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Nomenclature

Before reading the main chapters of this book, we advise the
reader to start with this chapter. We will introduce several key
notations and characters which will be used throughout the book.
Knowing these notations and characters will facilitate the reading
of the book and will improve the understanding of the text. We have
tried to keep the reasoning behind the notations the same
throughout the book. Only one exception exists and is with respect
to the use of subscripts (see page xxv).

VectorsAll vectors in this book are in three dimensional space,
i.e. R3 , unless dened otherwise. All vectors are in boldface. The
superscript denotes the reference frame in which the vector is
expressed while the subscript indicates the particular parameter in
question. For example:b Vk

is the kinematic (subscript k) velocity (vector V) expressed in
the body-xed reference frame (superscript b). The legend for the
subscripts en superscripts are given in the section on page xxv.
Sometimes a second subscript is added. In that case the subscript
denotes the point of origin of the vector or to which point or body
the vector properties belong. For example:b Vk,G

is the kinematic velocity of point G expressed in the body-xed
reference frame. Four types of vectors have xed component
notations. Position vectors have components x, y, z while velocity
vectors have components u, v, w. Acceleration components are
denoted by ax , ay , az . Finally, the rotational velocity vector
has components p, q, r. Other vectors do not have a xed components
notation. The same rules regarding the superscriptFlight
Dynamics

xxiv and the subscript notation apply for the components of the
vectors.

Nomenclature

A vector can be dierentiated with respect to time which is
always coupled to a reference frame (without a reference frame time
dierentiation only has a pure theoretical meaning). The time
derivative of vector with respect to reference frame Fb is written
as: dX dt

b

Note that the derivative of a vector is again a vector. Thus the
previous expression can be appended by a superscript denoting the
reference frame in which the time derivative is expressed. In cases
where the meaning is obvious, the superscript and/or the subscripts
are sometimes dropped, cleaning the text of any unnecessary
notations which would only cloud the text. If any notation is
simplied, it is explicitly mentioned so in the text.

Reference framesA crucial element in this book is the denition
of reference frames. All reference frames are right-handed
orthogonal unless stated otherwise and are dened by their origin
and orientation of the axes. A reference frame is denoted by F and
its axes by X, Y, Z. The subscript appended to these letters
indicates the reference frame we are talking about. For example: Fb
(GXb Yb Zb ) is the body-xed reference frame which has the origin
in the vehicle center of mass G and has the axes Xb , Yb , Zb . A
list of all reference frames used in this book is given next.

FI FE FO Fb Fs Fp Fz Fa Fk Fr

Inertial reference frame Normal Earth-xed reference frame
Vehicle carried normal Earth reference frame Body-xed reference
frame Stability reference frame Principle axis reference frame
Zero-lift body axis reference frame Aerodynamic reference frame
Kinematic reference frame Vehicle reference frame

(section (section (section (section (section (section (section
(section (section (section

2-1-1) 2-1-3) 2-1-4) 2-1-5) 2-1-5) 2-1-5) 2-1-5) 2-1-6) 2-1-7)
2-1-8)

After chapter 2 the notations Fx , Fy , Fz are used to denote
the total aerodynamic forces along the X, Y, Z-axis respectively.
Although the context in which these parameters are used is dierent,
care should be taken with the interpretation of the parameter F .
Transformation matrix The orientation between reference frames is
dened by a maximum of three Euler angles. The
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sequence of rotation combined with the set of angles enables us
to transform any coordinate from one reference frame to another. A
transformation matrix T is used to quickly transform a complete
vector. The subscripts indicate the reference frames involved in
the transformation. For example: Xb = Tba Xa where Xb is the vector
X expressed in reference frame Fb , Tba is the matrix for the
transformation from frame Fa to Fb , and Xa is the vector X
expressed in reference frame Fa . Angular velocity vectors When the
orientation between reference frames is time-variant, one can dene
a rotation vector describing this change through time. The variable
dening a rotation vector is . The subscripts indicate which
reference frames are involved while the superscript denotes the
reference frame in which the vector is expressed. For example: b ba
is the rotation vector describing the angular velocity of reference
frame Fb with respect to reference frame Fa (subscripts) expressed
in frame Fb (superscript). One should be careful not to mix-up the
interpretation of the subscripts for the angular velocity vectors
and for the transformation matrices.

Superscripts and subscriptsAt this point a distinction must be
made between chapters 1 to 3 and the remainder of the book.
Chapters 1 to 3 For the rst three chapters the main subject is the
derivation of the equations of motion for the most general case of
a spherical, rotating Earth. In those chapters the superscripts
appended to a vector indicate the reference frame in which the
vector is expressed. The possible superscripts are:

I E O b s p z a k r

Inertial reference frame Normal Earth-xed reference frame
Vehicle carried normal Earth reference frame Body-xed reference
frame Stability reference frame Principle axis reference frame
Zero-lift body axis reference frame Aerodynamic reference frame
Kinematic reference frame Vehicle reference frameFlight
Dynamics
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The subscripts in chapters 1 to 3 denote either reference frames
(in case of transformation matrices and angular velocity vectors)
or indicate a particular form of the vector. The subscript for the
reference frames are the same as for the superscripts given above.
The other subscripts are: a k aerodynamic kinematic

Remaining chapters In the remainder of the book superscripts are
not used often. One exception which occurs in chapter 4, is the
superscript indicating the derivative with respect to parameter i,
e.g. f = df . di The function of the subscript changes
considerably. A subscript in chapter 4 and subsequent chapters
indicates the partial derivative of the function with respect to
the parameter indicated by the subscript. For example: Xu = X u

Geometric of aircraft parametersThe geometric aircraft
parameters are used to determine the aerodynamic force and moments
and to make the equations of motion dimensionless. Figure 2
illustrates the various parameters dening the geometry of the wing.
The reference axes used in this gure are those of the Vehicle
reference frame (see section 2-1-8). Wing area, S The area of the
wing projection on the Xr OYr -plane. Often the wing is partially
covered by the fuselage and the engine nacelles. The wing area is
then calculated using straight line extensions of the wing leading
and trailing edges through the fuselage and the nacelles. The wing
area can be expressed as,b +2

S=b 2

c dy

where y is the coordinate in the Yr -direction. Wingspan, b The
distance in Yr -direction between the wing tips. Mean aerodynamic
chord, c (mac) is dened as,
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1 c= S

b +2

c2 dyb 2

One can dene the location and orientation of the mean
aerodynamic cord within the OXr Zr plane (see gure 1). Four
coordinates, xo , xe , z0 , ze ,determine the location and
orientation of the mac. There denition is similar that of the mean
aerodynamic cord: xo = zo = = 1 S +b/ 2

xo (y) c (y) dy xe = b/ 2 +b/ 2

1 S

+b/ 2

xe (y) c (y) dyb/ 2 +b/ 2

1 S

zo (y) c (y) dyb/ 2 +b/ 2

ze =

1 S

ze (y) c (y) dyb/ 2

1 S

(y) c (y) dyb/ 2

Mean or geometric chord, cm Is very often used in the literature
and is dened as: cm = S b

Taper ratio, A measure of the variation in chord length along
the span. It is expressed by, = Aspect ratio, A Dened as, A= ct
cr

b2 S

Wing sweep, The angle between the Yr -axis and the projection of
the 1/4-chord line on the Xr OYr plane (gure 2). In some cases such
as delta wings, only the angle between the Yr -axis and the
projection of the wings leading edge on the Xr OYr -plane is given.
Dihedral, The dihedral of a wing is the angle between the Yr -axis
and the projection of the 1/4chord line on the Yr OZr -plane.
Washout or wing-twist, Expresses the variation in direction of the
local wing chord relative to the direction d of the chord line at
the wing root. Neither the gradient of the washout ( d y ) nor the
magnitude of wing sweep or dihedral need to be constant along the
span. If necessary, these parameters are given as functions of the
coordinate in span direction.Flight Dynamics
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Zr c zo ze

xo

xe

Xr

c(y) y(< 0) xo (y) xe (y) Xr xo YrFigure 1: Denition of the
mean aerodynamic cord and related parameters

c

xe
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Yr

O

1 4 -chord

line

cr

c dy ct

y Xr b Zr

Yr O

Figure 2: Parameters dening the geometry of the wing
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Figure 3: Examples of denitions of the vertical tailplane area
(see also NACA TN 775)

Wing airfoil The shape of the cross section of the wing parallel
to the plane of symmetry. The above geometric parameters apply not
only to wings, but to tailplanes as well. Denitions of the
geometric parameters for the elevator, or control surfaces in
general, are given in chapter 7. It proves to be dicult to dene the
geometry of vertical tailplanes in a way applicable to all
aircraft. In particular the distinction between fuselage and
vertical tailplane is often hard to make. In many instances the
division between vertical tailplane and dorsal n is also more or
less arbitrary. Usually the surface of the dorsal n is not
considered to be part of the vertical tailplane. Figure 3 shows
examples of denitions of vertical tailplanes, see reference [11].
Similar and other denitions are given in references [8] and
[101].

Aircraft CongurationsThe ight dynamic characteristics are
dependent on the aircraft conguration. A full description of the
aircraft conguration gives the aircrafts weight or mass, center of
gravity position and internal as well as external loading,
undercarriage position, control surface deections, ap angle,
airbrake and spoiler deections. A description of the engine
operating condition, such as throttle position, engine speed
etcetera, is also required.

Nomenclature

xxxi

Some denitions as used in U.S. military requirements are briey
described below. CR (Cruising Flight) Engine thrust or power for
level ight at cruising speed, aps in the position for cruising
ight, undercarriage retracted. L (Landing) Throttle closed,
undercarriage down, aps in the position for landing. PA (Powered
Approach) Undercarriage down, aps and airbrakes in the normal
position for the powered approach, engine thrust or power for level
ight at 1.15 VSL or the normal airspeed in the powered approach, if
the latter is lower. NOTE: VSL is the stall speed (in the aircraft
conguration for landing).

Flight ConditionsBy specifying a specic ight condition, we
specify (a part of) the state of the aircraft, i.e. we indicate
which aircraft states are varying. This information can be used to
deduce the equations of motion for that ight condition. The
following denitions of ight conditions will be used throughout this
book. Steady ight An aircraft is in steady ight if the components
of the aerodynamic velocity vector VG (u, v, w) and the components
of the body rotation vector (p, q, r) in the body-xed reference
frame Fb are constant. In this ight condition the aerodynamics
force vector components in Fb and the aircrafts pitch and roll
attitude (, ) are constant too. Straight ight An aircraft is in a
straight ight condition, if the ightpath vector is straight.
Symmetric ight An aircraft is in symmetric ight, if the velocity
vector of any point of the aircraft is parallel to the plane of
symmetry (roll angle = 0). Slipping ight An aircraft is in slipping
ight, if the velocity vector of the aircrafts center of gravity is
not parallel to the plane of symmetry of the aircraft.

Flight Dynamics
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Chapter 1 Introduction

This book discusses the theory of stability and control of
aircraft at subsonic airspeeds. This book handles the theory of
ight dynamics which describes the aircraft/spacecraft velocities
(translational and rotational), position, and orientation in four
dimensional space. Velocities, position, and orientation through
time can be computed from the accelerations in time. The analysis
of the ight dynamics is based on Newtons Second law: F = ma. If we
know the forces acting on the aircraft/spacecraft and the mass
distributions we can determine the accelerations. By integrating
the accelerations with respect to time and by knowing the initial
velocities, the velocities at each moment in time can be
calculated. Likewise, by integrating the velocities with respect to
time and knowing the initial position and orientation, the position
and orientation at each time instant can be determined. The
dynamics, i.e. the behavior through time, of the aircraft or
spacecraft can be inuenced by using controls, e.g. aerodynamic
surfaces or thrusters. There are two types of ight dynamics
analysis. The rst concerns the stability. How does the aircraft
react to movements of the controls or other types of disturbances?
Does it have inherent stability? This type of analysis concerns the
characteristics of the aircraft without the pilot aspect in it. The
second type is about the aircraft/pilot connection. It is the
analysis of the dynamics of the aircraft or spacecraft with respect
to the ability of the pilot to control the craft. This is the eld
of handling qualities. There are specic regulations that state the
required handling qualities for each type of aircraft. These
regulations are usually dened in terms of responses of the aircraft
to control inputs, like elevator, rudder or throttle inputs. For
aviation these regulations have matured trough the years and are
described in detail in regulation documents, such as the Joint
Aviation Regulations (JAR) set up by the Joint Aviation Authorities
(Europe) and the Federal Aviation Regulations set up by the Federal
Aviation Administration (USA). The handling qualities of an
aircraft are related to the control surfaces and control mechanism.
There is a rich history on the development of control surfaces and
control mechanism. The following section gives an overview. After
that a list of terms and denitions used in ight dynamics is given.
The setup of the book is to keep everything as general as possible
and to simplify things through the use of assumptionsFlight
Dynamics
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where necessary. The assumptions which are used throughout the
book are listed in section 1-2. Finally, the book outline will be
given in section 1-3.

1-1

Introduction to ight dynamics and control

The Wright Flyer was the rst powered piloted aircraft which had
full attitude control (see gure 1-1). It had a double rudder to
control yaw, a double elevator to control pitch and used warping of
the wings to control roll. The control technique of using
mechanical links connected to aerodynamic control surfaces was the
founding of modern controlled ight. Modern aircraft still use the
idea of pitch, roll, and yaw control through means of deectable
control surfaces. (Warping of wings requires exible wings therefore
limiting its eld of application. Soon rigid wings with control
surfaces where used.) However, over the years, many additional
(control) surfaces have been developed. The location, shape, and
purpose of each surface varies. Also the mechanisms to move the
ight control surfaces, i.e. the ight control systems, have changed
over the years. To fully comprehend the inuences these development
have on the eld of ight dynamics and control, a short introduction
is given in this section. First the control surfaces which have
been developed throughout the years are addressed (section 1-1-1).
Thereafter, in section 1-1-2, the mechanisms of translating pilot
commands to the control surface deections are discussed.

1-1-1

Flight control surfaces

Flight control surfaces have been developed throughout the years
and many variants exist. A classication has been made for control
surfaces. Two types are dened: Primary ight control surfaces
Flight-critical control surfaces. If control of these surfaces is
lost, control over the aircraft is (partially) lost and the
aircraft is likely to crash. Secondary ight control surfaces
Non-ight-critical control surfaces. If control of these surfaces is
lost, complete control over aircraft is still possible. The most
obvious examples of primary ight control surfaces are the elevator,
aileron, and rudder. These basic control surfaces are needed to
control the aircraft about all three axis of the aircraft. Without
any redundancy of these ight control surfaces, malfunction of one
of these control surfaces would make the aircraft hard to control.
Stable ight may still be possible if the pilot has thorough
knowledge of the ight dynamics of the aircraft. Examples of
secondary ight control surfaces are: speed brakes, lift dumpers,
slats, aps, and trim surfaces. Control over the orientation of the
aircraft is still possible when these surfaces malfunction. As
said, many control surfaces have been developed. The dierence
between surfaces are, apart from their dimensions, the location on
the aircraft and their purpose. In the following, a list is
presented in which dierent types of control surfaces are explained
briey.
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(a) First ight (Kittyhawk England, 10:35 AM, 17 Dec 1903)

Elevator

Rudder(b) Prole view

Figure 1-1: The Wright Flyer I [136]

Ailerons Purpose: provide roll control. Location: on the
trailing edge of the main wing. Extra information: ailerons are
placed either near the tip of the wing (Out-board ailerons) or near
the root of the wing (In-board ailerons). Out-board ailerons are
only active at low speeds. In-board ailerons are active at all
speeds. Elevators Purpose: provide pitch control. Location:
trailing edge of the horizontal stabilizer. Rudders Purpose:
provide yaw control. Location: trailing edge of the vertical
stabilizer. Canards Purpose: provide pitch control. Location: in
front of the main wing. Canards can consist of a xed surface with
trailing edge control surface or the whole canard surface can be
rotated and controlled. ElevonsFlight Dynamics
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Introduction Purpose: provide pitch and roll control. Location:
trailing edge of the main wing. Extra information: to provide pitch
control, the elevons are extended symmetrically. For roll control
the elevons are extended asymmetrically. Elevons are typically used
on tailless delta-wing aircraft.

Flaperons Purpose: provide roll control and additional lift.
Location: trailing edge of main wing. Extra information: the
aperons is a combination of the ailerons and trailing edge aps. The
ap function is obtained by symmetrical extension of the aperons.
Roll control is obtained through asymmetric extension. Flaps
Purpose: increase lift. Location: either on the leading-edge of the
wing or the trailing edge of the wing. Extra information: the
leading-edge and trailing-edge aps are used to deform the shape of
the wing cross-section (extending the chamber line). The increase
in wing surface causes an increase in lift. Therefore slower take-o
and landing speeds are possible. Slots Purpose: increase lift (at
higher angles of attack). Location: trailing edge of the wing.
Extra information: a slot is an alternative to the trailing-edge
ap. Slots outperform trailing-edge aps by letting air ow through
the wing such that, at high angles of attack, the collapse of airow
on the upper surface of an airfoil is reduced, thus maintaining
maximum lift at high angles of attack. Slats Purpose: increase lift
(at higher angles of attack). Location: leading edge of the wing.
Extra information: the slat is actually a leading-edge slot. It
delays wing stall at higher angles of attack. Spoilers Purpose:
spoil lift, increase drag. Location: on main wing surface. Extra
information: Spoiler have two main eects. By symmetric extension on
both wings in ight, the spoilers act as speed brakes. During
landing, symmetric extension will lead to a smaller roll-out
distance. Asymmetric extension in ight will provide additional roll
control without inducing wing twist to cause roll-reversal. There
are two types of spoiler known: ground spoilers and ight spoilers.
Ground spoilers are used during landing and extend further than
ight spoilers (which are used in ight). Speed brakes Purpose: add
drag to decelerate aircraft. Location: on wing surface. Extra
information: speed brakes are aerodynamic surfaces which pop out of
the wing at a near perpendicular angle to the airow. This increases
drag to the maximal possible extent. Stabilators, Stabilons, and
Tailerons (names are synonymous) Purpose: provide pitch and roll
control. Location: These surfaces are the two halves (left and
right) of the horizontal stabilizer. Extra information: pitch
control is achieved by rotating the horizontal stabilizer
symmetrically. Roll control is achieved through asymmetric
rotation. Stabilators are used to augment the surfaces which
provide pitch (elevators, elevons, canards) and roll (ailerons,
aperons, spoilers) control.

1-1 Introduction to ight dynamics and control
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Trim surfaces Purpose: remove required control force exerted by
the pilot. Location: trailing-edge of the vertical stabilizer (or
part of the rudder) and/or trailing-edge of the horizontal
stabilizer (or part of the elevator). Extra information: trim
surfaces are used to balance the aerodynamic moment on control
surfaces (during steady ight) such that the loads on the controls
are eliminated . The pilot can then y hands-free. Two main
possibilities exist for the horizontal trim surface. Either the
entire horizontal stabilizer acts as a trim surface (so-called
variable- incidence horizontal stabilizer) or a smaller surface is
used (trailing-edge surface of part of the elevator, creating the
so-called variable camber horizontal stabilizer).

Each aircraft can have a dierent conguration regarding its
control surfaces. In gures 1-2 to 1-6, several aircraft are
depicted. Each gure shows the location of several specic control
surfaces.

Rudder

Aileron Outboard trailingedge ap Flight spoiler Slats

Elevator

Stabilizer Inboard trailingedge ap Ground spoiler

Leadingedge ap

Figure 1-2: Boeing 767 3D-view [113]

Flight Dynamics
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Elevons

Figure 1-3: Concorde 3D-view [113]

Carnard

Flaperon

Elevator

Figure 1-4: X-29 in ight [35]

1-1-2

Flight control systems

How do you move the control surfaces of an aircraft and what
does a pilot feel when moving a control stick or wheel? Why have
the ight control systems changed so much through time? These are
just a few questions which one can ask when looking at the history
of ight control systems. In the development of control systems
their have been two main drives. The rst is the desire to build
larger aircraft. Larger aircraft means larger aerodynamic surfaces
which in turn means larger aerodynamic forces and thus larger
control forces. The very rst control systems where purely
mechanical consisting of wires, springs, and wheels, which relied
on the pilot strength to move them. The control forces a pilot can
generate (especially for larger periods of time) is limited, so
when the aircraft size increased, something had to be done to the
controls.

1-1 Introduction to ight dynamics and control
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Aileron - Ground spoiler Outboard t railing-edge ap

- Flight spoiler

Inboard t railing-edge ap - Ground spoiler

Figure 1-5: 737-400 Flight and ground spoiler deployment on
landing [32]

Figure 1-6: Boeing 737 slats [32]

Flight Dynamics
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The second drive in the development of control systems is the
invention of the autopilot. With the development of new technical
systems, like computers and electric actuators, it became possible
to control the aircraft electrically. Looking at the past, several
types of ight control systems can distinguished: Mechanical human
powered system (reversible) Mechanical hydraulic powered system
(irreversible/reversible) Fly-by-wire system (irreversible) These
dierent t
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