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            HOMOCLINIC STRUCTURES IN INFINITE-DIMENSIONAL SYSTEMS L. M. Lerman and L. P. Shil'nikov UDC 517.955:517.987 Many problems of physics, hydrodynamics, the theory of elasticity, biophysics, and chem- istry lead to the study of infinite-dimensional dynamical systems, that is, the continuous groups and semigroups of transformations of a Banach space. Locally, that is, in the neigh- borhood of stationary and periodic solutions, these problems have long been studied (questions of the existence of stationary solutions, branching, stability, etc.) [I, 2]. However, re- cently much attention has been drawn to the study of the global behavior both of integral dis- tributed systems (the nonlinear equations of Kortweg-de Vries, Schrodinger and Laudau-Lif- shits, the sine-Gordon equation, etc.) [3], and of systems with a complex behavior of solu- tions. The reason for the latter, as known in the case of finite-dimensional systems, is the existence of rough homoclinic Poincare curves [4, 5] and of homoclinic curves at a singular point of saddle-focus type [6]. In a series of concrete problems (see, for example, [7] and the bibliography to it) it is possible to explain the complex behavior of solutions of sta~ tionary waves type with the help of the results of [4-6]. In connection with this, the study of the homoclinic situation is of undoubted interest directly for a distributed system, all the more so that the principal differences with the finite-dimensional case occur here.* Here we study the set of all trajectories, wholly lying in a neighborhood of a homoclinic Poincare curve - a trajectory, doubly asymptotic to a rough saddle cycle, along which the sta- ble and unstable manifolds of the cycle transversally intersect one another. It is convenient to conduct this study withthe help of the Poincare transformation. In the finite-dimensional case, such an approach is perfectly natural and completely justifies itself. In the infinite- dimensional case the construction of a mapping in a neighborhood of a periodic motion, as well as of a global piece of a homoclinic curve, requires additional consideration. Similar ques- tions are discussed in great detail in [ii], where, in particular, for a sufficiently wide class of systems is established the possibility of constructing the smooth transformations (general speaking, noninvertible) needed by us. Therefore, we will directly investigate the problem put in the framework of smooth transformations of Banach manifolds. I. Let B be a Banach space or a Banach manifold of class C r (r ~ 2) and f: B § B a Cr- smooth mapping. Let us assume that x0 is a fixed point of the mapping f(x0) = x0, and Spec(L) is the spectrum of the linear bounded operator L = Df(x0): Tx0B § TxoB (Df(x) is the Frechet derivative of the smooth function f at the point x, and TxM is the tangent space to the mani- fold M at x). It does not intersect with the unit circle and, therefore, due to the closure of Spec(L), breaks into two spectral sets oi and o2, lying, respectively, inside and outside the circumference. Under these assumptions H = Tx0B decomposes into the direct sum of two invariant subspaces H = H l + Ha, where Spec(L[Hi) = oi, i = i, 2 [12]. Let us denote L i = LIHi, i = I, 2. It follows from the conditions on the spectrum that L 2 is an invertible op- erator (L I can be noninvertible). Thus, at a local chart of x0, it is possible to write f in the form (hi, hf) ~ (L~hl +/~ (h~, h~), Lfh 2 +/~ (h~, hf) ), hi ~ Hi, where fz have a second order of smallness at zero. Below, without restricting generality, we will consider that iiLlil < 1, ILL2-111 < 1. Let us denote u = max {llLlil , IILf-l]l} < 1. The theorem on a stable manifold is applicable to a mapping of such a form (in the case of an invertible L1 it is given in [13], but if L~ is noninvertible, for a proof not utilizing su- perfluous restrictions, see [2]). This theorem guarantees the existence of two local sub- *Recently there have appeared a series of papers in which homoclinic structures of concrete systems are studied. So, in [8] an equation of the vibrations of a beam with friction and periodic loading was analyzed, in [9]two modifications of the sine-Gordon equation, and in [I0] an equation of Laudau-Ginzburg type (here the results were obtained on an electronic computing machine). Gor'kii. Translated from Sibirskii Matematicheskii Zhurnal, Vol. 29, No. 3, pp. 92-103, May-June, 1988. Original article submitted March 24, 1986. 408 0037-4466/88/2903-0408512.50  1989 Plenum Publishing Corporation 
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HOMOCLINIC STRUCTURES IN INFINITE-DIMENSIONAL SYSTEMS
 L. M. Lerman and L. P. Shil'nikov UDC 517.955:517.987
 Many problems of physics, hydrodynamics, the theory of elasticity, biophysics, and chem- istry lead to the study of infinite-dimensional dynamical systems, that is, the continuous groups and semigroups of transformations of a Banach space. Locally, that is, in the neigh- borhood of stationary and periodic solutions, these problems have long been studied (questions of the existence of stationary solutions, branching, stability, etc.) [I, 2]. However, re- cently much attention has been drawn to the study of the global behavior both of integral dis- tributed systems (the nonlinear equations of Kortweg-de Vries, Schrodinger and Laudau-Lif- shits, the sine-Gordon equation, etc.) [3], and of systems with a complex behavior of solu- tions. The reason for the latter, as known in the case of finite-dimensional systems, is the existence of rough homoclinic Poincare curves [4, 5] and of homoclinic curves at a singular point of saddle-focus type [6]. In a series of concrete problems (see, for example, [7] and the bibliography to it) it is possible to explain the complex behavior of solutions of sta~ tionary waves type with the help of the results of [4-6]. In connection with this, the study of the homoclinic situation is of undoubted interest directly for a distributed system, all the more so that the principal differences with the finite-dimensional case occur here.*
 Here we study the set of all trajectories, wholly lying in a neighborhood of a homoclinic Poincare curve - a trajectory, doubly asymptotic to a rough saddle cycle, along which the sta- ble and unstable manifolds of the cycle transversally intersect one another. It is convenient to conduct this study withthe help of the Poincare transformation. In the finite-dimensional case, such an approach is perfectly natural and completely justifies itself. In the infinite- dimensional case the construction of a mapping in a neighborhood of a periodic motion, as well as of a global piece of a homoclinic curve, requires additional consideration. Similar ques- tions are discussed in great detail in [ii], where, in particular, for a sufficiently wide class of systems is established the possibility of constructing the smooth transformations (general speaking, noninvertible) needed by us. Therefore, we will directly investigate the problem put in the framework of smooth transformations of Banach manifolds.
 I. Let B be a Banach space or a Banach manifold of class C r (r ~ 2) and f: B § B a C r- smooth mapping. Let us assume that x0 is a fixed point of the mapping f(x0) = x0, and Spec(L) is the spectrum of the linear bounded operator L = Df(x0): Tx0B § TxoB (Df(x) is the Frechet derivative of the smooth function f at the point x, and TxM is the tangent space to the mani- fold M at x). It does not intersect with the unit circle and, therefore, due to the closure of Spec(L), breaks into two spectral sets oi and o2, lying, respectively, inside and outside the circumference. Under these assumptions H = Tx0B decomposes into the direct sum of two invariant subspaces H = H l + Ha, where Spec(L[Hi) = oi, i = i, 2 [12]. Let us denote L i =
 LIHi, i = I, 2. It follows from the conditions on the spectrum that L 2 is an invertible op- erator (L I can be noninvertible). Thus, at a local chart of x0, it is possible to write f in the form
 (hi, hf) ~ (L~hl + /~ (h~, h~), Lfh 2 +/~ (h~, hf) ), hi ~ Hi,
 w h e r e f z h a v e a s e c o n d o r d e r o f s m a l l n e s s a t z e r o . B e l o w , w i t h o u t r e s t r i c t i n g g e n e r a l i t y , we w i l l c o n s i d e r t h a t iiLlil < 1, ILL2-111 < 1. L e t u s d e n o t e u = max {llLlil , I IL f - l ] l } < 1. The t h e o r e m on a s t a b l e m a n i f o l d i s a p p l i c a b l e t o a m a p p i n g o f s u c h a f o r m ( i n t h e c a s e o f a n i n v e r t i b l e L1 i t i s g i v e n i n [ 1 3 ] , b u t i f L~ i s n o n i n v e r t i b l e , f o r a p r o o f n o t u t i l i z i n g s u - p e r f l u o u s r e s t r i c t i o n s , s e e [ 2 ] ) . T h i s t h e o r e m g u a r a n t e e s t h e e x i s t e n c e o f two l o c a l s u b -
 *Recently there have appeared a series of papers in which homoclinic structures of concrete systems are studied. So, in [8] an equation of the vibrations of a beam with friction and periodic loading was analyzed, in [9]two modifications of the sine-Gordon equation, and in [I0] an equation of Laudau-Ginzburg type (here the results were obtained on an electronic computing machine).
 Gor'kii. Translated from Sibirskii Matematicheskii Zhurnal, Vol. 29, No. 3, pp. 92-103, May-June, 1988. Original article submitted March 24, 1986.
 408 0037-4466/88/2903-0408512.50 �9 1989 Plenum Publishing Corporation
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manifolds of class C r, crossing the fixed point, the stable Wloc s and unstable Wloc u submani- folds, that are, respectively, the graphs of h 2 = ~(h l) and h I = ~(h2), tangent to the point (0, 0) of the subspaces H I and H2, that is, ~(0) = 0, D~(0) = 0, ~(0) = 0, D~(0) = 0. On Wloc u the mapping f is invertible. The usual exponential bounds for the iterations of f hold for the points of Wloc s and Wloc u [13]. On Wloc s lie those and only those~points of the neighborhood, which remain in it under positive iterations of f, and on Wloc u those points whose inverse images f-n(x) remain in the neighborhood.
 Under iterations of f the submanifold Wloc u is extended and, therefore, the case when fn(WlocU) n Wloc s ~ ~, n ~ i is possible. A point, different from x0, belonging to this in- tersection is called homoclinic. A homoclinic point is called transversal if Wloc s and fn (Wloc u) intersect each other transversally at it. Let us recall the definition of the trans- versal intersection of two Banach manifolds [13]. Let M, N, and W be manifolds of class C k, k ~ i, and W a submanifold imbedded in N. A mappingg: M § N of class C k is called trans- versal to W at m e M if i) g(m) ~ W or 2) r = g(m) E W and, moreover, (a) the subspace �9 (Dg)m71(TnW) of TmM has a closed complement, and (b) (Dg)m(Tm M) contains some closed comple- ment to TnW in TnN. In the finite-dimensional case, (a) is always fulfilled, and (b) is the transversality condition.
 For a diffeomorphism of a finite-dimensional manifold, a transversal homoclinic point is locally isolated, since the sum of the dimensions of the stable and unstable manifolds equals the dimension of the enveloping manifold. In the infinite-dimensional case, this, generally speaking, is not so, as the following example illustrates, f
 Let us consider the direct sum of two Hilbert spaces ~ =Iz=(x1' x~ .... )Ixn~R, IlzlI2= 2 -
 x n < ~ �9 L e t u s d e f i n e t h e l i n e a r m a p p i n g L: x = Ax, y = F y , w h e r e x , y ~ s A = d i a g
 (x~, X2, . . . ) , ~i ~ (0; 1 / 2 ) , Yi .5 (2; 3) , r = d i a g . ( ~ , Y2 . . . . ) . Then IIAII ~ 1/2, Ilr-~ll ~ 1/2. The p o i n t ( 0 , 0 ) i s a s a d d l e , t h e s t a b l e m a n i f o l d W s o f w h i c h i s y = 0 , a n d t h e u n s t a b l e x = 0. L e t u s s e l e c t some p o i n t p ( 0 , Yu) ~ Wu a n d p o i n t q = ( x + , 0) E W s . Then tlLqil = llAx+lt ~ (1/2) l lx , i l , ttrytl ~ I I r - l l l - l l l Y u l l . L e t u s s e l e c t a n e i g h b o r h o o d U o f ( 0 , 0 ) : U = { ( x , y ) lllxll ~ (3/4)Ux~II, llyI{ S (3/2)IIyull}. Then p~ U, p ~ U, Lp ~U, Lq~ U. Let g I = {(x, y) Illxll < 6, fly - FYull ~ e}, V 2 = {(x, y)lUx - x+U ~ e, Ilyll ~ 6}. For e < (i/4)]Ix+II, g, ~ < (i/2)llyuU, LV 2 c U, Vl N U = V 2 N U = ~. In the neighborhood Vl we introduce local coordinates (x; N = y - Fyu) , in V 2 local coordinates (~ = x - x+, y), and let us define f: V I + V2, f(x, D) = (~, y), y~ = xl, .... Yk = Xk, Yk+i = Ni, i ~ I, $i = Xk+i" For this mapping the image of the subspace $ = 0 (tangent to W u at Lp) crosses transversally to the subspace N = 0 (tangent to W s at q) and the dimension of the intersection equals k. By changing f, it is possible to make the intersection infinite-dimensional. As F let us take the mapping, the domain of def- inition of which will be V 2 U U U VI, where FIUUV 2 = L, FIV I = f. Then F has the fixed saddle
 point (0, 0) and the homoclinic point q, at which W s and F(W u) intersect each other transver- sally along a manifold of dimension k, while at (0, 0) the submanifolds W s and W u intersect
 each other transversally at the point.
 Remark i. In a similar manner in a Hilbert space (or, more generally, in a Banach space, admitting the construction of C k+l smooth cutting functions, see [14]) it is possible to con- struct a system of differential equations having a rough homoclinic curve to an equilibrium
 state of saddle type.
 It follows from the exposition that two principally different cases can occur for infi- nite-dimensional systems. In accordance with this, let us call a transversal homoclinic point p finitely determined if the tangent spaces to Wloc s and fn(Wloc u) at p are mutually comple- mentary. In the contrary case, we will call a point infinitely determine ~. A transversal homoclinic point will be finitely determined if the dimension of the spaces W s or fn(wu) is finite (that, typically, occurs for parabolic equations and delay equations).
 Let p+ be a transversal homoclinic point lying in a neighborhood U of a saddle fixed point x0 and N be the set of natural numbers. Since f, generally speaking, is noninvertible, it is necessary to distinguish two cases: (a) for any ~ ~ N we have fm(p+) ~ x0; and b) there exists m ~ ~ such that fm(p+) = x0. For mappings obtained from equations with partial deriva- tives and delay equations, case (a) typically occurs; case (b) models the situation when the preimage of x 0 contains a homoclinic point, which is already possible in one-dimensional non- invertible mappings [case (b) was studied in [15]].
 In this paper only case (a) is considered for a finitely determined transversal homoclin-
 ic point p+.
 409
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We will conduct the description of the trajectories in a neighborhood of a trajectory of a homoclinic point with the help of the apparatus of symbolic dynamics. (For a consistent exposition of symbolic dynamics, see [16]). For this let us take thealphabet �9 = {0, i, ..., N} and the two-sided sequences a = ( .... w-l, ~0, ~z, ...), ~i '~, with the topology of the Tikhonov product of a countable set of copies of ~. Let us denote (a) i = ~i' In the space obtained let us prescribe the shift homeomorphism ~: (~)i = ~i+I- Let ~ be the graph, as in the figure. Then a closed (invariant relative to T) subset Z of the space of all sequences is determined, given by the condition: the symbols ~i and ~i+l can stand in order in a se- quence a~ if and only if in ~ there is a transition from ~i to ~i+i. Let us denote the dy- namic system of iterations of the homeomorphism �9 on E by (E, ~,~). This is a topological Markov chain (TMC).
 For the sequence a~Z let us signify a+ = (~0, ~i, .--). We will introduce in Z the equivalence relation: a ~ b if a+ = b+. Then ~+ = E/~ is the space of right-sided sequences
 {a+}. In E + let us pick out the subset ~+ of the sequences for which (a+) 0 = 2. It is not
 hard to see that ~ is the Cantor set.
 Now let the transversal homoclinic points p+, p lie in some neighborhood U of the fixed point x 0 and fn(p_) = p+ for some n~N.
 THEOREM i. let us assume that fn(x) # x 0 for any m~N and x from some neighborhood of a point p+ on Wloc s. Then, there exists a neighborhood V of x0, V I of p_ and V 2 of p+ such that V 1 0 V = ~, V 2 n V = ~, f(V 2) c V, f-1(V I) N V I n V =Z, and the set of all points from V 2 for which positive iterations of the mapping f lie in V 2 U V U Vl is homeomorphic to the
 product V 2 n Wloc s on the Cantor set ~,~.
 THEOREM 2. Let the assumptions of Theorem 1 be fulfilled and the supplementary condition*: f(x) ~ f(y) for any x, y~ V= U V U Vl, x ~ y. Then there exists in V 2 U V U V I an (invariant relative to f) subset M, on which f is invertible % and flM is conjugate to the TMC (Z, T, ~).
 Remark 2. Theorem 1 is new even in the finite-dimensional case if the global transforma- tion f~ is noninvertible.
 Remark 3. The supplementary requirement on the noncoalescence of points under iterations of f was introduced in Theorem 2. In the finite-dimensional case, this condition signifies that f is a diffeomorphiam, that is, Theorem 2 reduces to a known theorem on the structure of a neighborhood of a homoclinic point [4, 5]. In the infinite-dimensional case that is not so. For equations with partial derivatives and delay equations, the indicated supplemental condi- tion is, typically, fulfilled, although invertibility is not possible. If one eliminates for f the requirement of noncoalescence of points, then it is possible to formulate conditions for which the local mapping f0 will not fuse points (for example, a condition of the type "the homoclinic point does not lie on a nonprincipal manifold"). Moreover, the points can be fused by the global mapping fl (the situation is new even for the finite-dimensional case). Here, for any symbolic sequence a ~ Z it is impossible to prove the existence of a complete trajectory. However, now for a # b the corresponding points can be fused under iterations.
 2. It is convenient to study f in the coordinates, where Wloc s and Wloc u are rectified. Let such coordinates be already chosen. Let us denote them by (x, y) instead of (hl, h2)~ Then f is written in the form
 x~ = L~x + F~(x, y ) , y~ = L2y + F2(x, y), (1)
 where Fz(O , y) m O, F2(x, O) m 0 and F i a r e o f the second o r d e r of sma l lness in (x , y ) . We w i l l c o n s i d e r t he ne ighborhood U0 to be t he p roduc t o f convex ne ighborhoods of t h e o r i g i n o f the spaces X = {(x, 0)} and Y = {(0, y)}. Then F1(x, y) = Gz(x, y)x, F2(x, y) = G:(x, y)y,
 I 1
 ~ I m~l (tx~ Y) dr, G~(x, y)= ~O~F~(x, ty)dL The functions Gi, i = i, 2 are of first where GI(x , y) ~ o
 order of smallness in (x, y).
 We will call the sequence of points {(Xn, yn)}n=0 N, f(Xn_l, Yn-l) = (Xn, Yn), n = I, N a segment of the trajectory of the mapping f. For the representation of the segments of the
 �9 Regarding the weakening of this condition see Remark 3. %This means that for any p ~M there exists a unique point p' ~M for which f(p') = p.
 410
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N
 Fig. 1
 trajectories in U 0 let us write the following relationships [17]:
 n--1 n
 x~ L~x o+ ~ ~-~-~ = L~ F~ (x~, y~), h=D
 N--1 n - - N r n - - l - - h l~,
 l < n < ~ N,
 0 ~-~ n~-~ N - - t .
 (2)
 We consider them as equations for finding the sequence of points {(Xn, yn)}n=0 N with the sup- plementary conditions: x n = x 0 for n = 0 and Yn = YN for n = N.
 LEMMA i. The set {(Xn, yn)}n=0 N is a segment of the trajectory of f0 if and only if it satisfies the relations (2).
 Proof. Let {(Xn, yn)}n=0 N be a segment of the trajectory. Then for 1 5 n S N
 n--I
 x~ = L~x~_~ + F~ (x~_~, y~_~) = L~ (L~x~_~ + f ~ (x~_~, y~_~)) + F~ (x._~; y~_~) . . . . . n~xo + ~ L~-~-~F~ (z~, y~), h=O
 and for 0 -< n _< N - 1
 N--I
 Yn = L~Xyn+l -- L~IF~ (Xn, yn) -- . . . . L~(iV-~)yN -- ~ L~-(~+I-n)F2 (xk, Yh). h = n
 Conversely, if {(Xn, yn)}n=~ N is a solution of the equations (2) then for 0 5 n i N - 1
 Llx~ + F1 (x~, y,~) L 1 L~x ~ 2... J~d n--l--h n = ~ L1 Fl(Xk, Yk) + F 1 (x~, y ~ ) = - n + l ~-k L~ Xo + ~Y (x~, yk) h=o h=oL~ F~ = xn+~,
 n - - N i L n - - k - - l p f 2 (xn~ r n + l - - N L 2 y ~ + F 2(x~,y~)=L2 L2 YN-- ~_~ ~. .~(xh, h) + Y~) =z~ 2 y.~-- ~ L:-(k-~)F2. (xk, Yk)=Y~+I. h = n h~n+l
 LEMMA 2. There exists a neighborhood Uz c U 0 such that for any N ~ i, x0, YN, for which
 (x0, ~ and (x, YN) lie in Uz, the equations (2) have the unique solution {xn(N; x 0, YN), Yn
 (N; x0, YN)}, x0(N; x0, YN) = x0, yN(N; x0, YN) = YN"
 Proof. let us take advantage of the principle of compressed mappings. Let U(r c U 0 be the product of the closed e-sphere of the subspace X on the closed e-sphere of the subspace Y. Let us choose the variable e in the process of the proof.
 Let us consider the set Z of functions z = (x(n), y(n))n=0 N with values in U(r with "boundary conditions" x(0) = x0, y(N) = YN, and the metric d(z, z') = max max (fix(n) - x'(n)Tl,
 0inSN fJy(n) - y'(n)lJ), where z' = (x'(n), yI(n)), 0 5 n 5 N, z' ~ Z. It is obvious that Z is a com- plete metric space. Let us select z E% and substitute the corresponding x(n) = x n, y(n) = Yn in the right part of formulas (2). We will obt@in Xn, n = 1 .... , N, Yn, n = 0, I, .... N - i. By supplementing the conditions x0 = xo, YN = YN, we find the point z = T(z). The mapping T is continuous. Let us prove that T(Z) c Z and T is a contractive mapping. We deduce from (2)
 for a <
 n--I
 [[7~.[[<~"llXof1+ ~ v"-~-~llc~illlx~lf<~(v"+ ~ ( ~ - v " ) O - v ) - 9 < r N--n
 I[ A tl < C -~ tl y~ 11 + E ~ 11 c , 1t I1 y~+~+~ II < ~ ( C -~ + a ~ ( t - v ~ - ~ ) ( i - v ) - 9 < ~
 y-t (i -- 7), a = a(e) = max sup llGi(x, y)ll + 0 as e * 0. Let us denote i (x,y)EU(e)
 411
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ai(~ ) =(l--y)-z( sup IID=F~(xly)II+ sup IID~F~(x,y)II), i = t , 2 . Then ~(~,y)~U(~) (x,y)~U(~)
 n - - 1
 Similarlyllyn - y'nl~ ~ a2(e)d(z, z'). Contractibility for sufficiently small ~ follows from these bounds, that is, there exists ez such that it is possible as Uz to take U(e) with ~
 gl"
 Thus, in U~ the equations (2) possess the unique solution:(xn(N; x0, YN), Yn(N; x0, yN))n=0 N, x0(N; x0, YN) ~ x0, YN(N; x0, YN) ~ YN"
 LEMMA 3. The functions xn(N; x0, YN), Yn(N; x0, YN) are ck-z-smooth functions of (x0, YN)- There exist e= E ez and constants C > 0, Cz > 0 such that in U= = U(~=) for B = (I + y)/2 we have the following bounds:
 IIx.ll< lix011 ", l l y . '
 c, llxoll ";% c., II II
 (3a)
 (3b)
 (3c)
 The proof is similar to the proof from [17],
 Remark 4. Letting N = ~ in (2), we obtain the equations with the help of which it is possible to prove the existence and smoothness of Wloc s.
 Let us now sharpen the form of fz. We will denote p+ = (x+, 0), p_ = (0, y_) and in ~. troduce local coordinates (x, q = y - y_) about the point p_ and ($ = x - x+, y) about the point p+. In these coordinates fz has the form
 ~=A(x; ~), y=B(x, ~), (4)
 where h and B a r e : c r - s m o o t h f u n c t i o n s o f ( x , ~ ) , h(O, O) = O, B(O, O) = O. The t r a n s v e r s a l - ity condition signifies that the subspace ~ tangent to p_ at Y decomposes into the direct sum =~ ~ ~2 such that Dfil~: ~ ~ is an isomorphism, where ~ / is the direct sum of the
 tangent space to X at p+ and of the image of ~ under Dfz. In the case of finite-definite- ness �9 2 = {0}. Therefor e DNB(O, O) is an invertible operator.
 Let Pz = f(P+) ~Wloc s, Pz # x0, P'~ Wloc u such that f(p') = p_. Due to the inverti- bility of f on Wloc u the point p' is uniquely determined. In the neighborhood U 2 the bounds (3a) are fulfilled. Therefore, let us consider that p+, p_ ~ U 2 (it is possible to obtain this on account of the increase of n) and [[p-Jl > lJp'll, llpzH < lip+Jr.
 Let us select a convex neighborhood of (0, O) in X which contains all the points fn(p+), n ~ 1 and does not contain p+, and a convex neighborhood of (0, O) in Y which contains f-n(p_), n ~ i, and does not contain p_. The product of these neighborhoods gives the neighborhood V. As V I let us take a small enough neighborhood of p_ that V l n V = Z, and as V= a small enough neighborhood of p+ that V 2 N V = Z and f(V=) c V, f(V) N V 2 = Z [the possibility of the latter stems from the bounds (3a)], and namely: V l = {(x, N)lJIxlJ ~ Pz, [lql[ ~ P2}, V2 = {($, y) JlisJJ ! 6z, JlyH ~ 62}, we will choose below the constants Pi, 6J-
 Let us denote f0 = fIVUV 2, fz = fnlv1- Instead of the study of the mapping f on V= U V U V z, we will study the superposition of the mappings fl o f0. It is evident that this problem is equivalent to the problem of the study of the trajectories of the original map, lying whol- ly in a neighborhood of a homoclinic point. For the mapping obtained on the local secant to the periodic motion~of the differential equation in Banach space, having the homoclinic tra- jectory F, f0 is the mapping around~, fz is the transformation of the secant along the glob- al piece F.
 On V= (respectively, V l) let us consider the space of functions ~ (respectively,~), Y = ~(~), gr ~ c V2, where gr ~ will always denote the graph of ~, II~(~')--~(~")Jl~-~llJ~'--~"II, r2 (~, ~)
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= sup llw (~) -~(~)II (respectively,
 ha ) = sup I[ h, O1) - - hz O1)II).
 x = h(q), grh c VI, lih(q') - h(~")U <- illq' - q"il, rz(h~,
 LEt~IA 4. There e x i s t constants pi , ~i > O, i = l , 2, ~, X > 0 such t h a t
 2) f o r ( x , ~) ~ V 1 t h e l i n e a r o p e r a t o r s DoB(x , O) a re i n v e r t i b l e and lt(DoB)-I!! ~ (3/2)k~, k~ = I I [D~B(0, 0 ) ] -111 ,
 3) the set fi(grh) 0 V~, h ~, is the graph of the Lipshits function hi(y) and its Lip- shits constant s is not larger than 4kz(=zX + a=), where =i = sup IIDxA(x, N)II, a= =
 (x,n)~V~ sup lIDqA(x, ~)II, ~ = sup IIDxBII, ~2 = sup IID~BII. In addition, sup llhi(Y)ll
 (x,q)~Vl (x,N)~V~ (x,q)~Vl t l y t l ~
 81, and for %ig < I and ~ the set fi(grh) N gr ~ consists of one point.
 4) the restriction of f~ on the set (x0, N) ~ Vl is a diffemorphism on the image, and the set Ufi(x0, N) is transversal and intersects gr~, ~ ~ at a unique point; ~(z), gr~c V~ is
 determined in terms of ~ with a Lipshits constant ~2 depending on ~i, $i, kl, s
 Proof. i. Let us prove only the last two relations, since the remaining ones stem from the previous arguments. Let (x0, y~)~ V, f0(x0, y~) = (x, y~ + N) ~ Vl. We obtain from (3a ) ![yo! I = ! iyo(1; xo , y - + N) Ii ~ ~ " y - + N II ~ ~( l ly_~ + p2) < ly_ l l - P2 i f p2 < I [y_ l l (1 - ~ ) - (I + ~)-~, which wewill, in fact, assume. Therefore f0-Z(Vi) ~ V 0 V I =~. Similarly, if 81 < [Ix+ll( I - ~)(I + B)-i, then V 2 0 f0(V 2) =d.
 2. Due to the continuous differentiability of fz and the invertibility of DNB(O, O) the assertion follows from the openness of the set of invertible operators.
 3. Let us consider an arbitrary function h~, and let ~ be its Lipshits constant. Let us bound fly,, - y,l[, y, = B(h(q), y" = B(h(q"), n"), Let us denote u(t) = th(q") + (i --
 t)h(N'), v(t) = tq" + (i - t)h' and for brevity DxB = Bx, DqB = Bq, DxA = Ax, DNA = A N . Then
 I[ " d t ~ II ~ - y' It - - [B~ (u (t), v (t)) (h (~") _ h (~')) + Bn (u (t), v (t)) (h" - - h')]
 "B~(u, v) dt(n" ~') Bx(u, v)dt(h(f l")--h(n')) ~>ll~(n"-,~')ll IIB~lldt~'ll~" n'll, 0
 1 1
 where ~ =~B~(u(t), v(t))dt = B~ (0, O) +~[Bu (u, v)--Bn (0, ~] dt. The f a m i l y o f o p e r a t o r s B~(x, ~) i s 0 . O ,
 continuous (andeven differentiable)in (x, ~), and B~(O, O) is invertible. Therefore, for suf- ficiently small llull, llvll (that is,pl, P2) th; operator~ differs little from BN(O, 0), signi- fying that it is invertible. Thus, ii~ (q,, _~ II ~ ll~-il[-illq- - N,II. Finally, let us write
 u r - , I I /> (1l l l " - ,x)U n" - n' II - ke) k r ' - I1 - I!, where p = II - Bq(O, O) II, p < i/2k. By choosing a sufficiently small %, we obtain that the expression in square brackets will be larger than i/4k I.
 Now let us s~ow that the set (A(h(N), n), B(h(n), n), Ilqll S p~ intersects the horizontal "segment" {(~, y)|Jl$1i S 61 } at a unique point for each y, liyll S 52 . By the implicit function theorem, y - B(x, q) = 0 possesses a unique solution N = C(x, y), C(O, O) = O, Cy(O, O) = Bn-i(O, 0). Let us fix y, IIyil S P2, and consider the mapping ~ = C(h(N), y) (y is the param- eter). We will seek a fixed point q*(y) of this mapping by the method of compressed mappings. We have the following bounds:
 I1~ i1<11 C.llllh(~)ll + II c,,Itllyll~< IIB~'lllIB=11 ~), + IIB~'ll ~,,
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Thus, it is apparent that for sufficiently small pl, 62, and I the mapping takes the sphere llqiI 5 p2 into itself and contracts. Let us obtain the function $ = h~(y) = A(h(q*(y)), q*(y)), II$I[ ~ 6~. Let us bound the Lipshits constant for h~:
 ] ] A ( a ( n : ) , * * * = n,)ll<
 < (11 A= li + II II n ; - n : II < + II - il = II - II,
 that is, s = 4kl(a1X + a2). Now let s163 < i. Then the mapping ~ = hi(~($)), ~ , has a unique fixed point thetis, gr h I and gr @ intersect each other at one point.
 4. Let us take x0Ux0 il ! Pl, and let h(q) ~ x0. Then the restriction of fl on grh is a diffeomorphism; f1-:is given as: ($, y) = (A(xo, y)), y) § (x0, q = C(xO, y)).
 Let ~ . For finding the intersection point of the sets fl(x0, q) and gr ~let us con- sider the equation (x 0 is the parameter) ~ = A(x0, ~ ($))) = F(~, x0).
 From the bounds
 IJ~lJ ~ IIA~llllx01l ~ IIA~II (llCflllx01l + I]C~[III~[I)
 < (a, + (312) a~ ,k , ) p, + (3/2) u~a~k,,
 we c o n c l u d e f o r s m a l l enough P l , ~2, Z t h a t F t a k e s t h e s p h e r e [15il 5 6~ i n t o i t s e l f and c o n t r a c t s , t h a t i s t h e s o l u t i o n ~*(x0) o f ~ = F(~ , x0) i s u n i q u e . By chang ing x01ix0 u g PI we w i l l a p p r o a c h by ~ t o q = ~ ( x 0) = C(xo, ~ ( ~ * ( x 0 ) ) ) . L e t us f i n d t h e L i p s h i t s c o n s t a n t f o r ~ :
 l[~(x,) - - ~(x~)I[ < IIC~ll IIx, - - x21] + [IC~[lld, i lx , - - x~ll < ~lix, - - x21],
 where d l i s some c o n s t a n t depend ing on a l , a 2, 8x, B2, s k l ( i t i s found as above f o r h i ) .
 Remark 5. S i m i l a r l y t o p r o p o s i t i o n 4 o f Lemma 4 can be p r o v e d t h e X-lemma ( s e e , f o r example , [ 1 3 ] ) : in a n e i g h b o r h o o d U o f a s a d d l e f i x e d p o i n t x0 l e t t h e r e be g i v e n a smooth s u b m a n i f o l d Q, t r a n s v e r s a l l y i n t e r s e c t i n g Wloc s a t p. Then
 1) i f x ~ W l o c u and V c U i s any n e i g h b o r h o o d o f x , t h e n t h e r e e x i s t s n . ~ N f o r which fn(Q) fl V ~ +;
 2) if TpWloc s + T pQ = TpU (direct sum) and p = Q n Wloc s, then there exists a neighbor- hood QI of p on Q such that the sequence fn(Q l) Q U CZ-smoothly approaches Wloc u as n + ~.
 For the proof let us choose a number n, for which, due to the bounds of Lemma 3, fn(Q) N V ~ z for points of Q from a neighborhood of)p~ In proposition 2 of the k-lemma is proved that the smooth submanifolds y = y0(n; x, y~ y(n)(x) and Q~ transversally intersect each other at a unique point (Xn*, Yn*), Xn* smoothly depending on yl. Therefore, we obtain the smooth function x = Xn(Y ~) = Xn(n; x*(yl), yl). As n + ~ the function Xn(Y ~) approaches zero in the Cl-topology (let us consider that Wloc u has the equation x = 0).
 3. Let us move on to the proof of Theorem i. It is necessary for us to construct a homeomorphismon the image ]: Z2 + § ~. Then the homeomorphism ~: (~, a+) + (~, J(!a+)(~) will give the assertion of the theorem.
 By virtue of Lemmas 2 and 3, there exists a natural number N(p~, ~2) such that for k ~ N the intersection f0k(v2) 0 Vl is nonempty and the set [ U ~(~o,Y)] ~ V~ = { (x , q) ~ V~Ix =
 /
 Xk(k; x+ + ~o, Y- + q)} i s t h e g raph o f t h e f u n c t i o n x = h ( q ) , h a ~ . L e t us assume t h a t f o k ( v 2 ) fl V~ = ~ f o r 0 ~ k < N, w i t h o u t r e s t r i c t i n g g e n e r a l i t y .
 Now let p~ V 2 and all its positive iterations lie in V 2 U V U V I. Since f0(W) fl 72 = Z, then there is the following alternative: either there exists a first kl ~ N such that
 fokl(p) ~ V~, or f0k(p)~ V Vk ~ i. In the second case f0k(p)~ Wloc s for any k ~ 0 by vir- tue of the theorem on the stability of a manifold. In the first case fl acts on the point
 f0k~(p). It falls in V= and the process repeats itself. Therefore, it is possible to put p in correspondence to the sequence
 a+ = (2, 3 . . . . . N , 0 . . . . . 0, i , 2, . . . , N , 0 . . . . . 0, 1 . . . . . ) ~ E ~ . kx--N+l k2--N+I
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For example, to the point p and any point Wloc s corresponds the sequence (2, 3 .... , N, 0, ..., 0 .... ). Let us move on to the construction of J. Let a+~E~. Let us construct the spectrum of the spaces and the mappings
 ~*-~*-~*- ....
 where ~i = ~(ni) o fz, ni is the number of zeros in the i th block between neighboring appear- ances of 2 in a+. If n i = ~, then starting from this place ri = e, @($) ~ 0. Let us define
 t#e mapping f (ni) (f~ was defined in the proof of Lemma 4: this is a mapping of ~ to ~, ~ : V~). Let the i th block have the form (2, 3 ..... N, 0 ..... 0, i, 2). Let us take the function ~ =~(x), gr~ c V z with the Lipshits constant s Letk i = n i + N - i, where n i is the number of zeros in the segment under consideration. Let us find the point of intersec- tion of the graphs of ~ and x(~) = Xki(ki; x+ + ~, y_ + ~). For this let us solve h =~ (x(N)).
 Due to the bounds ~(x(~)) - ~(x(~=))l l ~ ~2lix(qz) - x(q2){I ! s h~ll ~ s +
 gII~ ki/2, [l~(x(N))i{ E p=, the equation has a unique solution D~L$) for N ~ N~. Then [f(ni)~] (~) = y0(ki; x+ + $, y_ + D~($))- In light of (3a) and (3b) this function lies in ~for a corresponding choice N ~ N 2 ~ Nlo Let us prove the contractibility of ~i. Let ~, ~ . Then
 0~/o 0~/o
 where ~'=~1~(~), ~1" =~( l~) ,d(~, ~ ) = sup
 8yNll(l - e=IIaXki/SYNll)-' d(~, ~). Further,
 Therefore, I I~ i f lo($)-z i * (~) l l < llSyo/
 , (x) ) ) ,l -<:. <11 cy II [!1 + §
 ( x ) ) - , zll ; ( )11 =/IA@, C @, --A(x, C(x, ,(e;)))]l<zIIA lliic( . +(e;))-c(x. ,(e;))li.
 2..
 T h u s , c o n s i d e r i n g s < l , we o b t a i n IIqD(x) - ~ (x ) l l < IICyll( l - s • IIAyrl-Zr2(<P, ~ ) . Finally
 __ __ 3 kl (t 3 -I
 It is clear that on account of the choice N -> N a -> N 2 it is possible to make the coefficient r 2 less than i. Then T i is a concentration.
 Now let us consider the sequence {~0, ~ .... }, ~ . In the Tikhonov product I~i, ~ ,
 an operator ~'(~00, ~, ...)=(%, q~2 .... )of continuous and contractive by virtue of the bo, und~ is de- termined. The unique fixed point this operator is the sequence of functions (~0, ~h .... )
 from ~ such that ($, ~i*($)) ~ V2 is taken by f~ o f0 ki to a point on ~ri+z ~, where the ex- ponential speed of approximation for iterations of the points from 8r~0 follows from (3a)- (3c).
 Thus, we obtained the mapping 5: a+ ~ ~oi ~o ~ ~. The continuity of J stems from the con- struction and the definition of the topology in Z.
 Let us assume a+ # b+, and let J(a+) = ~0", and J(b+) = ~0 ̂ . Let us show that gr~0" gr~* =~. Let us denote Vk + = {(x, y)~ V21f0k(x, y)~ Vt}, that is, by Lemma 1 y = Yk(k; x, y_ + N) for some q. Then Vk + 13 Vn+ = ~ for k # n. Actually, let p ~Vk+ ~ Vn+, p = (x0, Y0) and k > n for definiteness. Thus, (x n, Yn) = f0n(P ) ~ Vz and (Xk, Yk) = f0k(p ) ~ V~. This means Yn = Yn(k; x0, Yk) (by Lemma 2) and from 3(a)
 415
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Ilyfl ~Ilyk[l~ ~-" ~([ly_lI+ p2)~ ~-~ < l l y j l - P2,
 t h a t i s , (x n , Yn) ~ Vz and , c o n s e q u e n t l y , Vk + fl Vn + =~g. Now i t r e m a i n s t o o b s e r v e t h a t f o r v ~ g r ( ~ i ~ ) ~ V k i + . T h e r e f o r e , i f a + ~ b§ t h e n g r ~ i " and g r ~ i * w i l l l i e on some s t e p a t v a r i o u s Vk+. , B u t i f x ~ gr ~o N g r ~ o ~, t h e n t h e c o r r e s p o n d i n g i t e r a t i o n o f x b e l o n g s t o g r ~ i * N g r ~ i " f o r any i ~ 1. Thus , we c o n c l u d e t h a t t h e mapping ~: (~, a + ) - + (~ , J ( a + ) ( ~ ) ) i s a homeomorphism on t h e image.
 4. L e t us now p r o v e Theroem 2. L e t us c o n s t r u c t in V 2 U V U V z t h e i n v a r i a n t s e t M and t h e homeomorphism on t h e image I : Z § V 2 U V U Vz, which j o i n s f IH w i t h t h e THC (2 , ~, ~ ) .
 Let a~X. Let us denote m(a)=min{]~NU{O}J(~-Ja)0=2}. If m(a) = ~, then a_ = (..., ~-2, m_ z) = (...0, O, .... 0). Let us at first study the case m(a) < ~. Then, in terms of the sequence (l-~(a)a)+~ E~ , and as above, let us construct the sequence of graphs (~:, ~i .... ), ~i ~, which determine the stable fibers of the desired trajectory. For the construction of the unstable fibers let us proceed similarly. Let us describe only the construction, not produc- ing the corresponding bounds, since they are similar to the ones presented above. Let us
 -m e consider the space of functions/~. By the sequence (% ():) _ Ictus construct the spectrum of the spaces and the mappings
 .. ~ 9 - ~ - ~ .
 The mapping s~: ~-~ is constructed in terms of the corresponding segment of a_ between the neighboring symbols i.
 If some segment with the number s is infinite, then it has the form (...0, O, O, i) (to the left only zeros). In this case let si(n) = 8(~), 8(q) ~ O, i ~ s Now let the segment be finite and h~ . Let us choose an arbitrary ~, llqJl ~ P2, and find the unique point (~*(~), y*) of the intersection of fz(grh) and {(~, y(~))JH~II ~ 6z}, where y(~) = y0(ki; x+ + $, y_ + N), k i = n i + N - i, n i is the number of zeros in the considered segment of the se- quenced_; let us denote the S-coordinate of the located point of the intersection by ~*(~). Then [sih](q) = Xki(ki; x+ + ~*(~), y_ + ~).
 Further z as for the stable fiber, the existence of a unique sequence ('.c'' h-2*' h-z*), sihi" = hi+z" is proved. The inverse transformation is determined on gr hi" for f. Let us obtain the contraction for it, thetis, grhi* form a sequence of unstable fibers.
 For the location of the point corresponding to the sequence a, let ustake the unique point of the intersection of f~(grh_z*) and gr~0". This point is f-mi=)(i(a)). By taking its m(a)-th iteration, we will have f(a)~M.
 Now let m(a) = ~. Let us denote n(a) = min{j~ Nl(%Ja)_ = i}. When n(a) is finite, let us find, as above, I(%n(=)e). This point is the intersection of the sets fz(Wloc u) and gr~0 =. But fz is invertible on the image of Wloc u, and f0 on Wloc u. Therefore, we uniquely find the point ] ( a ) = ] , n ( a ) , o n(a) " u I ( ~ a)~Wloe �9 I f u ( a ) = ~, t h e n a = ( . . . 0 , . . . . 0 , . . . ) ( o n l y z e r o s ) . Then let I(a) = (0, 0).
 The continuity of the constructed mapping I follows from its construction and the defini- tion of the topology in Z. Let us show that I is one-to-one on I(E) = M. Then, due to the compactness of Z, we obtain that I is a homeomorphism on the image. It is sufficient to show that I does not fuse points. Let a, b~E, a~b . Let usnote that it follows from the assump- tion of the theorem f(x) ~ f(y) if x ~ y that the sets v n- = {(x, y)~ Vzl~((x 0, y0)~ V2, f0n(x0, Y0) = (x, y)} do not intersect each other for different n; the Vn + also do not intersect each other for different n, as was proved in Theorem i.
 Let us assume that I(:) = I(b). Let us recall that by construction I(c) = fm(c) o I(%-m(c)c) Vc~Z. Firstly, let m(a) = m(b) = m. Since f does not fuse points, then I(%-mu) = I(%-mb) ~ V m, where this point is the intersection of gr~0 x and fl(grh_z ). We have T-me ~ T-rob, since ~ ~ b. Therefore, either (T-me)+ # (T-rob)+, or (%-me)+ = (%-rob)+, but (%-me)_ ~ (%-mb)_. In the first case gr~ 0 , constructed in terms of (%-me)+ and (%-mb)+, do not intersect each other, and in the second gr h-z , constructed in terms of (T-me)_ and (%-mb)_ (the latter is proved, as in Theorem i, with the use of the fact that v i- ~ vi, = for i ~ j). In that and the other case, since fz does not fuse points, I(%-ma) ~ I(%~mb). We obtain a contradiction.
 Now for definiteness let 0 < n = m(b) m(a) < ~. Let us denote s = min {k ~N I
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(~k-m(b)b) 0 = 2}. Then Z ~ m(b) + i, and l(~-m(b)b)~ vs + (by the construction of I). Therefore, fn o l(~-m(b)b) ~ V U V I. Since fl does not fuse points, then I(~ -m(:=)a) = fn o l(~-m(b)b) ~ V 2. We obtain a contradiction. The theorem is proved.*
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