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Symbol Meaning PageA , B , C , . . . Capital Latin letters
usually denote points. 3a , b , c , . . . Small Latin letters
usually denote lines. 3 , , , . . . Small Greek letters usually
denote planes. 3CPt The class of all points. 3CL The class of all
lines. 3CPl The class of all planes. 3aAB Line drawn through A, B.
3

ABC Plane incident with the non-collinear points A,B,C 3Pa {A|A
a} The set of all points (contour) of the line a 3P {A|A } The set
of all points (contour) of the plane 3a Line a lies on plane ,
plane goes through line a. 3X Pa The figure (geometric object) X
lies on line a. 3X P The figure (geometric object) X lies on plane
. 3A a b Line a meets line b in a point A 4A a Line a meets plane
in a point A. 4A a B Line a meets figure B in a point A. 4A a B
Figure A meets figure B in a point A. 4aA Plane drawn through line
a and point A. 5a b line a is parallel to line b, i.e. a, b coplane
and do not meet. 6

ab an abstract strip ab is a pair of parallel lines a, b. 6a
line a is parallel to plane , i.e. a, do not meet. 6 plane is
parallel to plane , i.e. , do not meet. 6ab Plane containing lines
a, b, whether parallel or having a common point. 7[ABC] Point B
lies between points A, C. 7AB (Abstract) interval with ends A, B,
i.e. the set {A, B}. 7(AB) Open interval with ends A, B, i.e. the
set {C|[ACB ]}. 7[AB) Half-open interval with ends A, B, i.e. the
set (AB) {A, B}. 7(AB] Half-closed interval with ends A, B, i.e.
the set (AB) {B}. 7[AB] Closed interval with ends A, B, i.e. the
set (AB) {A, B}. 7IntX Interior of the figure (point set) X. 7ExtX
Exterior of the figure (point set) X. 7[A1A2 . . . An . . .] Points
A1, A2, . . . , An, . . ., where n N, n 3 are in order [A1A2 . . .
An . . .]. 15OA Ray through O emanating from A, i.e. OA {B|B
aOA& B = O & [AOB]}. 18h The line containing the ray h. 18O
= h The initial point of the ray h. 18

(A B)OD , A B Point A precedes the point B on the ray OD, i.e.
(A B)ODdef

[OAB]. 21

A B A either precedes B or coincides with it, i.e. A Bdef

(A B) (A = B). 21(A B)a, A B Point A precedes point B on line a.
22(A1B)a A precedes B in direct order on line a. 22(A2B)a A
precedes B in inverse order on line a. 22OcA Ray, complementary to
the ray OA. 25(ABa), ABa Points A, B lie (in plane ) on the same
side of the line a. 27(AaB), AaB Points A, B lie (in plane ) on
opposite sides of the line a. 27aA

Half-plane with the edge a and containing the point A. 27(ABa),
ABa Point sets (figures) A, B lie (in plane ) on the same side of
the line a. 29(AaB), AaB Point sets (figures) A, B lie (in plane )
on opposite sides of the line a. 29aA Half-plane with the edge a
and containing the figure A. 29acA Half-plane, complementary to the
half-plane aA. 29 the plane containing the half-plane . 31(h, k)O,
(h, k) Angle with vertex O (usually written simply as (h, k)).
34P(h,k) Set of points, or contour, of the angle (h, k)O, i.e. the
set h {O} k. 35Int(h, k) Interior of the angle (h, k). 35adj(h, k)
Any angle, adjacent to (h, k). 37adjsp (h, k) Any of the two
angles, adjacent supplementary to the angle .(h, k) 38vert (h, k)
Angle (hc, kc), vertical to the angle (h, k). 39[ABC] Geometric
object B lies between geometric objects A, C. 45

AB Generalized (abstract) interval with ends A, B, i.e. the set
{A, B}. 47(AB) Generalized open interval with ends A, B, i.e. the
set {C|[ACB]}. 47[AB) Generalized half-open interval with ends A,
B, i.e. the set (AB) {A, B}. 47(AB] Generalized half-closed
interval with ends A, B, i.e. the set (AB) {B}. 47[AB]. Generalized
closed interval with ends A, B, i.e. the set (AB) {A, B}. 47P(O) A
ray pencil, i.e. a collection of rays emanating from the point O.
47
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Symbol Meaning Page[hkl] Ray k lies between rays h, l. 47(h, hc)
A straight angle (with sides h, hc). 48[A1A2 . . . An(. . .)]
Geometric objects A1, A2, . . . , An(, . . .) are in order [A1A2 .
. . An(. . .)] 53

O(J)A , OA Generalized ray drawn from O through A. 55(A B)OD The
geometric object A precedes the geometric ob ject B on OD. 57

A B For A, B on OD we let A Bdef

(A B) (A = B) 57

(AiB)J A precedes B in J in the direct (i = 1) or inverse (i =
2) order. 58AiB For A, B in J we let AiB

def (AiB) (A = B) 59

Oc(J)A , O

cA The generalized ray O

cA, complementary in J to the generalized ray OA. 60

(hk) Open angular interval. 62[hk). Half-open angular interval.
62(hk] Half-closed angular interval. 62[hk] Closed angular
interval. 62[h1h2 . . . hn(. . .)] The rays h1, h2, . . . , hn(, .
. .) are in order [h1h2 . . . hn(. . .)]. 64oh Angular ray
emanating from the ray o and containing the ray h 64(h k)om , h k
The ray h precedes the ray k on the angular ray om. 65

(h k)om , h k For rays h, k on an angular ray om we let h
kdef

(h k) (h = k) 65(hik) The ray h precedes the ray k in the direct
(i = 1) or inverse (i = 2)order. 65

och The ray, complementary to the angular ray oh. 67AB An
ordered interval. 68A0A1 . . . An A (rectilinear) path A0A1 . . .
An. 68A0A1 . . . An A polygon, i.e. the (rectilinear) path A0A1 . .
. AnAn+1 with An+1 = A0. 68ABC A triangle with the vertices A, B,
C. 69(A B)A1A2...An, A B A precedes B on the path A1A2 . . . An.
69Ai1AiAi+1, Ai Angle between sides Ai1Ai, AiAi+1 of the
path/polygon A0A1 . . . AnAn+1. 70AB Points A, B lie on the same
side of the plane . 78AB Points A, B lie on opposite sides of the
plane . 78A Half-space, containing the point A, i.e. A {B|AB}. 79AB
Figures (point sets) A, B lie on the same side of the plane . 80AB
Figures (point sets) A, B lie on opposite sides of the plane .
80

c

A Half-space, complementary to the half-space A. 81()a, A
dihedral formed by the half-planes , with the common edge a. 86P( )
The set of points of the dihedral angle ()a, i.e. P( ) Pa . 87adj()
Any dihedral angle, adjacent to the given dihedral angle 89adjsp
Any of the two dihedral angles, adjacent supplementary to . 90vert
() The dihedral angle, vertical to , i.e. vert () cc. 91S(a) A
pencil of half-planes with the same edge a. 96[aAaBaC] Half-plane
aB lies between the half-planes aA, aC. 96(aAaC) Op en dihedral
angular interval formed by the half-planes aA, aC. 97[aAaC)
Half-open dihedral angular interval formed by the half-planes aA,
aC. 97(aAaC] Half-closed dihedral angular interval formed by the
half-planes aA, aC. 97[aAaC] Closed dihedral angular interval
formed by the half-planes aA, aC. 97[12 . . . n(. . .)] The
half-planes 1, 2, . . . , n(, . . .) are in order [12 . . . n(. .
.)]. 102o Dihedral angular ray emanating from o and containing .
102( )o The half-plane precedes the half-plane on the dihedral
angular ray o. 103

( )o , For half-planes , on o we let def

( ) ( = ). 104(i) The half-plane precedes in the direct (i = 1)
or inverse (i = 2)order. 104oc Dihedral angular ray, complementary
to the dihedral angular ray o. 105AB CD The interval AB is
congruent to the interval CD 106(h, k) (l, m) Angle (h, k) is
congruent to the angle (l, m) 106A B The figure (point set) A is
congruent to the figure B. 107A1A2 . . . An B1B2 . . . Bn The path
A1A2 . . . An is weakly congruent to the path B1B2 . . . Bn.
107A1A2 . . . An B1B2 . . . Bn The path A1A2 . . . An is congruent
to the path B1B2 . . . Bn. 107A1A2 . . . An = B1B2 . . . Bn The
path A1A2 . . . An is strongly congruent to the path B1B2 . . . Bn.
107a b The line a is perpendicular to the line b. 113

proj(A, a) Projection of the point A on the line a.
113proj(AB,a) Projection of the interval AB on the line a. 113AB AB
The interval AB is shorter than or congruent to the interval AB.
120AB < AB The interval AB is shorter than the interval AB.
120(h, k) (h, k) The angle (h, k) is less than or congruent to the
angle (h, k). 122(h, k) < (h, k) The angle (h, k) is less than
the angle (h, k). 122
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Symbol Meaning PageAB CD The generalized interval AB is
congruent to the generalized interval CD. 123AB AB The generalized
interval AB is shorter than or congruent to the generalized
interval AB. 125AB < AB The generalized interval AB is shorter
than the generalized interval AB. 125E = mid AB The point E is the
midpoint of the interval AB. 141

v


	
8/8/2019 Belyaev, O.a. - Fundamentals of Geometry Euclidean,
Euclidean) - 2005, 231s

8/231

vi


	
8/8/2019 Belyaev, O.a. - Fundamentals of Geometry Euclidean,
Euclidean) - 2005, 231s

9/231

Part I

Classical Geometry

1


	
8/8/2019 Belyaev, O.a. - Fundamentals of Geometry Euclidean,
Euclidean) - 2005, 231s

10/231


	
8/8/2019 Belyaev, O.a. - Fundamentals of Geometry Euclidean,
Euclidean) - 2005, 231s

11/231

Chapter 1

Absolute (Neutral) Geometry

Preamble

Following Hilbert, in our treatment of neutral geometry (called
also absolute geometry and composed of facts true inboth Euclidean
and Lobachevskian geometries) we define points, lines, and planes
as mathematical objects with theproperty that these objects, as
well as some objects formed from them, like angles and triangles,
satisfy the axioms

listed in sections 1 through 4 of this chapter. We shall denote
points, lines and planes by capital Latin A , B , C , . . .,small
Latin a , b , c , . . ., and small Greek , , , . . . letters
respectively, possibly with subscripts.

1.1 Incidence

Hilberts Axioms of Incidence

Denote by CPt, CL and CPl the classes of all points, lines and
planes respectively. 1 Axioms A 1.1.1 A 1.1.8 definetwo relations L
CPt CL and Pl CPt CPl. If ALa or APl 2, we say that A lies on, or
incident with, a(respectively ), or that a (respectively ) goes
through A. As there is no risk of confusion, when speaking of
thesetwo relations in the future, we will omit the clumsy
subscripts L and P l.

We call a set of points (or, speaking more broadly, of any
geometrical objects for which this relation is defined)

lying on one line a (plane ) 3, a collinear (coplanar) set. 4
Points of a collinear (coplanar) set are said to colline ofbe
collinear (coplane or be coplanar, respectively).

Denote Pa {A|A a} and P {A|A } the set of all point of line a
and plane , respectively. We shallalso sometimes refer to the set
Pa (P) as the contour of the line a (respectively, contour of the
plane ).

Axiom 1.1.1. Given distinct points A, B, there is at least one
line a incident with both A and B.

Axiom 1.1.2. There is at most one such line.

We denote the line incident with the points A, B by aAB.

Axiom 1.1.3. Each line has at least two points incident with it.
There are at least three points not on the same line.

Axiom 1.1.4. If A,B,C are three distinct points not on the same
line, there is at least one plane incident with all

three. Each plane has at least one point on it.

Axiom 1.1.5. If A,B,C are three distinct points not on the same
line, there is at most one plane incident with allthree.

We denote the plane incident with the non-collinear points A,B,C
by ABC.

Axiom 1.1.6. If A, B are distinct points on a line l that lies
on a plane , then all points of l lie on .

If all points of the line a lie in the plane , one writes a and
says a lies on , goes through a. Ingeneral, if for a geometric
object, viewed as a point set X, we have X Pa or X P, we say that
the object Xlies on line a or in (on) plane , respectively.

1The reader will readily note that what we mean by points,
lines, planes, and, consequently, the classes CPt, CL and CPl
changes

from section to section in this chapter. Thus, in the first
section we denote by C

Pt

, C

L

and C

Pl

the classes of all points, lines and planes,respectively
satisfying axioms A 1.1.1 A 1.1.8. But in the second section we
already denote by CPt, CL and CPl the classes of all points,lines
and planes, respectively satisfying those axioms plus A 1.2.1 A
1.2.4, etc.

2As is customary in mathematics, if mathematical objects a A and
b B are in the relation , we write ab; that is, we let

abdef

(a, b) A B.3Obviously, to say that several points or other
geometric object lie on one line a (plane ) equals to saying that
there is a line a (plane

) containing all of them4Obviously, this definition makes sense
only for sets, containing at least two points or other appropriate
geometric objects.
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Axiom 1.1.7. If a point lies on two distinct planes, at least
one other point lies on both planes.

Axiom 1.1.8. There are at least four points not on the same
plane.

Obviously, axioms A 1.1.3, A 1.1.4 imply there exists at least
one line and at least one plane.If A a (A ) and A b (A ), the lines
(planes) a () and b () are said to intersect or meet in their

common point. We then write A a b 5 Unless other definitions are
explicitly given for a specific case, a point setA is said to meet
another point set B (line a or plane alpha in their common points A
A B (A A and A

respectively).6

If two (distinct) lines meet, they are said to form a cross.If
two or more point sets, lines or planes meet in a single point,
they are said to concur, or be concurrent, in (at)

that point.A non-empty set of points is usually referred to as a
geometric figure. A set of points all lying in one plane (on

one line) is referred to as plane geometric figure (line
figure).

Consequences of Incidence Axioms

Proposition 1.1.1.1. If A, C are distinct points and C is on aAB
then aAC = aAB.

Proof. A aAC& C aAC& A aAB & C aABA1.1.2= aAC = aAB.
2

Corollary 1.1.1.2. If A, C are distinct points and C is on aAB
then B is on aAC.Corollary 1.1.1.3. If A,B,C are distinct points
and C is on aAB then aAB = aAC = aBC.

Lemma 1.1.1.4. If {Ai|i U}, is a set of points on one line a
then a = aAiAjfor all i = j, i,j U.

Proof. Ai a & Aj a a = aAiAj . 2

Corollary 1.1.1.5. If {Ai|i U}, is a set of points on one line a
then any of these points Ak lies on all lines aAiAj ,i = j, i, j U.
2

Lemma 1.1.1.6. If the point E is not on the line aAC, then all
other points of the line aAE except A are not onaAC.

Proof. Suppose F aAE aAC and F = A. Then by A 1.1.2 aAE = aAC,
whence E aAC - a contradiction. 2

Lemma 1.1.1.7. If A1, A2, . . . , An(, . . .), n 3, is a finite
or (countably) infinite sequence of (distinct) points, andany three
consecutive points Ai, Ai+1, Ai+2, i = 1, 2, . . . , n 2(, . . .)
of the sequence are collinear, then all points ofthe sequence lie
on one line.

Proof. By induction. The case n = 3 is trivial. If A1, A2, . . .
, An1 are on one line a (induction!), then by C 1.1.1.5Ai a =
aAn2An1 , i = 1, 2, . . . , n. 2

Lemma 1.1.1.8. If two points of a collinear set lie in plane
then the line, containing the set, lies in plane .

Proof. Immediately follows from A 1.1.6. 2

Theorem 1.1.1. Two distinct lines cannot meet in more than one
point.

Proof. Let A = B and (A a b) & (B a b). Then by A1.1.2 a =
b.2

Lemma 1.1.2.1. For every line there is a point not on it.

Proof. By A1.1.3 {A,B,C} such that b (A b & B b & C b),
whence P {A,B,C} such that P / a(otherwise A a & B a & C
a.) 2

Lemma 1.1.2.2. If A and B are on line a and C is not on line a
then A,B,C are not on one line.

Proof. If B (A b & B b & C b), then A b & B b &
A a & B aA1.1.2= a = b C - a contradiction. 2

Corollary 1.1.2.3. If C is not on line aAB then A,B,C are not on
one line, B is not on aAC, and A is not onaBC. If A,B,C are not on
one line, then C is not on line aAB, B is not on aAC, and A is not
on aBC.

Lemma 1.1.2.4. If A and B are distinct points, there is a point
C such that A,B,C are not on one line.

Proof. By L1.1.2.1 C / aAB. By C 1.1.2.3 C / aAB b (A b & B
b & C b). 2

Lemma 1.1.2.5. For every point A there are points B, C such that
A,B,C are not on one line.

5Similar to the definition of a , this notation agrees with the
set-theoretical interpretation of a line or plane as an array of
points.However, this interpretation is not made necessary by
axioms. This observation also applies to the definitions that
follow.

6These relations to meet are obviously symmetric, which will be
reflected in their verbal usage.
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Proof. By A1.1.3 B = A. By C1.1.2.3 C such that b (A b & B b
& C b). 2

Lemma 1.1.2.6. For every plane there is a point P not on it.

Proof. By A1.1.8 {A,B,C,D} such that (A & B & C & D
), whence P {A,B,C,D} suchthat P / . (otherwise (A & B & C
& D ). 2

Lemma 1.1.2.7. If three non-collinear points A,B,C are on plane
, and D is not on it, then A,B,C,D are notall on one plane.

Proof. If (A & B & C & D ) then (b (A b & B b
& C b) ) & (A & B & C & A

& B & C )A1.1.5= = D - a contradiction. 2

Corollary 1.1.2.8. If D is not on plane ABC, then A,B,C,D are
not on one plane. 2

Lemma 1.1.2.9. If A,B,C are not on one line, there is a point D
such that A,B,C,D are not on one plane.

Proof. b (A b & B b & C b)A1.1.4= ABC. By L1.1.2.6 D /
ABC, whence by C1.1.2.8 (A & B

& C & D ). 2

Lemma 1.1.2.10. For any two points A, B there are points C, D
such that A,B,C,D are not on one plane.

Proof. By L1.1.2.4 C such that b(A b & B b & C b),
whence by By L1.1.2.9 D (A & B & C & D ). 2

Lemma 1.1.2.11. For any point A there are points B,C,D such that
A,B,C,D are not one plane.

Proof. By A1.1.3 B = A. By L 1.1.2.10 {C, D} such that (A &
B & C & D ). 2

Lemma 1.1.2.12. A point A not in plane cannot lie on any line a
in that plane.

Proof. A a & a A - a contradiction. 2

Theorem 1.1.2. Through a line and a point not on it, one and
only one plane can be drawn.

Proof. Let C / a. By A1.1.3 {A, B} ((A a) & (B a)). By
L1.1.2.2 b ((A b) & (B b) & (C b)), whenceby A1.1.4 ((A )
& (B ) & (C )). By 1.1.6 (A a) & (B a) & (A ) &
(B ) a . To show

uniqueness note that (a ) & (C ) & (a ) & (C ) (A )
& (B ) & (C ) & (A ) & (B ) & (C ) = . 2

We shall denote the plane drawn through a line a and a point A
by aA.

Theorem 1.1.3. Through two lines with a common point, one and
only one plane can be drawn.

Proof. Let A = ab. By A1.1.3 B ((B b) & (B = A)). By T1.1.1
B / a, whence by T1.1.2 ((a ) & (B )).By A1.1.6 (A ) & (B )
& (A b) & (B b) b . If there exists such that a & b
then

b & B b B and (a & B & a & B )T1.1.2= = . 2

Theorem 1.1.4. A plane and a line not on it cannot have more
than one common point.

Proof. If A = B then by A1.1.6 A a & A & B a & B a .
2

Theorem 1.1.5. Two distinct planes either do not have common
points or there is a line containing all their commonpoints.

Proof. Let = . Then A (A & A )A1.1.7= B (B = A & B &
B ) and by A1.1.6 aAB . If

C / aAB & C then aAB & C / aAB & C T1.1.2= = - a
contradiction. 2

Lemma 1.1.6.1. A point A not in plane cannot lie on any line a
in that plane.

Proof. A a & a A - a contradiction. 2

Corollary 1.1.6.2. If points A, B are in plane , and a point C
is not in that plane, then C is not on aAB.

Proof. A & B A1.1.6= aAB . C / & aAB

L1.1.6.1= C / aAB. 2

Corollary 1.1.6.3. If points A, B are in plane , and a point C
is not in that plane, then A,B,C are not on oneline.

Proof. By C1.1.6.2 C / aAB, whence by 1.1.2.3 A,B,C are not on
one line. 2

Theorem 1.1.6. Every plane contains at least three non-collinear
points.

5
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A

B

D

CF

E

Figure 1.1: Every plane contains at least three non-collinear
points.

Proof. (See Fig. 1.1.) By A 1.1.4 A A . By L 1.1.2.6 B B / . By
L1.1.2.1 D D / aAB, whence by T1.1.2

(aAB & D ). aAB A & B . A / & A = . A & A &
= A1.1.7= C C

. A & C A1.1.6= aAC . By L 1.1.2.6 E E / . E / & aAB

L1.1.6.1= E / aAB

T1.1.2 aAB

& E . aAB A & B . B / & B = . E / & E = . A
A1.1.7= F F

. F / aAC, since otherwise F aAC& aAC F , and A & F
& B / C1.1.6.3

= b (A b & B

b & F b), and b (A b & B b & F b) & A & B
& F & A & B & & F A1.1.4= = - a

contradiction. Finally, F / aACA1.1.4= b (A b & C b & F
b). 2

Corollary 1.1.6.4. In any plane (at least) three distinct lines
can be drawn.

Proof. Using T 1.1.6, take three non - collinear points A, B, C
in plane . Using A 1.1.1, draw lines aAB, aBC, aAC.By A 1.1.6 they
all line in . Finally, they are all distinct in view of
non-collinearity of A, B, C. 2

Corollary 1.1.6.5. Given a line a lying in a plane , there is a
point A lying in outside a.

Proof. See T 1.1.6. 2

Corollary 1.1.6.6. In every plane there is a line a and a point
A lying in outside a.

Proof. See T 1.1.6, A 1.1.1. 2

We say that a line a is parallel to a line b, or that lines a
and b are parallel (the relation being obviously symmetric),and
write a b, if a and b lie in one plane and do not meet.

A couple of parallel lines a, b will be referred to as an
abstract strip (or simply a strip) ab.A line a is said to be
parallel to a plane (the plane is then said to be parallel to the
line a) if they do not

meet.A plane is said to be parallel to a plane (or, which is
equivalent, we say that the planes , are parallel, the

relation being obviously symmetric) if = .

Lemma 1.1.7.1. If lines aAB, aCD are parallel, no three of the
points A, B, C, D are collinear, and, consequently,none of them
lies on the line formed by two other points in the set
{A,B,C,D}.

Proof. In fact, collinearity of any three of the points A, B, C,
D would imply that the lines aAB, aCD meet.2

Lemma 1.1.7.2. For any two given parallel lines there is exactly
one plane containing both of them.

Proof. Let a b, where a , a , b , b . Using A 1.1.3, choose
points A1 a, A2 a, B b. Since a b,

the points A1, A2, B are not collinear. Then A1 & A2 &
& B & A1 & A2 & B A1.1.5= = .

2

6
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We shall denote a plane containing lines a, b, whether parallel
or having a common point, by ab.

Lemma 1.1.7.3. If lines a, b and b, c are parallel and points A
a, B b, C c are collinear, the lines a, b, c alllie in one
plane.

Proof. That A, B, Care collinear means d (A d & B d & C
d). We have B dbc& C dbcA1.1.6= d bc.

A a & a b A / b. Finally, A d bc& A a ab& b ab&
b bc& A / b

T1.1.2

= ab = bc.2

Two lines a, b that cannot both be contained in a common plane
are called skew lines. Obviously, skew lines arenot parallel and do
not meet (see T 1.1.3.)

Lemma 1.1.7.4. If four (distinct) points A, B, C, D are not
coplanar, the lines aAB, aCD are skew lines.

Proof. Indeed, if the lines aAB, aCD were contained in a plane ,
this would make the points A, B, C, D coplanarcontrary to
hypothesis. 2

Lemma 1.1.7.5. If a plane not containing a point B contains both
a line a and a point A lying outside a, the

lines a, aAB are skew lines.

Proof. If both a, aAB were contained in a single plane, this
would be the plane , which would in this case containB contrary to
hypothesis. 2

1.2 Betweenness and Order

Hilberts Axioms of Betweenness and Order

Axioms A 1.2.1 - A 1.2.4 define a ternary relation to lie
between or to divide CPt CPt CPt. If points

A,B,C are in this relation, we say that the point B lies between
the points A and C and write this as [ABC].

Axiom 1.2.1. If B lies between A and C, then A, C are distinct,
A,B,C lie on one line, and B lies between C andA.

Axiom 1.2.2. For every two points A and C there is a point B
such that C lies between A and B.

Axiom 1.2.3. If the point B lies between the points A and C,
then the point C cannot lie between the points A andB.

For any two distinct points A, B define the following point
sets:

An (abstract) interval AB {A, B};

An open interval (AB) {X|[AXB ]};Half-open (half-closed)
intervals [AB) {A} (AB) and (AB] (AB) {B};

For definiteness, in the future we shall usually refer to point
sets of the form [ AB) as the half-open intervals, andto those of
the form (AB] as the half-closed ones.

A closed interval, also called a line segment, [AB] (AB) AB.

Open, half-open (half - closed), and closed intervals thus
defined will be collectively called interval - like sets.Abstract
intervals and interval - like sets are also said to join their ends
A, B.

An interval AB is said to meet, or intersect, another interval
CD (generic point set A 7, line a, plane ) in apoint X if X (AB)
(CD) ( X (AB) A, X (AB) a, X (AB) , respectively).

Given an abstract interval or any interval-like set X with the
ends A, B, we define its interior IntX by IntX (AB), and its
exterior ExtX by ExtX PaAB \ [AB] = {C|C aAB & C / [AB]}. If
some point C lies in theinterior (exterior) of X, we say that it
lies inside (outside ) X. 8

Axiom 1.2.4 (Pasch). Let a be a line in a plane ABC, not
containing any of the points A,B,C. Then if a meetsAB, it also
meets either AC or BC.

7That is, a set conforming to the general definition on p.
4.8The topological meaning of these definitions will be elucidated
later; see p. 18.

7
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A B C
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Figure 1.2: Construction for the proofs of L 1.2.1.6 and C
1.2.1.7

Basic Properties of Betweenness Relation

The axiom A 1.2.3 can be augmented by the following
statement.

Proposition 1.2.1.1. If B lies between A and C, then A, B, C are
distinct points. 9

Proof. [ABC]A1.2.3= [ABC]. [ABC] & [ACB ] & B = C [ABB ]
& [ABB ] - a contradiction. 2

Proposition 1.2.1.2. If a point B lies between points A and C,
then the point A cannot lie between the points Band C.10

Proof. [ABC]A1.2.1= [CB A]

A1.2.3= [CAB]

A1.2.1= [BAC]. 2

Lemma 1.2.1.3. If a point B lies between points A and C, then B
is on line aAC, C is on aAB, A is on aBC, andthe lines aAB, aAC,
aBC are equal.

Proof. [ABC]A1.2.1= A = B = C& a (A a & B a & C a).
By C 1.1.1.5 B aAC& C aAB & A aBC. Since

A = B = C, by C 1.1.1.3 aAB = aAC = aBC. 2

Lemma 1.2.1.4. If a point B lies between points A and C, then
the point C lies outside AB (i.e., C lies in the set

ExtAB), and the point A lies outside BC (i.e., A ExtBC).

Proof. Follows immediately from A 1.2.1, A 1.2.3, L 1.2.1.3.
2

Lemma 1.2.1.5. A line a, not containing at least one of the ends
of the interval AB, cannot meet the line aAB inmore than one
point.

Proof. If C a aAB and D a aAB, where D = C, then by A 1.1.2 a =
aAB A a & B a. 2

Lemma 1.2.1.6. Let A,B,C be three points on one line a; the
point A lies on this line outside the interval BC,and the point D
is not on a. If a line b, drawn through the point A, meets one of
the intervals BD,CD, it also meetsthe other.

Proof. (See Fig. 1.2.) Let A b and suppose that E ([BED] & E
b). Then [BED]L1.2.1.3

= E aBD & D aBE .

A a = aBC BCD & E aBD BCD & A b & E bA1.1.6= b BCD .
E / a, since otherwise B a & E

a a = aBE D - a contradiction. B / b & C / b, because (B b C
b) & A b a = b E. D / b,otherwise D b & E b B b = aDE . By
A 1.2.4 F (F b & [CF D]), because if H (H b & [BH C])
then

a = b & H a = aBC& H b & A a & A bT1.1.1= H = A,
whence [BAC]- a contradiction. Replacing E with F

and B with C, we find that F (F b & [CF D]) E ([BE D] &
E b). 2

Corollary 1.2.1.7. Let a point B lie between points A and C, and
D be a point not on aAC. If a line b, drawnthrough the point A,
meets one of the intervals BD,CD, it also meets the other.
Furthermore, if b meets BD in Eand CD in F, the point E lies
between the points A, F.

Proof. (See Fig. 1.2.) Since by A 1.2.1, A 1.2.3 [ABC] A = B =
C& a (A a & B a & C a) & [BAC],

the first statement follows from L 1.2.1.6. To prove the rest
note that D / aACC1.1.2.3

= A / aCD , [DF C] & A /aCD & D aDB & B aDB &
[CBA]

above= E E aDB (AF), and E aDB aAF& E aBD aAF& B /

aAF = bL1.2.1.5

= E = E. 11 2

9For convenience, in the future we shall usually refer to A
1.2.3 instead of P 1.2.1.1.10For convenience, in the future we
shall usually refer to A 1.2.3 instead of P 1.2.1.2.11We have shown
that B / b in L 1.2.1.6
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A D
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E

Figure 1.3: For any two distinct points A and C there is a point
D between them.

Corollary 1.2.1.8. Let A, C be two distinct points and a point E
is not on line aAC. Then any point F such that[AEF] or [AF E] or
[EAF], is also not on aAC.

Proof. Observe that [AEF] [AF E] [EAF]A1.2.1= A = F & F aAE
and then use L 1.1.1.6. 2

Lemma 1.2.1.9. If half-open/half-closed intervals [AB), (BC]
have common points, the points A, B, C colline. 12

Proof. [AB) (BC] = D D [AB) (BC]L1.2.1.3

= D aAB aBCA1.1.2= aAB = aBC, whence the result. 2

Corollary 1.2.1.10. If lines a, b and b, c are parallel and a
point B b lies between points A a, C c, the linesa, b, c all lie in
one plane.

Proof. Follows immediately from L 1.2.1.3, L 1.1.7.3. 2

Corollary 1.2.1.11. Any plane containing two points contains all
points lying between them.

Proof. Follows immediately from A 1.1.6, L 1.2.1.3. 2

Corollary 1.2.1.12. Suppose points A, B, C are not collinear and
a line a has common points with (at least) twoof the open intervals
(AB), (BC), (AC). Then these common points are distinct and the
line a does not contain anyof the points A, B, C.

Proof. Let, for definiteness, F a (AB), D a (AC). Obviously, F =
D, for otherwise we would have (seeL 1.2.1.3, A 1.1.2) F = D aAB
aAC aAB = aAC - a contradiction. Also, we have A / a, B / a, C /
a,because otherwise 13 (A a B a C a) & F a & D a & F
aAB & D aAC a = aAB a = aAC F aAB

aAC

F aAB

aAC

aAB

= aAC

- again a contradiction. 2

Corollary 1.2.1.13. If a point A lies in a plane and a point B
lies outside , then any other point C = A of theline aAB lies
outside the plane . 14

Proof. B / aAB / . Hence by T 1.1.2 aAB and concur at A (that
is, A is the only common point of the lineaAB and the plane ).
2

Theorem 1.2.1. For any two distinct points A and C there is a
point D between them.

Proof. (See Fig. 1.3.) By L 1.1.2.1 E E / aAC. By A 1.2.2 F
[AEF]. From C 1.2.1.8 F / aAC, and therefore

C / aAF by L 1.1.1.6. Since F = C, by A 1.2.2 G [F CG]. C /
aAF& [F CG]C1.2.1.8

= G / aAFC1.1.2.3

= G = E& A /

aFG. [AEF]A1.2.1= [F EA] & A = F. Denote b = aGE. As [F CG],
A / aFG, G b, and E b & [F EA], by C 1.2.1.7

D (D b & [ACD]). 212This lemma will also be used in the
following form:If points A, B, C do not colline, the
half-open/half-closed intervals [AB), (BC] do not meet, i.e. have
no common points.13Again, we use (see L 1.2.1.3, A 1.1.2).14In
particular, this is true if any one of the points A, B, C lies
between the two others (see L 1.2.1.3). Note also that we can
formulate

a pseudo generalization of this corollary as follows: Given a
line a, if a point A a lies in a plane , and a point B a lies
outside ,then any other point C = A of the line a lies outside the
plane .

9
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A B C a

D

F

G

E

Figure 1.4: Among any three collinear points A,B,C one always
lies between the others.

A B C D

H,J

G,I

E

F

Figure 1.5: If B is on (AC), and C is on (BD), then both B and C
lie on (AD).

Theorem 1.2.2. Among any three collinear points A,B,C one always
lies between the others. 15

Proof. (See Fig. 1.4.) Suppose A a, B a, C a, and [BAC], [ACB ].
By L 1.1.2.1 D D / a. By A 1.2.2G [BDG]. From L 1.2.1.8 F / aBC = a
= aAC, and therefore C / aBG, A / aCG by C 1.1.2.3. (B = G by A
1.2.1).

D aAD & A aAD & D aCD & C aCD &
[BDG]C1.2.1.7

= E (E aAD & [CEG]) & F (F aCD & [AF G]).

[CE G] & A / aCG & C aCD & F aCD & [AF
G]C1.2.1.7

= I (I aCD & [AIE]). E aAD & A = EC1.1.1.2

=

D aAE. D / aAC = aC1.1.2.3

= A / aCD . A / aCD & D aAE & [AIE] & D aCD & I
aCDL1.2.1.5

= I = D,

whence [ADE]A1.2.2= [EDA]. [CEG] & A / aCG & G aGD&
D aGD & [ADE]

C1.2.1.7= J (J aGD & [AJC]).

B aGD& J aGD & [AJC] & B aBC = a & C / aGD =
aBDL1.2.1.5

= J = B, whence [ABC]. 2

Lemma 1.2.3.1. If a point B lies on an open interval (AC), and
the point C lies on an open interval (BD), thenboth B and C lie on
the open interval (AD), that is, [ABC] & [BC D] [ABD] &
[ACD ].

Proof. (See Fig. 1.5) D = A, because [ABC]A1.2.3= [BC A]. By A
1.2.1, L 1.1.1.7 a (A a & B a & C a & D

a). By L 1.1.2.1 E E / a. By A 1.2.2 F [EC F]. From C 1.2.1.8 F
/ aAC, and therefore A / aCF by C 1.1.2.3.[ABC] & F / aAC&
A aAE & [CEF] & A / ACF& F aBF& B aBFG (G aBF&
[AGE]) & I (I

aAE & [BI F]). E / aABC1.1.2.3

= B / aAE. B / aAE & [BI F] & I aAE & G aAE & G
aBFL1.2.1.5

= I = G. FromF / aBD by C 1.1.2.3 D / aBF and by C 1.2.1.8 G /
aBD , whence G = D. [BC D] & F / aBD & D aGD & G

aGD& [BGF] & D / aBF& F aCF& C aCFC1.2.1.7

= H (H aGD & [CH F]) & J (J aCF & [GJD]).

G / aCD = aBDC1.1.2.3

= C aGD. C / aGD& J aGD& H aGD& J aCF& [CH
F]L1.2.1.5

= J = H.

E / aAC = aADC1.1.2.3

= D / aAE & A / aEC. [AGE] & D / aAE & E aEC& H
aEC& [GHD ]C1.2.1.7

= K (K

aEC& [AKD]). A / aEC& K aEC& C aEC& C aAD &
[AKD]L1.2.1.5

= K = C. Using the result just proven,

we also obtain [ABC] & [BC D]A1.2.2= [DCB] & [CB A]

above= [DBA]

A1.2.2= [ABD]. 2

15The theorem is, obviously, also true in the case when one of
the points lies on the line formed by the two others, i.e. when,
say,B aAC, because this is equivalent to collinearity.
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A B C D

HG

M

F

L

Figure 1.6: If B lies on (AC), and C lies on (AD), then B also
lies on (AD), and C lies on (BD). The converse isalso true.

Lemma 1.2.3.2. If a point B lies on an open interval (AC), and
the point C lies on an open interval (AD), thenB also lies on the
open interval (AD), and C lies on the open interval (BD). The
converse is also true. That is,[ABC] & [ACD] [BC D] &
[ABD].16

Proof. (See Fig. 1.6.) By A 1.2.1, L 1.1.1.7 a (A a & B a
& C a & D a). By L 1.1.2.1 G G / a. ByA 1.2.2 F [BGF]. From
C 1.2.1.8 F / aAB = aAC = aBC = aBD , and therefore by C 1.1.2.3 A
/ aBF, A / aFC,

D / aFC, D / aBF. M (M aFC& [AMC]), because [BGF] & A /
aBF& F aFC& M aFC& [AMG]C1.2.1.7

=

L (L aFC& [ALB]) and therefore A / aFC& L aFC& C
aFC& [ALB] & C aABL1.2.1.5

= L = C, whence

[ACB ]A1.2.3= [ABC]- a contradiction. B aAD AGD& G AGD&
F aBG & C aAD AGD

A1.1.6= aFC

AGD. C aFC& [ACD] & M (M aFC& [AMG])A1.2.4= H (H
aFC& [GHD ]). [BGF] & D / aBF& F

aCF & C aCF & [GHD ]C1.2.1.7

= I (I aCF & [BI D]). D / aCF & I aCF & C aCF&
[BI D] & C aBDL1.2.1.5

=

I = C, whence [BC D]. [ABC] & [BC D]L1.2.3.1

= [ABD]. To prove the converse, note that [ABD] & [BC
D]A1.2.1=

[DCB] & [DBA]above= [DCA] & [CB A]

A1.2.1= [ACD] & [ABC]. 2

If [CD ] (AB), we say that the interval CD lies inside the
interval AB.

Theorem 1.2.3. Suppose each of the points C, D lie between
points A and B. If a point M lies between C and D,it also lies
between A and B. In other words, if points C, D lie between points
A and B, the open interval (CD) liesinside the open interval
(AB).

Proof. (See Fig. 1.8) By A 1.2.1, L 1.1.1.7 a (A a & B a
& C a & D a), and all points A,B,C,D are distinct,

whence by T 1.2.2 [ACD] [ADC] [CAD ]. But [CAD], because
otherwise [CAD] & [ADB]L1.2.3.1

= [CAB]A1.2.3=

[ACB ] - a contradiction. Finally, [ACD ] & [CM
D]L1.2.3.2

= [AMD] and [AMD] & [ADB]L1.2.3.2

= [AMB]. 2

Lemma 1.2.3.3. If points A, B, D do not colline, a point F lies
between A, B and the point C lies between B, D,there is a point E,
which lies between C, A as well as between D, F.

Proof. (See Fig. 1.7.) [AF B]A1.2.1= A = F = B. F = B

A1.2.2= H [F BH]. [AF H] & [F BH]

L1.2.3.1= [AF H] & [ABH].

Denote for the duration of this proof a aFB = aAB = aAF = aFH =
. . . (see L 1.2.1.3). By C 1.1.2.3

that A, B, D do not colline implies D / a. We have [F BH] &
D / a & [BC D]C1.2.1.7

= R [F RD] & [HCR].

[AF H] & D / a & [F RD]C1.2.1.7

= L [ALD] & [HRL]. [HCR] & [HRL]L1.2.3.2

= [HCL]L1.2.1.3

= H aCL. Observe that

B a & [BC D] & D / aC1.2.1.7

= C / a, and therefore C / aAL, 17 because otherwise C aAL&
L = CC1.1.1.2

= A

aLC and A aLC& H aLCA1.1.2= aLC = aAH = a C a - a
contradiction. C / aAL& [ALD] & [LRC]

C1.2.1.7=

E [AEC] & [DRE]. D / a = aABC1.1.2.3

= A / aBD . A / aBD & [BC D] & [CE A]C1.2.1.7

= X ([BX A] & [DEX]).

[DRE] & [DEX]L1.2.3.2

= [DRX]. [F RD] & [DRX] & [BX A]L1.2.1.3

= F aDR & X aDR & X a. D / a aDR = a.

Finally, F a aDR & X a aDR & a = aDRA1.1.2= X = F. 2

Proposition 1.2.3.4. If two (distinct) points E, F lie on an
open interval (AB) (i.e., between points A, B), theneither E lies
between A and F or F lies between A and E.

16Note that in different words this lemma implies that if a
point C lies on an open interval (AD), the open intervals (AC),
(CD) areboth subsets of (AD).17aAL definitely exists, because [ALD]
A = L.
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H

C DB

R

E

F

A

Figure 1.7: If A, B, D do not colline, F lies between A, B, and
C lies between B, D, there is a point E with [CEA]and [DEF].

A D BM

Figure 1.8: If C, D lie between A and B, (CD) lies inside
(AB).18

Proof. By A 1.2.1 [AEB ] & [AF B] A = E& A = F, and the
points A, B, E, F are collinear (by L 1.2.1.3E aAB, F aAB). Also,
by hypothesis, E = F. Therefore, by T 1.2.2 [EAF] [AEF] [AF E]. But
[EAF] & E

(AB) & F (AB)T1.2.3= A (AB), which is absurd as it
contradicts A 1.2.1. We are left with [AEF] [AF E], q.e.d.

2

Lemma 1.2.3.5. If both ends of an interval CD lie on a closed
interval [AB], the open interval (CD) is includedin the open
interval (AB).

Proof. Follows immediately from L 1.2.3.2, T 1.3.3. 2

Theorem 1.2.4. If a point C lies between points A and B, then
none of the points of the open interval (AC) lie on

the open interval (CB ).

Proof. (See Fig. 1.9) [AMC] & [ACB ]L1.2.3.2

= [M CB ]A1.2.3= [CM B]. 2

Theorem 1.2.5. If a point C lies between points A and B, then
any point of the open interval (AB), distinct fromC, lies either on
the open interval (AC) or on the open interval (CB). 19

Proof. By A 1.2.1, L 1.1.1.7 a (A a & B a & C a & M
a), whence by T 1.2.2 [CBM] [CMB]

[MCB]. But [CB M], because otherwise [ACB ] &
[CBM]L1.2.3.1

= [ABM]A1.2.3= [AMB] - a contradiction. Fi-

nally, [AMB] & [M CB ]L1.2.3.2

= [AMC]. 2

A MCB

Figure 1.9: If C lies between A and B, then (AC) has no common
points with (CB). Any point of (AB) lies eitheron (AC) or (CB).
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AOCD

Figure 1.10: If C lies between A and B, any point M of AB, M =
C, lies either on (AC) or on CB .

ALCMB g

a

ANC N

M

B

L

a

1)

2)

M,N

Figure 1.11: If O divides A and C, A and D, it does not divide C
and D.

Proposition 1.2.5.1. If a point O divides points A and C, as
well as A and D, then it does not divide C and D.

Proof. (See Fig. 1.10) By L 1.1.1.7, A 1.2.1 [AOC] & [AOD] A
= C& A = D & a (A a & C a & D a). If also

C = D 20, from T 1.2.2 [CAD][ACD ][ADC]. But [CAD ], because
[CAD ] & [AOD]L1.2.3.2

= [CAO ]A1.2.3= [AOC].

Hence by T 1.2.4 ([ACD] [ADC] ) & [AOC] & [AOD] [COD].
2

Proposition 1.2.5.2. If two points or both ends of an
interval-like set lie on line a, this set lies on line a.

Proposition 1.2.5.3. If two points or both ends of an
interval-like set with the ends A, B lie in plane , then theline
aAB, and, in particular, the set itself, lies in plane .

Theorem 1.2.6. Let either- A,B,C be three collinear points, at
least one of them not on line a,or- A,B,C be three non-collinear
point, and a is an arbitrary line.Then the line a cannot meet all
of the open intervals (AB), (BC), and (AC).

Proof. (See Fig. 1.2) Suppose L (L a & [ALB]) & M (M a
& [BM C]) & N (N a & [AN C]). If A / a, thenalso B / a
& C / a, because otherwise by A 1.1.2, L 1.2.1.3 ((B a C a)
& [ALB] & [ANC]) (a = aAB) (a =aAC) A a.

1) Let g (A g & B g & C g). Then by T 1.2.2 [ACB ] [ABC]
[CAB ]. Suppose that [ACB ].21. Then

A / a & A g a = g, [ALB] & [BM C] & [AN
C]L1.2.1.3

= L aAB = g & M aBC = g & N aAC = g, and

therefore L a g & M a g & N a g & a = gT1.1.1= L = M
= N, whence [ALC] & [CLB ], which contradicts

[ACB ] by T 1.1.1.2) Now suppose g (A g & B g & C g),
and therefore aAB = aBC = aAC. L = M, because

[ALB] & [BLC]L1.2.1.3

= L aAB & L aBC aAB = aBC, L = N, because [ALB] &
[ALC]L1.2.1.3

= L

aAB & L aAC aAB = aAC, and M = N, because [BLC] &
[ALC]L1.2.1.3

= L aBC& L aAC aBC = aAC.

L = M = N& L a & M a & N aT1.2.2

= [LMN] [LNM] [MLN]. Suppose [LMN].22 Then [AN C] & aAB
=19Thus, based on this theorem and some of the preceding results
(namely, T 1.2.1, L 1.2.3.2, T 1.2.4), we can write [ ABC] (AC)
=

(AB) {B} (BC), (AB) (AC), (BC) (AC), (AB) (BC) = .20for C = D
see A 1.2.121Since A,B ,C, and therefore L,M,N, enter the
conditions of the theorem symmetrically, we can do this without any
loss of generality

and not consider the other two cases22See previous footnote
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A A A A A A A A A1 2 3 k-1 k k+1 n-2 n-1 n

Figure 1.12: Every point, except the first and the last, lies
between the two points with adjacent (in N) numbers

aAC N / aAB, [ALB] & N / aAB & B aBC& C aBC&
[LMN]C1.2.1.7

= D (D aBC& [ADN]) and

A / aBC& C aBC& D & aBC& C aAN&
[ADN]L1.2.1.5

= C = D, whence [ACN]A1.2.3= [ANC] -a con-

tradiction. 2

Denote Nn {1, 2, . . . n}

Betweenness Properties for n Collinear Points

Lemma 1.2.7.1. Suppose A1, A2, . . . , An(, . . .), where n Nn(n
N) is a finite (infinite) sequence of points withthe property that
a point lies between two other points if its number has an
intermediate value between the numbersof these points. Then if a
point of the sequence lies between two other points of the same
sequence, its number hasan intermediate value between the numbers
of these two points. That is, (i,j,k Nn (respectively, N) ((i <
j l would imply [A0B2B1] by the preceding corollary,

which, according to A 1.2.3, contradicts [A0B1B2]. Suppose k =
l. Note that [A0B1B2]A1.2.1= B1 = B2 = A0. The

assumption B2 = Ak1 would (by L 1.2.9.1; we have in this case 0
< k 1, because B2 = A0) imply [A0B2B1] - acontradiction.
Finally, if B1, B2 (Ak1Ak) then by P 1.2.3.4 either [Ak1B1B2] or
[Ak1B2B1]. But [Ak1B2B1]would give [A0B2B1] by (the second part of)
L 1.2.9.2. Thus, we have [Ak1B1B2]. There remains also the
possibilitythat B1 = Ak1 and B2 [Ak1Ak). 2

Lemma 1.2.9.5. If 0 j < k l 1 < n and B (Al1Al) then
[AjAkB]. 28

Proof. By L 1.2.7.7 [AjAkAl]. By L 1.2.9.1 [AkBAl]. Therefore,
[AjAkAl] & [AkBAl]L1.2.3.2

= [AjAkB]. 2

Lemma 1.2.9.6. If D (Aj1Aj), B (Al1Al), 0 < j k l 1 < n,
then [DAkB].

Proof. Since j k j 1 < k, we have from the preceding lemma (L
1.2.9.5) [Aj1AkB] and from L 1.2.9.1[Aj1DAk]. Hence by L 1.2.3.2
[DAkB]. 2

Lemma 1.2.9.7. If B1 (AiAj), B2 (AkAl), 0 i < j < k < l
n then (AjAk) (B1Ak) (B1B2) (B1Al) (AiAl), (AjAk) = (B1Ak) = (B1B2)
= (B1Al) = (AiAl) and (AjAk) (AjB2) (B1B2) (AiB2)

(AiAl), (AjAk) = (AjB2) = (B1B2) = (AiB2) = (AiAl).

Proof. 29 Using the lemmas L 1.2.3.1, L 1.2.3.2 and the results
following them (summarized in the footnote accom-

panying T 1.2.5), we can write [AiB1Aj ] &
[AiAjAk]L1.2.3.2

= [B1AjAk] (AjAk) (B1Ak) & (AjAk) = (B1Ak).

Also, [AjAkAl] & [AkB2Al] [AjAkB2] (AjAk) (AjB2) &
(AjAk) = (AjB2). [B1AjAk] & [AjAkB2]L1.2.3.1

=[B1AjB2] & [B1AkB2] (AjB2) (B1B2) & (AjB2) = (B1B2)
& (B1Ak) (B1B2) & (B1Ak) = (B1B2).[B1AkB2] & [AkB2Al]
[B1B2Al] (B1B2) (B1Al) (B1B2) = (B1Al). [AiB1Aj ] & [B1AjB2]
[AiB1B2] (B1B2) (AiB2) (B1B2) = (AiB2). [AiB1B2] & [B1B2Al]
[AiB1Al] & [AiB2Al] (B1Al) (AiAl) & (B1Al) =(AiAl) &
(AiB2) (AiAl) & (AiB2) = (AiAl). 2

Lemma 1.2.9.8. Suppose B1 [AkAk+1), B2 [AlAl+1), where 0 < k
+ 1 < l < n. Then (Ak+1Al) (B1B2)

(AkAl+1), (Ak+1Al) = (B1B2) = (AkAl+1).26Due to symmetry, we can
do so without loss of generality.27Recall that by L 1.2.7.3 this
means that the points A0, A1, A2, . . . , An are in order [A0A1A2 .
. . An].28Similarly, it can be shown that if 0 < l j < k n
and B (Al1Al) then [BAjAk]. Because of symmetry this essentially
adds

nothing new to the original statement.29An easier and perhaps
more elegant way to prove this lemma follows from the observation
that the elements of the set

{A0, A1, . . . , An, B1, B2} are in order [(A0 . . .)AiB1Aj . .
. AkB2Al(. . . An).
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Proof. 30 Suppose B1 = Ak, B2 = Al. Then [AkAk+1Al] (Ak+1Al)
(AkAl) = (B1B2) & (Ak+1Al) =(B1B2). Also, in view of k < k +
1 < l < l + 1, taking into account L 1.2.9.1, we have
(Ak+1Al) (B1B2) (AkAl+1) & (Ak+1Al) = (B1B2) = (AkAl+1).
Suppose now B1 = Ak, B2 (AlAl+1). Then [AkAlAl+1] & [AlB2Al+1]
[AkAlB2] & [AkB2Al+1] [B1B2Al+1 (B1B2) (AkAl+1) & (B1B2) =
(AkAl+1). [AkAk+1Al] & [Ak+1AlB2] [AkAk+1B2] (Ak+1B2) (AkB2) =
(B1B2) & (Ak+1B2) = (B1B2). (Ak+1Al) (Ak+1B2) & (Ak+1Al)
=(Ak+1B2) & (Ak+1B2) (B1B2) & (Ak+1B2) = (B1B2) (Ak+1Al)
(B1B2) & (Ak+1Al) = (B1B2). Now con-sider the case B1 (AkAk+1),
B2 = Al. We have [AkB1Ak+1] & [AkAk+1Al] [A1Ak+1Al] (Ak+1Al)
(B1B2) & (Ak+1Al) = (B1B2). [AkAk+1Al] & [AkB1Ak+1]
[B1Ak+1Al] (Ak+1Al) (B1B2) & (Ak+1Al) =(B1B2). [B1Ak+1Al] &
[Ak+1AlAl+1] [B1AlAl+1] (B1B2) = (B1Al) (B1Al+1) & (B1B2) =
(B1Al+1).[AkBAk+1] & [AkAk+1Al+1] [AkB1Al+1] (B1Al+1) (AkAl+1)
& (B1Al+1) = (AkAl+1).(B1B2) (B1Al+1) & (B1B2) = (B1Al+1)
& (B1Al+1) (AkAl+1) & (B1Al+1) = (AkAl+1) (B1B2) (AkAl+1)
& (B1B2) = (AkAl+1). Finally, in the case when B1 (AkAk+1), B2
(AlAl+1) the resultfollows immediately from the preceding lemma (L
1.2.9.7). 2

Lemma 1.2.9.9. If open intervals (AD), (BC) meet in a point E
and there are three points in the set {A,B,C,D}known not to
colline, the open intervals (AD), (BC) concur in E.

Proof. If also F (AD) (BC), F = E, then by L 1.2.1.3, A 1.1.2
aAD = aBC, contrary to hypothesis. 2

Lemma 1.2.9.10. Let(B1D1), (B2D2), . . . , (BnDn) be a finite
sequence of open intervals containing a point C and

such that each of these open intervals (BjDj) except the first
has at least one of its ends not on any of the linesaBiDi, 1 i <
j formed by the ends of the preceding (in the sequence) open
intervals.

31 Then all intervals (BiDi),i Nn concur in C.

Proof. By L 1.2.9.9, we have for 1 i < j n: C (BiDi) (BjDj)
& Bj / aBiDi Dj / aBiDi C =(BiDi) (BjDj), whence the result.
2

Lemma 1.2.9.11. Let(B1D1), (B2D2), . . . , (BnDn) be a finite
sequence of open intervals containing a point C andsuch that the
line aBi0Di0 defined by the ends of a (fixed) given open interval
of the sequence contains at least one ofthe ends of every other
open interval in the sequence. Then all points C, Bi, Di, i Nn
colline.

Proof. By L 1.2.1.3, A 1.1.2, we have i Nn \ i0 (C (BiDi)
(Bi0Di0) ) & (Bi aBi0Di0 Di aBi0Di0 )

aBiDi = aBi0Di0 , whence all points Bi, Di, i Nn, are collinear.
C also lies on the same line by L 1.2.1.3. 2

Lemma 1.2.9.12. Let(B1D1), (B2D2), . . . , (BkDk) be a finite
sequence of open intervals containing a point C andsuch that the
line aBi0Di0 defined by the ends of a (fixed) given interval of the
sequence contains at least one of theends of every other interval
in the sequence. Then there is an open interval containing the
point C and included inall open intervals (Bi, Di), i Nk of the
sequence.

Proof. By (the preceding lemma) L 1.2.9.11 all points C, Bi, Di,
i Nk colline. Let A1, A2, . . . , An be the sequenceof these points
put in order [A1A2 . . . An], where C = Ai for some i Nn. (See T
1.2.7.) 32 Then [Ai1AiAi+1]and by L 1.2.9.1 for all open intervals
(AkAl), 1 < k < l < n, corresponding to the open intervals
of the originalsequence, we have (Ai1Ai+1) (AkAl). 2

Lemma 1.2.9.13. If a finite number of open intervals concur in a
point, no end of any of these open intervals canlie on the line
formed by the ends of another interval.

In particular, if open intervals (AD), (BC) concur in a point E,
no three of the points A, B, C, D colline.

Proof. Otherwise, by (the preceding lemma) L 1.2.9.12 two
intervals would have in common a whole interval, which,by T 1.2.8,
contains an infinite number of points. 2

Corollary 1.2.9.14. Let (B1D1), (B2D2), . . . , (BnDn) be a
finite sequence of open intervals containing a point Cand such that
each of these open intervals (BjDj) except the first has at least
one of its ends not on any of the linesaBiDi, 1 i < j formed by
the ends of the preceding (in the sequence) open intervals. Then no
end of any of theseopen intervals can lie on the line formed by the
ends of another interval.

In particular, if open intervals (AD), (BC) meet in a point E
and there are three points in the set {A,B,C,D}known not to
colline, no three of the points A, B, C, D colline.

Proof. Just combine L 1.2.9.9, L 1.2.9.13. 2

30Again, we use in this proof the lemmas L 1.2.3.1, L 1.2.3.2,
and the results following them (summarized in the footnote
accompanyingT 1.2.5) without referring to these results
explicitly.31To put it shortly, j {2, 3, . . . , n} Bj / aBiDi Dj /
aBiDi , 1 i < j.32Naturally, we count only distinct points.
Also, it is obvious that 1 < i < n, because there is at least
one interval containing C = Ai.
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O AOA

Figure 1.14: The point A lies on the ray OA.

Open Sets and Fundamental Topological Properties

Given a line a, consider a set A Pa of points all lying on a. A
point O is called an interior point of A if there isan open
interval (AB) containing this point and completely included in A.
That is, O is an interior point of a linearpoint set A iff (AB)
such that O (AB) A.

Given a plane , consider a set A P of points all lying on . A
point O is called an interior point of A ifon any line a lying in
and passing through O there is an open interval (A(a)B(a))
containing the point O andcompletely included in A.

Finally, consider a set A of points not constrained to lie on
any particular plane. A point O is called an interiorpoint of A if
on any line a passing through O there is an open interval
(A(a)B(a)) containing the point O andcompletely included in A.

The set of all interior points of a (linear, planar, or spatial)
set A is called the interior of that set, denoted IntA.A (linear,
planar, or spatial) set A is referred to as open if it coincides
with its interior, i.e. if IntA = A.

Obviously, the empty set and the set Pa of all points of a given
line a are open linear sets.The empty set and the set P of all
points of a given plane are open plane sets.Finally, the empty set
and the set of all points (of space) given are open (spatial)
sets.The following trivial lemma gives us the first non-trivial
example of a linear open set.

Lemma 1.2.9.15. Any open interval (AB) is an open (linear)
set.

Proof. 2

Now we can establish that our open sets are indeed open in the
standard topological sense.

Lemma 1.2.9.16. A union of any number of (linear, planar,
spatial) open sets is an open set.

Proof. (Linear case.) 33 Suppose P iU

Ai, where the sets Ai Pa are open for all i U. Here U is a set
of

indices. By definition of union i0 U such that P Ai0 . By our
definition of open set there are points A, B such

that P (AB) Ai0 . Hence (using again the definition of union) P
(AB) iUAi, which completes the proof. 2Lemma 1.2.9.17. An
intersection of any finite number of (linear, planar, spatial) open
sets is an open set.

Proof. Suppose P ni=1

Bi, where the sets Bi Pa are open for all i = 1, 2, . . . , n.
By definition of intersection

i Nn we have P Bi. Hence (from our definition of open set) i Nn
there are points Bi, Di Bi such thatP (BiDi) Bi. Then by L 1.2.9.12
there is an open interval (BD) containing the point P and included
in all open

intervals (Bi, Di), i Nn. Hence (using again the definition of
intersection) P (BD) ni=1

Bi. 2

Theorem 1.2.9. Given a line a, all open sets on that line form a
topology on Pa. Given a plane , all open sets inthat plane form a
topology on P. Finally, all (spatial) open sets form a topology on
the set of all points (of space).

Proof. Follows immediately from the two preceding lemmas (L
1.2.9.16, L 1.2.9.17). 2

Theorem 1.2.10. Proof. 2Let O, A be two distinct points. Define
the ray OA, emanating from its initial point (which we shall call
also the

origin) O, as the set of points OA {B|B aOA& B = O &
[AOB]}. We shall denote the line aOA, containingthe ray h = OA, by
h.

The initial point O of a ray h will also sometimes be denoted O
= h.

Basic Properties of Rays

Lemma 1.2.11.1. Any point A lies on the ray OA. (See Fig.
1.14)

Proof. Follows immediately from A 1.2.1. 2

Note that L 1.2.11.1 shows that there are no empty rays.

33We present here a proof for the case of linear open sets. For
planar and spatial open sets the result is obtained by obvious
modificationof the arguments given for the linear case. Thus, in
the planar case we apply these arguments on every line drawn
through a given pointand constrained to lie in the appropriate
plane. Similarly, in the spatial case our argumentation concerns
all lines in space that go througha chosen point.
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O B AO =OA B

Figure 1.15: If B lies on OA, A lies on OB.

BOAOA

Figure 1.16: B lies on the opposite side of O from A iff O
divides A and B.

Lemma 1.2.11.2. If a point B lies on a ray OA, the point A lies
on the ray OB, that is, B OA A OB.

Proof. (See Fig. 1.15) From A 1.2.1, C 1.1.1.2 B = O & B aOA
& [AOB] A aOB & [BOA]. 2

Lemma 1.2.11.3. If a point B lies on a ray OA, then the ray OA
is equal to the ray OB.

Proof. Let C OA. If C = A, then by L 1.2.11.2 C OB. C = O = A
& [AOC]T1.2.2= [OAC] [OCA]. Hence

[BOC], because from L 1.2.3.1, L 1.2.3.2 [BOC] & ( [OAC]
[OCA]) [BOA]. 2

Lemma 1.2.11.4. If rays OA and OB have common points, they are
equal.

Proof. OA OB = C C OA& C OBL1.2.11.3

= OA = OC = OB. 2

If B OA (B aOA& B / OA& B = O), we say that the point B
lies on line aOA on the same side (on theopposite side) of the
given point O as (from) the point A.

Lemma 1.2.11.5. The relation to lie on the given line a the same
side of the given point O a as is an equivalencerelation on Pa \ O.
That is, it possesses the properties of:

1) Reflexivity: A geometric object A always lies in the set the
same side of the point O as itself;2) Symmetry: If a point B lies
on the same side of the point O as A, then the point A lies on the
same side of

O as B.3) Transitivity: If a point B lies on the same side of
the point O as the point A, and a point C lies on the same

side of O as B, then C lies on the same side of O as A.

Proof. 1) and 2) follow from L 1.2.11.1, L 1.2.11.2. Show 3): B
OA& C OBL1.2.11.3

= OA = OB = OC C OA.2

Lemma 1.2.11.6. A point B lies on the opposite side of O from A
iff O divides A and B.

Proof. (See Fig. 1.16) By definition of the ray OA, B aOA& B
/ OA& B = O [AOB].Conversely, from L 1.2.1.3, A 1.2.1 [AOB] B
aOA& B = O & B / OA. 2

Lemma 1.2.11.7. The relation to lie on the opposite side of the
given point from is symmetric.

Proof. Follows from L 1.2.11.6 and [AOB]A1.2.1= [BOA]. 2

If a point B lies on the same side (on the opposite side) of the
point O as (from) a point A, in view of symmetryof the relation we
say that the points A and B lie on the same side (on opposite
sides) of O.

Lemma 1.2.11.8. If points A and B lie on one ray OC, they lie on
line aOC on the same side of the point O. If,in addition, A = B,
then either A lies between O and B or B lies between O and A.

Proof. (See Fig. 1.17) A OCL1.2.11.3

= OA = OC. B OA B aOA& B = O & [BOA]. When also B = A,
fromT 1.2.2 [OAB] [OBA]. 2

Lemma 1.2.11.9. If a point C lies on the same side of the point
O as a point A, and a point D lies on the oppositeside of O from A,
then the points C and D lie on the opposite sides of O. 34

34Making use of L 1.2.11.6, this statement can be reformulated
as follows:If a point C lies on the ray OA, and the point O divides
the points A and D, then O divides C and D.

O ACBOC

Figure 1.17: If A and B lie on OC, they lie on aOC on the same
side of O.
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DOACOA

Figure 1.18: If C lies on OA, and O divides A and D, then O
divides C and D.

DCOAOA

Figure 1.19: If C and D lie on the opposite side of O from A,
then C and D lie on the same side of O.

Proof. (See Fig. 1.18) C OA [AOC] & C = O. If also C = A 35,
from T 1.2.2 [ACO] or [CAO], whence byL 1.2.3.1, L 1.2.3.2 ([ACO ]
[CAO] ) & [AOD] [COD]. 2

Lemma 1.2.11.10. If points C and D lie on the opposite side of
the point O from a point A,36 then C and D lieon the same side of
O.

Proof. (See Fig. 1.19) By A 1.2.1, L 1.1.1.7, and P 1.2.5.1
[AOC] & [AOD] D aOC& O = C& [COD] D OC. 2

Lemma 1.2.11.11. Suppose a point C lies on a ray OA, a point D
lies on a ray OB, and O lies between A and B.Then O also lies
between C and D.

Proof. (See Fig. 1.21) Observe that D OBL1.2.11.3

= OB = OD and use L 1.2.11.9. 2

Lemma 1.2.11.12. The point O divides the points A and B iff the
rays OA and OB are disjoint, OA OB = , andtheir union, together
with the point O, gives the set of points of the line aAB, PaAB =
OA OB {O}. That is,

[OAB] (PaAB = OA OB {O}) & (OA OB = ).

Proof. Suppose [AOB]. If C PaAB and C / OB, C = O then [COB] by
the definition of the ray OB.

[COB] & [AOB] & O = CP1.2.5.1

= [COA]. C OA. OA OB = , because otherwise C OA& C
OBL1.2.11.4

=B OA [AOB].

Now suppose (PaAB = OA OB O) and (OA OB = ). Then O aAB & A
= OC1.1.1.2

= B aOA,B OB & OA OB = B / OA, and B = O & B aOA& B
/ OA [AOB]. 2

Lemma 1.2.11.13. A ray OA contains the open interval (OA).

Proof. If B (OA) then from A 1.2.1 B = O, from L 1.2.1.3 B aOA,
and from A 1.2.3 [BOA]. We thus haveB OA. 2

Lemma 1.2.11.14. For any finite set of points {A1, A2, . . . ,
An} of a ray OA there is a point C on OA not in thatset.

Proof. Immediately follows from T 1.2.8 and L 1.2.11.13. 2

Lemma 1.2.11.15. If a point B lies between points O and A then
the rays OB and OA are equal.

Proof. [OBA]L1.2.11.13

= B OAL1.2.11.3

= OB = OA. 2

Lemma 1.2.11.16. If a point A lies between points O and B, the
point B lies on the ray OA.

Proof. By L 1.2.1.3, A 1.2.1, A 1.2.3 [OAB] B aOA& B = O
& [BOA] B OA.Alternatively, this lemma can be obtained as an
immediate consequence of the preceding one (L 1.2.11.15). 2

Lemma 1.2.11.17. If rays OA and OB are equal, their initial
points coincide.

Proof. Suppose O = O (See Fig. 1.20.) We have also O = O &
OB = OA O / OA. Therefore, O aOA& O =

O & O / OA O OcA. O OcA& B OA [O

OB]. B OB & [OOB]L1.2.11.13

= O OB = OA - acontradiction. 2

35Otherwise there is nothing else to prove36One could as well
have said: If O lies between A and C, as well as between A and D .
. .
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O O O A BO =Oc

A A B

Figure 1.20: If OA and OB are equal, their origins coincide.

Lemma 1.2.11.18. If an intervalA0An is divided into n intervals
A0A1, A1A2 . . . , An1An (by the points A1, A2, . . . An1),37 the
points A1, A2, . . . An1, An all lie

38 on the same side of the point A0, and the rays A0A1 , A0A2 ,
. . . , A0An are

equal. 39

Proof. Follows from L 1.2.7.3, L 1.2.11.15. 2

Lemma 1.2.11.19. Every ray contains an infinite number of
points.

Proof. Follows immediately from T 1.2.8, L 1.2.11.13. 2

This lemma implies, in particular, that

Lemma 1.2.11.20. There is exactly one line containing a given
ray.

Proof. 2

The line, containing a given ray OA is, of course, the line
aOA.

Theorem 1.2.11.

Linear Ordering on Rays

Let A, B be two points on a ray OD. Let, by definition, (A
B)ODdef

[OAB]. If (A B),40 we say that the pointA precedes the point B
on the ray OD, or that the point B succeeds the point A on the ray
OD.

Obviously, A B implies A = B. Conversely, A = B implies (A
B).

Lemma 1.2.12.1. If a point A precedes a point B on the ray OD,
and B precedes a point C on the same ray, thenA precedes C on
OD:

A B & B C A C, where A,B,C OD.

Proof. (See Fig. 1.22) [OAB] & [OBC] L1.2.3.2= [OAC]. 2

Lemma 1.2.12.2. If A, B are two distinct points on the ray OD
then either A precedes B or B precedes A; if Aprecedes B then B
does not precede A.

Proof. A OD & B ODL1.2.11.8

= B OA [AOB]. IfA = B, then by T 1.2.2 [OAB] [OBA], that is, A
Bor

B A. A B [OAB]A1.2.3= [OBA] (B A). 2

Lemma 1.2.12.3. If a point B lies on a ray OP between points A
andC,41 then either A precedes B andB precedesC, or C precedes B
andB precedes A; conversely, if A precedes B andB precedes C, orC
precedes B andB precedesA, then B lies between A and C. That
is,

[ABC] (A B & B C) (C B & B A).

Proof. From the preceding lemma (L 1.2.12.2) we know that either
A C or C A, i.e. [OAC] or [OCA]. Suppose

[OAC]. 42 Then [OAC] & [ABC]L1.2.3.2

= [OAB] & [OBC] A B & B C. Conversely, A B & B C

[OAB] & [OBC]L1.2.3.2

= [ABC]. 2

For points A, B on a ray OD we let by definition A Bdef

(A B) (A = B).

Theorem 1.2.12. Every ray is a chain with respect to the
relation .

Proof. A A. (A B) & (B A)L1.2.12.2

= A = B; (A B) & (B A)L1.2.12.1

= A C; A = BL1.2.12.2

= (A B) (B A). 2

37In other words, a finite sequence of points Ai, where i + 1
Nn1, n 4, has the property that every point of the sequence,
exceptfor the first and the last, lies between the two points with
adjacent (in N) numbers.38

Say, on aA0A1 . Observe also that L 1.2.7.2 implies that, given
the conditions of this lemma, all lines aAiAj , where i + 1, j + 1
Nn,i = j, are equal, so we can put any of these aAiAj in place of
aA0A139By the same token, we can assert also that the points A0, A1
. . . An1 lie on the same side of the point An, but due to
symmetry,

this adds essentially nothing new to the statement of the
lemma.40In most instances in what follows we will assume the ray OD
(or some other ray) fixed and omit the mention of it in our
notation.41In fact, once we require that A, C OP and [ABC], this
ensures that B OP. (To establish this, we can combine [OBC]
shown

below with, say, L 1.2.11.3, L 1.2.11.13. ) This observation
will be referred to in the footnote accompanying proof of T
1.2.14.42Since [ABC] and [CB A] are equivalent in view of A 1.2.1,
we do not need to consider the case [ OCA] separately.
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O DBOACOB A

Figure 1.21: If C lies on the ray OA, D on OB , and O between A
and B, then O lies between C and D.

O ABCOD

Figure 1.22: If A precedes B on OD, and B precedes C on the same
ray, then A precedes C on OD.

Ordering on Lines

Let O a, P a, [P OQ]. Define the direct (inverse) ordering on
the line a, that is, a relation of ordering on the setPa of all
points of the line a, as follows:

Call OP the first ray, and OQ the second ray. 43 A point A
precedes a point B on the line a in the direct (inverse)order iff:
(See Fig. 1.23)

- Both A and B lie on the first (second) ray and B precedes A on
it; or- A lies on the first (second) ray, and B lies on the second
(first) ray or coincides with O; or- A = O and B lies on the second
(first) ray; or

- Both A and B lie on the second (first) ray, and A precedes B
on it.Thus, a formal definition of the direct ordering on the line
a can be written down as follows:

(A1B)adef

(A OP& B OP& B A) (A OP& B = O) (A OP& B OQ) (A
= O & B OQ) (A OQ& B OQ& A B),

and for the inverse ordering: (A2B)adef

(A OQ& B OQ& B A) (A OQ& B = O) (A OQ& B OP) (A
= O & B OP) (A OP& B OP& A B).

The term inverse order is justified by the following trivial

Lemma 1.2.13.1. A precedes B in the inverse order iff B precedes
A in the direct order.

Proof. 2

Obviously, for any order on any line A B implies A = B.
Conversely, A = B implies (A B).For our notions of order (both
direct and inverse) on the line to be well defined, they have to be
independent, at

least to some extent, on the choice of the initial point O, as
well as on the choice of the ray-defining points P and Q.Toward
this end, let O a, P a, [POQ], and define a new direct (inverse)
ordering with displaced origin

(ODO) on the line a, as follows:Call O the displaced origin, OP
and O

Q the first and the second displaced rays, respectively. A point
A

precedes a point B on the line a in the direct (inverse) ODO
iff:- Both A and B lie on the first (second) displaced ray, and B
precedes A on it; or- A lies on the first (second) displaced ray,
and B lies on the second (first) displaced ray or coincides with O;
or- A = O and B lies on the second (first) displaced ray; or- Both
A and B lie on the second (first) displaced ray, and A precedes B
on it.

43Observe that if A OP and B OQ then [AOB (see L 1.2.11.11).
This fact will be used extensively throughout this section.

O A B O OP Q

O O ABP

O O=A B OP Q

O A O BP

O A O=B OP Q

Figure 1.23: To the definition of order on a line.
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O P O OP

Figure 1.24: If O lies on OP between O and P, then OP OP.

O P O BOQ OP Q

Figure 1.25: If O lies on OP, O lies on OQ , and B lies on both
OP and O

Q , then B also divides O and O

.

Thus, a formal definition of the direct ODO on the line a can be
written down as follows:

(A1B)adef

(A OP & B OP & B A) (A OP & B = O) (A OP & B OQ)
(A = O & B OQ) (A OQ & B OQ & A B),

and for the inverse ordering: (A2B)adef

(A OQ & B OQ & B A) (A OQ & B = O) (A OQ & B OP)
(A = O & B OP) (A OP & B OP & A B).

Lemma 1.2.13.2. If the displaced ray origin O lies on the ray OP
and between O and P, then the rayOP contains

the ray OP , OP OP.

In particular, 44 if a point O lies between points O, P, the ray
OP contains the ray OP.

Proof. (See Fig. 1.24) O OP O aOP, [OOP]L1.2.1.3

= O aOP , and therefore O aOP& O aOP & O

aOP& O aOPA1.1.2= aOP = aOP . A OP A OP, because otherwise A
aOP& A = O & A / OP& O

OPL1.2.11.9

= [AOO] and [AOO] & [OOP]L1.2.3.1

= [AOP] A / OP . 2

Lemma 1.2.13.3. Let the displaced origin O be chosen in such a
way that O lies on the ray OP, and the point Olies on the ray OQ .
If a point B lies on both rays OP and OQ , then it divides O and
O.

Proof. (See Fig. 1.25) O OP& B OP& O OQ & B
OQL1.2.11.8

= [OOB] & [OOB], whence by T 1.2.2 [OBO ]. 2

Lemma 1.2.13.4. An ordering with the displaced originO on a line
a coincides with either direct or inverse orderingon that line
(depending on the choice of the displaced rays). In other words,
either for all points A, B on a A precedesB in the ODO iffA
precedes B in the direct order; or for all points A, B ona A
precedes B in the ODO iffA precedesB in the inverse order.

Proof. Let O OP, O OQ , (A1B)a. Then [POQ] & O
OQL1.2.11.9

= [OOP] and O OP& [OOP]L1.2.13.2

=OP OP.

Suppose A OP , B OP . A OP & B OP & OP OP A OP& B
OP. A OP & B

OP & (A1B)a (B A)OP [OBA]. B OP & O OQ

L1.2.11.11= [OOB], [OOB] & [OBA]

L1.2.3.1=

(B A)OP (A1B)a.

Suppose A OP & B = O. A OP & B = O & O
OQL1.2.11.11

= [OBA] (A1B)a.

Suppose A OP , B OQ . A OP& (B = O B OQ) (A1B)a. If B OP
then O OP& O OQ & B OP& B OQ

L1.2.13.3= [OBO] and [AOB] & [OBO]

L1.2.3.1= [ABO] (A1B)a. 45

Suppose A, B OQ . (A1B)a (A B)OQ [OAB]. IfA OP and B OP then by
L 1.2.13.3 [OBO]

and [OBO] & [OAB]L1.2.3.2

= [ABO] (A1B)a. (A OP& B = O) (A OP& B OQ) (A = O &
B OQ)

(A1B)a. Now let A OQ, B OQ. Then [AOB]; [OBA], because [OBA]
& [BAO]L1.2.3.1

= [OBO]A1.2.3=

[BOO ] O OB and B OQ& O OB O OQ. Finally, [AOB] &
[OBA]T1.2.2= [OAB] (A1B)a. 2

Lemma 1.2.13.5. Let A, B be two distinct points on a line a, on
which some direct or inverse order is defined.Then either A
precedes B in that order, or B precedes A, and if A precedes B, B
does not precede A, and vice versa.

Proof. 2

For points A, B on a line where some direct or inverse order is
defined, we let AiBdef

(AiB) (A = B),where i = 1 for the direct order and i = 2 for the
inverse order.

44We obtain this result letting P = P. Since [OOP]L1.2.11.9

= O OP, the condition O OP becomes redundant for this
particular

case45We take into account that A OP & B O

Q

L1.2.11.11= [AOB].
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Lemma 1.2.13.6. If a point A precedes a point B on a line a, and
B precedes a point C on the same line, then Aprecedes C on a:

A B & B C A C, where A,B,C a.

Proof. Follows from the definition of the precedence relation
and L 1.2.12.1. 46 2

Theorem 1.2.14. Every line with a direct or inverse order is a
chain with respect to the relation i.

Proof. See the preceding two lemmas (L 1.2.13.5, L 1.2.13.6.)
2

Theorem 1.2.14. If a point B lies between points A and C, then
in any ordering, defined on the line containingthese points, either
A precedes B and B precedes C, or C precedes B and B precedes A;
conversely, if in some order,defined on the line, containing points
A,B,C, A precedes B and B precedes C, or C precedes B and B
precedes A,then B lies between A and C. That is,

[ABC] (A B & B C) (C B & B A).

Proof. Suppose [ABC]. 47

For A,B,C OP and A,B,C OQ see L 1.2.12.3.

If
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