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Excellent does not an accident, but it comes through a hard work!!
 1.0: Introduction to Numerical Methods
 Numerical methods are techniques by which mathematical problems are formulated so that they can be solved with arithmetic operations.
 A class of methods for solving a wide variety of mathematical problems.
 These methods can be implemented directly on digital computers
 Are capable of handling the nonlinearities, complex geometries, and large system of coupled equations of many real physical situations that are often impossible to solve analytically.
 2
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 1.1: Round-Off and Truncation Errors
 1.1.1 Errors1.1.2 Round-off Errors1.1.3 Truncation Errors
 Lesson Outcomes:Explain & calculate errors and round-off errors.Calculate using Taylor series to estimate truncation errors.
 3
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 1.1: Round-Off and Truncation Errors
 For many engineering problems, we cannot obtain analytical solutions.
 Numerical methods yield approximate results, results that are close to the exact analytical solution. We cannot exactly compute the errors associated with numerical methods. Only rarely given data are exact, since they originate from
 measurements. Therefore there is probably error in the input information.
 Algorithm itself usually introduces errors as well, e.g., unavoidable round-offs, etc …
 The output information will then contain error from both of these sources.
 How confident we are in our approximate result?
 The question is “how much error is present in our calculation and is it tolerable?”
 1.1.1 Errors
 4
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 1.1: Round-Off and Truncation Errors
 5
 This chapter covers basic topics to related to the identification quantification and minimization of these errors.
 Two major forms of numerical error: Round-off error (due to computer approximations) Truncation error (due to mathematical app.)
 The errors associated with both calculations and measurements can be characterized with regard to their accuracy and precision.
 Accuracy : How close is a computed or measured value to the true valuePrecision : How close is a computed or measured value to previously computed or measured values.
 Inaccuracy : A systematic (or bias) deviation from the actual value.Imprecision : Magnitude of scatter(or uncertainty)
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 1.1: Round-Off and Truncation Errors
 6
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Excellent does not an accident, but it comes through a hard work!!
 1.1: Round-Off and Truncation Errors
 7
 An example from marksmanship illustrating the concept of accuracy and precision.
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 1.1: Round-Off and Truncation Errors
 8
 Errors definitions: Measuring errors
 True Value = Approximation + Error
 Numerical Error(true error)ionapproximatvaluetrueEt
 true value approximationrelative error
 true value
 , 100% 100%
 t
 true value approximation true errortrue percent relative error
 true value true value
 .approximation error
 .
 present appro previous approximation
 present appro
 . , 100%
 .
 error 100%
 a
 present appro previous approximationapproximate percent relative error
 present appro
 approximation
 the computation is repeat unti
 ( )a sl stopping criterion
 Iterative approach:
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 1.1: Round-Off and Truncation Errors
 Computations are repeated until stopping criterion is satisfied.
 If the following criterion is met
 you can be sure that the result is correct to at least n significant figures.
 sa Pre-specified % tolerance based on the knowledge of your solution
 )%10 (0.5 n)-(2s
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 1.1: Round-Off and Truncation Errors
 10
 Example 1: Calculation of errors
 Suppose that you have the task of measuring the lengths of a bridge and a rivet and come up with 9999cm and 9cm respectively. If thetrue values are 10000 and 10cm respectively ,compute
 (a)True error(b)True percent relative error
 for each case.
 Solution: ( )True error:
 10,000 9999 1 (bridge)
 10 9 1 (rivet)
 (b)Percent relative error:
 1 100% 0.01% (bridge)
 10,000
 1 100% 10% (rivet)
 10
 t
 t
 t
 t
 a
 E cm
 E cm
 Error muchgreater
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 1.1: Round-Off and Truncation Errors
 1.1.2 Round-Off Errors
 Computer retain only a fixed number of significant figures during a calculation.
 Numbers such as
 cannot be expressed by a fixed number of significant figures.
 Therefore they can’t be represented exactly by the computer and
 must be round-off. Computers use a base-2 representation, they cannot
 precisely represent certain exact base-10 numbers.
 1 0.3333333..., 2.71828182..., 3.14159265...3 e
 1.1.3 Truncation Error
 Those that result from using an approximation in place of an exact mathematical procedure.
 Introduced into the numerical solution because the difference equation only approximates the true value of the derivative.
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 1.1: Round-Off and Truncation Errors
 Example 2: Error estimates for Iterative methods
 The exponential function can be computed using
 Thus, as more terms are added in sequence, the app. becomes better and better estimate of the true value of .
 Starting with =1, add terms one at a time in order to estimate . After each new term is added, compute the true and approximation percent relative errors respectively.
 Note:
 2 3
 1 ... (Maclaurin series expansion)2 3! !
 nx x x xe x
 n
 xe
 xe 5.0e
 0.5True value: 1.648721....
 Use , 0.05%s
 e
 stopping criterion
 (Example of truncation errors)
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 1.1: Round-Off and Truncation Errors
 Solution:
 The entire computation can be summarized as
 Terms Result(App.Value)
 1 1 39.3
 2 1.5 9.02 33.3
 3 1.625 1.44 7.69
 4 1.645833333 0.175 1.27
 5 1.648437500 0.0172 0.158
 6 1.648697917 0.00142 0.0158
 (%)t (%)a
 0.5
 Second estimate: 1
 for 0.5, 1 0.5 1.5
 xe x
 x e
 True percent relative error
 1.648721 1.5100% 9.02%
 1.648721t
 Approximate percent relative error
 1.5 1100% 33.3%
 1.5a
 a s
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 1.1: Round-Off and Truncation Errors
 The Taylor Series
 In essence, the Taylor series provides a means to predict a function value at one point in terms of the function value and its derivatives at another point.
 Taylor series over an interval / step size
 The function and its first derivatives must be continuousThe value of the function at can be evaluated with the information at as
 also known as General Taylor Series.
 1i ih x x
 f 1n1ix
 ix(3) ( )
 2 31
 ''( ) ( ) ( )( ) ( ) '( ) ...
 2! 3! !
 nni i i
 i i i n
 f x f x f xf x f x f x h h h h R
 n
 Remainder term
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 1.1: Round-Off and Truncation Errors
 Taylor Series Approximation of a Polynomial
 4 3 2The approximation of ( ) 0.1 0.15 0.5 0.25 1.2
 at 1 by zero-order,first-order and second-order Taylor series expansions.
 f x x x x x
 x
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 1.1: Round-Off and Truncation Errors
 (Example of truncation errors)
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 1.1: Round-Off and Truncation Errors
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 1.1: Round-Off and Truncation Errors
 1.1.4 Total Numerical Error1.1.5 Blunders, Model Errors & Data Uncertainty
 Lesson Outcomes:Solve total numerical errorSolve blunders, model errors and data uncertainty.
 18
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 19
 1.1: Round-Off and Truncation Errors
 1.1.4 Total Numerical Errors The summation of the truncation and round-off error. Minimize round-off error → increase the number of significant
 figures of the computer. Reduce truncation error → decreasing the step size. The truncation errors are decreased as the round-off errors are
 increased.
 A graphical depiction of the trade-off
 between round-off and truncation
 error that sometimes comes into play
 in the course of a numerical method.
 The point of diminishing returns is
 shown, where round-off error begins
 to negate the benefits of step-size
 reduction.
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 1.1: Round-Off and Truncation Errors
 1.1.5 Blunders
 Occur at any stage of the mathematical modeling process
 Contribute to all other components of error Can be avoid only by knowledge of fundamental
 principles By the care with which you approach and design your
 solution problem.
 Relate to bias that can be ascribe to incomplete mathematical models.
 Example Negligible model error is the fact that Newton’s
 Second Law does not account for relativistic effects.
 1.1.5 Model Errors
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 1.1: Round-Off and Truncation Errors
 Because of uncertainty in the physical data on which the model is based.
 Measurement errors can be quantified by summarizing the data with one or more well chosen statistics.
 These descriptive statistic are most often selected to represent The location of the center of the distribution of the
 data The degree of spread of the data.
 1.1.5 Data Uncertainty
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