration, each of whichis as long as several wavelengths, have energies of sev-eral tens of joules and of several joules, respectively.These energies are achievable with laser devices thatare now in use in many laboratories around the world.We can thus conclude that, by implementing the abovescenario of the amplification of electromagnetic radia-tion, it will be possible to achieve electric fields in thefocal region that are as strong as the critical field inquantum electrodynamics.
 We now present the results of two-dimensional sim-ulations of the process under discussion here—theinteraction between two laser pulses propagatingtoward one another in a low-density plasma. PIC simu-lations were carried out using the REMP numericalcode [37].
 In the model, a driver propagates along the x axisfrom left to right. The dimensionless driver amplitudeis ad = 1.7, which corresponds to the intensity 4 ×1018 W/cm2 (1 µm/λd)2. The driver is polarized by anelectric field pointing along the y axis and is Gaussianin shape in both longitudinal and transverse directions,with sizes 3λd × 6λd. The wavelength of the signal prop-agating toward the driver is two times longer, λs = 2λd.In order to ignore the nonlinear effects occurring duringthe reflection of the signal, its amplitude was set suffi-ciently small, as = 0.05. The signal is rectangular inshape in the longitudinal direction and is Gaussian inshape in the transverse direction, the correspondingsizes being 3λs × 3λs. In order to distinguish betweenthe electromagnetic fields of the driver and of the sig-nal, the polarization of the signal is assumed to be lin-ear, namely, the signal electric field is chosen parallel tothe z axis and, accordingly, perpendicular to the polar-ization direction of the driver. The two laser pulsespropagate in a low-density plasma layer with the elec-tron density n0 = 0.09ncr, which corresponds to theLangmuir frequency ωpe = 0.3ωd. In the longitudinaldirection, the plasma layer occupies the interval 2λd <x < 13λd. The size of the computation region is19.5λd × 22λd. The number of cells in the numericalgrid was chosen to be large enough to ensure thedesired resolution of the structure of the short-wave-length reflected radiation pulse at the frequency pre-dicted by formula (43). Specifically, the grid consistedof 1950 × 2200 cells, the spatial step being dx = λd/100.At the left and right boundaries of the computationregion, the boundary conditions corresponded to com-plete absorption of both the electromagnetic field andthe particles. At the upper and lower boundaries, theboundary conditions were assumed to be periodic.
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 The results of numerical simulations are illustratedin Figs. 9 and 10.
 In Fig. 9, we see a parabolic modulation of the elec-tron density in a wake plasma wave excited by thedriver. The transverse scale length of the modulationexceeds the transverse size of the signal, which isreflected from the peaks in the electron density propa-gating toward it. Figure 10 shows the distribution of thez component of the electric field of the laser radiation inthe (x, y) plane. The radiation passes through the wakewave (see the left part of Fig. 10) and is partiallyreflected by it. We can see that a substantial portion ofthe signal is reflected and is focused into regions whosesizes are considerably smaller than the original laserwavelength. This indicates, in particular, that the fre-quency of the reflected electromagnetic wave isupshifted.
 For the parameter values chosen in numerical simu-lations, the phase velocity of the wake wave corre-sponds to the value βph = 0.87, i.e., to γph = 2. The num-ber of waves in the reflected electromagnetic pulse isthe same as that in the incident pulse by virtue of thefact that the number of waves in the wave packet is rel-ativistically invariant. The frequency of the reflectedelectromagnetic wave is 14 times higher than the wavefrequency in the incident pulse. This degree of upshiftis in complete agreement with that predicted by for-mula (43), because, in this case, we have (1 + βph)/(1 –βph) ≈ 14.4. The electric field of the reflected andfocused radiation is stronger than that in the incidentpulse by a factor of approximately 16, which corre-sponds to an increase in the radiation intensity by a fac-tor of 256. On the outside of the focal region, the radi-ation propagates in the form of an expanding wavewhose frequency depends on the propagation angle in
 x
 y
 Fig. 9. Electron density distribution within the plasma layerin a wake plasma wave. The density is maximum near par-abolic surfaces.
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 accordance with formula (44). Most of the radiationenergy is confined within the angular range ∆θ ≈ 1/γph,indicating the formation of a narrow beam of high-intensity high-frequency radiation.
 At this point, we should emphasize that, in accor-dance with the conclusions of [60] (see also [33]), effi-cient reflection of the electromagnetic radiation fromthe wake wave can only be achieved during the break-ing process, i.e., during the formation of sharp peaks inthe electron density in the wake wave.
 We have considered a situation in which both of theinteracting pulses are produced in a controlled manner.However, the processes (similar to those discussedabove) that are responsible for the frequency upshiftingof electromagnetic radiation can occur in the plasmaspontaneously. This can happen, for example, when thelaser pulse generating a wake wave undergoes stimu-lated Raman backscattering and emits part of its energyin the form of a wave packet propagating in the oppo-site direction. This can also happen as a result of thescattering (reflection) of electromagnetic radiationfrom plasma inhomogeneities. The model describedabove implies that, if a propagating electromagneticwave meets a nonlinear wake wave moving toward to itwith a relativistic speed (i.e., with γph @ 1), then suchprocesses as reflection, frequency upshifting, focusing,the amplification of radiation, and the formation of acollimated (within an angle of about ≈1/γph) beam ofelectromagnetic radiation will also occur in the plasma.
 6. CONCLUSIONS
 We have classified different regimes of the interac-tion of electromagnetic waves with plasmas in terms ofthe wave amplitude. We have shown that, over the
 x
 y
 Fig. 10. Projection of the z component of the electric fieldof the passing incident laser radiation (on the left of the fig-ure) and the radiation reflected and focused by the wakewave of the laser pulse.
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 entire range of the wave amplitudes under consider-ation, there is a wide intermediate range (between therange dominated by relativistic effects and that domi-nated by nonlinear quantum electrodynamic effects) inwhich radiative friction forces and then (for largeramplitudes) quantum processes become of fundamen-tal importance.
 The main characteristic features of the radiation-dominated regime have been demonstrated using theinteraction of high-power laser radiation with a clusterand a thin foil as examples.
 In the example of the interaction with a cluster, wehave demonstrated the generation of a short pulse ofhigh-frequency coherent radiation.
 The interaction of an electromagnetic wave with athin foil in the radiation-dominated regime is of partic-ular interest because we have demonstrated that, in thiscase, the efficiency of the conversion of laser energyinto the energy of fast ions is high. We have also shownthat this ion acceleration scheme is stable. In the situa-tion considered above, the mechanism for collective ionacceleration is associated with the reflection of a strongelectromagnetic wave from a relativistic mirror—adense plasma layer moving with relativistic velocity.The wave is reflected from a mirror moving in the prop-agation direction of the laser electromagnetic pulse.This is why the acceleration process is stable and highlyefficient. The stability is ensured by the relativisticslowing down of the rate at which the transverse modesdevelop (or the plasma expands into a vacuum). Theefficiency with which the electromagnetic wave energyis converted into the kinetic energy of the directedmotion of charged particles is high because, in the lab-oratory frame, the intensity of the reflected wave is neg-ligibly low, so that the energy of the wave and itsmomentum are almost entirely transferred to theparticles.
 In order for the above regimes of the interaction ofradiation with matter to be implemented, it is necessaryto have laser sources with parameters unachievable atthe present time. However, with the approach proposedhere, which makes use of two simultaneous effects—frequency upshifting and the focusing of laser pulses—it is possible to generate the required very high-inten-sity electromagnetic pulses by means of state-of-the-artlaser devices.
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